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Introduction41

Aim and Scope42

These notes are based on the lecture course that the author presented at43

Hunter College of the City University of New York in the spring semester44

of the academic year 2015/16. They intend to quickly introduce the area to45

a freshman with a minimum background but at the same time to provide46

a survey of the present state-of-the-art that might be useful for specialists.47

This twofold intention reflects in the 2-layer structure of the text: almost all48

sections contain supplements (typeset in a smaller font) that collect, along49

with various comments on the core material of the corresponding section, an50

account of related recent developments and open issues. A freshman should51

feel free to skip these supplements, at least at the first reading, while a52

specialist may read them in grasshopper’s mode looking for a discussion of53

some topics of his/her particular interest.54

Overview55

Chapter
ch:historych:history
1 introduces the central concept of these lecture notes—synchronizing56

automata—and briefly discusses its history, including its frequent rediscov-57

eries in various branches of mathematics, computer science and engineering.58

Chapter
ch:algorithmsch:algorithms
2 presents two important polynomial algorithms: for recognizing59

synchronizability and for finding a reset word. Chapter
ch:complexitych:complexity
3 gives an account60

of the research on computational complexity of several problems related to61

synchronizing automata. In Chapter
ch:cerny_conjecturech:cerny_conjecture
4 we introduce and discuss the Černý62

conjecture, the main open problem in the area. Chapter
ch:road coloringch:road coloring
5 presents a solution63

to the Road Coloring Problem, another major problem related to synchro-64

nizing automata.65
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Prerequisites66

Exercises67

Most sections are provided with exercises. Each exercise is labeled by one of68

the three labels: easy, medium, or difficult. Easy exercises are indeed very69

simple questions provided mainly for self-control. Medium level exercises70

may require some calculation and/or an application of a result shown in the71

corresponding section. Difficult exercises may require a somewhat lengthy72

calculation or a non-trivial idea, but in most cases they are difficult from the73

viewpoint of the current section only—when the reader gets acquainted with74

further results and algorithms, previously ‘difficult’ exercises will become75

easy for him/her. Hints for some exercises can be found at the end of the76

lecture notes.77

Disclaimers and Acknowledgements78

The author is grateful to Gregory Javens for providing solutions to a majority79

of exercises and helping in eliminating several typos.80



Chapter 181

History and Motivation82

ch:history

1.1 Finite Automata83

sec:dfa

A finite automaton is a simple but extremely productive concept that cap-84

tures the very important idea of an object interacting with its environment.85

This notion originates in the seminal work [38] by Alan Turing published in86

1936. Here is a quotation from this paper.87

“Computing is normally done by writing certain symbols on pa-88

per. We may suppose that this paper is divided into squares89

like a child’s arithmetic book. In elementary arithmetic the two-90

dimensional character of the paper is sometimes used. But such a91

use is always avoidable, and I think it will be agreed that the two-92

dimensional character of paper is no essential of computation. I93

assume then that computation is carried out on one-dimensional94

paper, i.e. on a tape divided into squares. I shall also suppose95

that the number of symbols which may be printed is finite. If we96

were to allow an infinity of symbols, then there would be symbols97

differing to an arbitrarily small extent. The effect of this restric-98

tion of the number of symbols is not very serious. It is always99

possible to use sequences of symbols in place of single symbols.100

[. . . ] The behaviour of the computer at any moment is deter-101

mined by the symbols which he is observing, and the ‘state of102

mind’ at that moment. We may suppose that there is a bound103

to the number of symbols or squares which the computer can ob-104

serve at one moment. If he wishes to observe more, he must use105

7



8 CHAPTER 1. HISTORY AND MOTIVATION

successive observations. We will also suppose that the number of106

states of mind which need to be taken into account is finite. The107

reason for this are of the same character as those which restrict108

the number of symbols. If we admitted an infinity of states of109

mind, some of them will be ‘arbitrarily close’ and will be con-110

fused. Again, the restriction is not one which seriously affects111

computation, since the use of more complicated states of mind112

can be avoided by writing more symbols on the tape. Let us113

imagine the operations performed by the computer to be split up114

into ‘simple operations’ which are so elementary that it is not easy115

to imagine them further divided. Every such operation consists116

of some change of the physical system consisting of the computer117

and his tape. We know the state of the system if we know the118

sequence of symbols on the tape, which of these are observed by119

the computer (possibly with a special order), and the state of120

mind of the computer.”121

We see that a direct yet careful analysis of the process of computation122

inevitably reveals three characteristic features underlying the idea of a finite123

automaton: finiteness of the set of input symbols, finiteness of the set of inner124

states (‘states of mind’ in Turing’s terminology), and determinism, meaning125

that the next state on each step is determined by the current state and the126

current input symbol(s).127

Yet another early source that should be mentioned when one speaks about128

the origin of the concept of a finite automaton is the paper [24] by Warren129

McCulloch and Walter Pitts published in 1943. And the ‘official’ year of130

birth of finite automata in the form in which we use them since then is 1956131

when the book [35] appeared, being a collection of influential papers that132

laid a firm foundation for the future developments of automata theory.133

There are many species of finite automata; in these lecture notes we134

mainly deal with the simplest version: complete deterministic finite au-135

tomata. A complete deterministic finite automaton (a DFA, for short) is136

a triple A = 〈Q,Σ, δ〉 , where Q is the state set, Σ is the input alphabet,137

and δ : Q×Σ → Q is the transition function. The elements of Q and Σ are138

referred to as states and (input) letters respectively. We imagine that the139

DFA evolves in discrete time; in each moment of time it is in a certain state140

q ∈ Q. During the next time unit, exactly one input letter a ∈ Σ arrives,141

making the automaton transit to the state δ(q, a) .142



1.1. FINITE AUTOMATA 9

Let us comment on the meanings of the three adjectives (complete, de-143

terministic, and finite) in the above definition. The attribute ‘finite’ refers to144

the fact that both the state set and the input alphabet are always supposed145

to be finite; we also tacitly assume that both these sets are non-empty. The146

attribute ‘deterministic’ means that the state δ(q, a) is uniquely determined147

by the pair (q, a) ∈ Q × Σ so that the transition rule is indeed a function.148

The attribute ‘complete’ emphasizes that the transition function is assumed149

to be totally defined: δ(q, a) must exist for each pair (q, a) ∈ Q× Σ.150

Further in these lecture notes we shall encounter some other sorts of finite151

automata. E.g., we shall meet nondeterministic automata whose transition152

rules form a relation between the state set and the input alphabet rather than153

a function; partial automata whose transition function may be undefined at154

some pairs (state, input letter); automata with output which are additionally155

equipped with a function assigning to each pair (state, input letter) a symbol156

in some output alphabet, etc. As we do not want to overload this introductory157

section with a variety of concepts, we postpone the corresponding definitions158

until they become necessary. The same tactic is used with respect to the159

notions of initial and final states of an automaton. These concepts are of160

crucial importance if an automaton is considered as an acceptor but they are161

not immediately required in these lecture notes, and therefore, we shall not162

recall them right now.163

Finite automata admit a very convenient visual representation as labeled164

graphs. We assume that the reader is acquainted with the idea of a graph;165

still we should explain which graphs we are going to use. Here a graph means166

a quadruple of sets and maps: the set of vertices V , the set of edges E , a167

map h : E → V that maps every edge to its head vertex and a map t : E → V168

that maps every edge to its tail vertex. Notice that in a graph, several edges169

may share the same tail and head; such edges are called parallel. Loops170

are also allowed—a loop is an edge whose tail and head coincide. (Thus, our171

graphs are in fact directed multigraphs but since no other graph species show172

up in these lecture notes, we use a short name.) A labeled graph is a graph173

equipped with an extra map λ : E → Λ that maps every edge to its label,174

where Λ is a set called the label alphabet. We denote an edge with head v ,175

tail v′ and label a by v
a
−→ v′ .176

Now, given a DFA A = 〈Q,Σ, δ〉 , we represent it by the labeled graph177

with the vertex set Q, the label alphabet Σ, and the set of edges178

{q
a
−→ q′ | q, q′ ∈ Q, a ∈ Σ, δ(q, a) = q′}.
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Thus, the transition from q to q′ caused by a is represented by the edge179

with head q , tail q′ and label a.180

For instance, Figure
KV:fig:C4KV:fig:C4
1.1 shows the DFA C4 with four states denoted181

0,1,2,3, two input letters a and b, and the transition function182

δ(i, a) =

{

1 if i = 0,

i if i = 1, 2, 3;
δ(i, b) = i+ 1 (mod 4) for i = 0, 1, 2, 3.

Here and below we adopt the convention that edges bearing multiple la-

0 1

23

a, b

b

b

b

a

aa

Figure 1.1: The automaton C4 KV:fig:C4

183

bels represent bunches of parallel edges. In particular, the edge 0
a,b
−→ 1 in184

Figure
KV:fig:C4KV:fig:C4
1.1 represents the two parallel edges 0

a
−→ 1 and 0

b
−→ 1 .185

Given an alphabet Σ, a word over Σ is a finite sequence of letters from186

Σ. We do not exclude the empty sequence form this definition; that is, we187

allow the empty word which we denote by ε . The set of all words over Σ188

including ε is denoted by Σ∗ and is referred to as the free monoid over Σ.189

Sometimes we will also need the set of all non-empty words over Σ denoted190

Σ+ . If w = a1 · · ·aℓ with a1, . . . , aℓ ∈ Σ is a word from Σ+ , the number ℓ is191

said to be the length of w and is denoted by |w| . The length of the empty192

word is defined to be 0.193

Given a DFA A = 〈Q,Σ, δ〉 , the transition function δ extends to a194

function Q × Σ∗ → Q (still denoted by δ ) in the following way. For each195

q ∈ Q, we let δ(q, ε) := q and if w = a1 · · · aℓ with a1, . . . , aℓ ∈ Σ is a word196

from Σ+ , we let197

δ(q, w) := δ(. . . δ(δ(q, a1), a2), . . . , aℓ).
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Let P(Q) stand for the set of all non-empty subsets of the set Q. The198

function δ can be further extended to a function P(Q)×Σ∗ → P(Q) (again199

denoted by δ ) by letting δ(P,w) := {δ(q, w) | q ∈ P} for every non-empty200

subset P ⊆ Q.201

When we consider a fixed DFA, we often simplify notation by writing202

q . w for δ(q, w) and P .w for δ(P,w) .203

Exercises for Section
sec:dfasec:dfa

1.1204

exer:1.1.2 Exercise 1.1.1 (easy). Calculate the number of words of length ℓ over the alphabet205

{a1, . . . , ak} .206

exer:1.1.2 Exercise 1.1.2 (easy). Calculate the number of DFAs with the state set {1, . . . , n}207

and the input alphabet {a1, . . . , ak} .208

In this lecture notes we systematically employ graphical representations of209

DFAs, following the wisdom “A picture is worth a thousand words”. The reader210

should realize, however, that the pictorial language has some natural limitations:211

it is hard to expect that a picture could conveniently represent a DFA with, say,212

100 states and 50 input letters. Another popular way to represent DFAs utilizes213

transition tables. Given a DFA A = 〈Q,Σ, δ〉 , its transition table is basically a214

matrix with rows labeled by the input letters and columns labeled by states and215

whose entry in the a-th row and the q -th column is δ(q, a) for all a ∈ Σ and qinQ .216

For instance, the following is the transition table of the automaton C4 shown in217

Figure
KV:fig:C4KV:fig:C4
1.1.

Table 1.1: Transition table of the automaton C4 tb:transisiton table

0 1 2 3
a 1 1 2 3
b 1 2 3 0

218

exer:1.1.3 Exercise 1.1.3 (easy). A DFA is given by the following transition table.219

0 1 2 3 4

a 1 2 1 3 4
b 2 1 0 3 4
c 0 4 3 3 1

220

Represent this DFA by a labeled graph.221
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1.2 Synchronizing Automata222

sec:sa
def:sa&sw Definition 1.2.1. A complete deterministic finite automaton A = 〈Q,Σ, δ〉 is223

called synchronizing if there exists a word w ∈ Σ∗ that brings the automaton224

to one particular state no matter at which state in Q the word w is applied:225

δ(q, w) = δ(q′, w) for all q, q′ ∈ Q. Any word with this property is said to226

be a reset word for the automaton.227

Using the notational convention introduced in Section
sec:dfasec:dfa
1.1, we can alter-228

natively express the definition of a reset word by the equality |Q .w| = 1 .229

exam:C4 Example 1.2.1. The automaton C4 presented in Figure
KV:fig:C4KV:fig:C4
1.1 is synchronizing.230

The claim of Example
exam:C4exam:C4
1.2.1 is not completely trivial: if one just looks at231

Figure
KV:fig:C4KV:fig:C4
1.1, it is not easy to guess a reset word for C4 . One of the possible232

reset words for C4 is abbbabbba: applying it at any state brings the automaton233

to the state 1. (Later we shall see that abbbabbba is in fact a reset word of234

minimum length for C4 .) This follows from the straightforward computation235

presented in Table
tb:ab3ab3atb:ab3ab3a
1.2.

Table 1.2: Step-by-step action of the word abbbabbba in the automaton C4 tb:ab3ab3a

Start state a b b b a b b b a
0 1 2 3 0 1 2 3 0 1
1 1 2 3 0 1 2 3 0 1
2 2 3 0 1 1 2 3 0 1
3 3 0 1 2 2 3 0 1 1

236

The computation shown in Table
tb:ab3ab3atb:ab3ab3a
1.2 can be also used to explain the choice237

of the term ‘synchronizing’. Imagine that we have four copies of the automa-238

ton C4 , all in different states initially. If we simultaneously apply the word239

abbbabbba to each of the copies, we see that at the end they ‘synchronize’,240

that is, they all reach the same state (and since then, their behaviours under241

simultaneous applications of any further word will remain synchronous).242

The reader should be advised that in the literature synchronizing automa-243

ta and reset words sometimes appear under various alternative names: some244

authors use adjectives like ‘directable’, ‘cofinal’, ‘collapsible’ for automata245

and adjectives like ‘directing’, ‘recurrent’, ‘synchronizing’ for words. On the246

other hand, the term ‘synchronization’ is often used in a meaning different247

from ours. Do not get confused by this!248
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Exercises for Section
sec:sasec:sa

1.2249

exer:1.2.1 Exercise 1.2.1 (easy). Verify that the word abbababbba also is a reset word for the250

automaton C4 .251

exer:1.2.2 Exercise 1.2.2 (easy). Both the words abbbabbba and abbababbba reset the automa-252

ton C4 to the state 1, i.e., applying each of these word at any state brings the253

automaton to the state 1. Is it possible to reset the automaton to the state 2? If254

so, which word does the job? And what about two other states?255

exer:1.2.3 Exercise 1.2.3 (easy). Give an example of a DFA which is not synchronizing.256

0 1

2

a, b

a

a
bb

0 1

2

a

a, b

a, bc
c

cb

0 1 2

a, b

b

c

c
a, b

a

c

Figure 1.2: Three 3-state automata fig:3sa3

0 1 2

3

a

a

a
bb

b

ba

0 1 2

3

a

a, c

c
ba, b

c

c

a bb
0

1

2 3a
b

b
c

c
a

a

b, c

a, b

c

Figure 1.3: Three 4-state automata fig:3sa4
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exer:1.2.4 Exercise 1.2.4 (medium). Verify that each of the 3-state automata shown in Fig-257

ure
fig:3sa3fig:3sa3
1.2 is synchronizing and find a reset word for each of them.258

exer:1.2.5 Exercise 1.2.5 (medium). Verify that each of the 4-state automata shown in Fig-259

ure
fig:3sa4fig:3sa4
1.3 is synchronizing and find a reset word for each of them.260

0

1

2 3

4

a

b

b

c

c

c

c

a a

b

a, b

a, b

c

Figure 1.4: The automaton R5 fig:Roman

0 1 2

345

a a

a

a a

a

bbb
b

b

b

Figure 1.5: The automaton K6 fig:Kari

exer:1.2.6 Exercise 1.2.6 (difficult). Verify that the automaton R5 shown in Figure
fig:Romanfig:Roman
1.4 is261

synchronizing and find a reset word for it.262

exer:1.2.7 Exercise 1.2.7 (difficult). Verify that the automaton K6 shown in Figure
fig:Karifig:Kari
1.5 is263

synchronizing and find a reset word for it.264

Let Σ be an alphabet and let u, v be words over Σ . We denote by uv the265

word obtained by concatenating u and v , i.e., if u = a1 · · · ak , v = b1 · · · bℓ with266

a1, . . . ak, b1, . . . bℓ ∈ Σ , we have uv = a1 · · · akb1 · · · bℓ . We refer to uv as to the267

product of u with v and say that u and v are factors of the product. Observe268

that |uv| = |u|+ |v| .269
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exer:1.2.8 Exercise 1.2.8 (easy). Let A = 〈Q,Σ, δ〉 be a synchronizing automaton and let270

w ∈ Σ∗ be a reset word for A . Show that for every v ∈ Σ∗ , the products vw and271

wv also are reset words for A . In particular, if A has a reset word of some length272

ℓ , then A has a reset word of every length m ≥ ℓ .273

An ideal of the free monoid Σ∗ is a subset of Σ∗ that contains every product274

of which it contains at least one factor. Thus, Exercise
exer:1.2.8exer:1.2.8
1.2.8 tells us that the275

reset words of a given synchronizing automaton with the input alphabet Σ form a276

non-empty ideal of Σ∗ .277

exer:1.2.9 Exercise 1.2.9 (difficult). Let Σ be a finite alphabet and I a non-empty ideal of278

Σ∗ . Does there exist a synchronizing automaton with the input alphabet Σ having279

I as the set of all reset words?280

exer:1.2.10 Exercise 1.2.10 (medium). Let Σ be a finite alphabet and w a non-empty word281

over Σ . Does there exist a synchronizing automaton with the input alphabet Σ282

having w as a reset word?283

aa ab

ba bb

a

b

b

b
a

a
b

a

a

aaa

aab

aba

abb

baa

bab

bba

bbb

a

b

b a

b

a

b

a

b
a

b

a

b

a

a

b

Figure 1.6: De Bruijn’s automata of orders 2 and 3 over {a, b} fig:DeBr

Let Σ be an alphabet and n ≥ 2 an integer. We denote by Σn the set of284

all words of length n over Σ . De Bruijn’s automaton of order n over Σ is the285

automaton of the form 〈Σn,Σ, δ〉 , whose transition function is defined as follows:286

for all a1, a2, . . . , an, b ∈ Σ ,287

δ(a1a2 · · · an, b) := a2 · · · anb.

(The action of b on a1a2 · · · an removes the first letter of a1a2 · · · an and appends288

the letter b .) De Bruijn’s automata of orders 2 and 3 over the alphabet {a, b} are289

shown in Figure
fig:DeBrfig:DeBr
1.6.290

exer:1.2.11 Exercise 1.2.11 (easy). Show that De Bruijn’s automaton of order n over Σ is291

synchronizing and each word in Σn serves as its reset word.292
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Comments and Supplements for Section
sec:sasec:sa

1.2293

Example
exam:C4exam:C4
1.2.1 is borrowed from the paper [7] by Jan Černý. We discuss this294

seminal paper in more detail in the next section and in Chapters
ch:algorithmsch:algorithms
2 and

ch:cerny_conjecturech:cerny_conjecture
4. The295

3-state automata of Figure
fig:3sa3fig:3sa3
1.2 are taken from Avraam Trahtman’s paper [36]. The296

first of the 4-state automata shown in Figure
fig:3sa4fig:3sa4
1.3 first appeared in 1971 in [8] while297

the two others were found 25 years later, in [36]. The automata R5 and K6 was298

discovered by Adam Roman [32] and respectively Jarkko Kari [17]. We will meet299

the DFAs from Exercises
exer:1.2.4exer:1.2.4
1.2.4–

exer:1.2.4exer:1.2.4
1.2.4 again in Chapter

ch:cerny_conjecturech:cerny_conjecture
4.300

The DFAs called De Bruijn’s automata here are often referred to as De Bruijn’s301

graphs in the literature. They are named after Nicolaas Govert de Bruijn, but were302

suggested independently by de Bruijn [10] and Irving John Good [15]. The property303

of De Bruijn’s automata registered in Exercise
exer:1.2.11exer:1.2.11
1.2.11 is known as definiteness: a304

DFA A is called definite if there exists a positive integer k such that the current305

state of A is uniquely determined by the last k input letters consumed by A .306

Definite automata attracted much attention in the early 1960s, see, e.g., [29]. As307

they form a proper subclass of synchronizing automata, one may consider the308

notion of definiteness as a precursor for the notion of synchronizability.309

1.3 Origins of Synchronizing Automata310

sec:origins
The concept of a synchronizing automaton as presented in Section

sec:sasec:sa
1.2 was311

formalized at the beginning of the 1960s. In the vast literature on synchroniz-312

ing automata, the 1964 paper [7] by Jan Černý, a Slovak computer scientist,313

serves as a standard reference1. However, it would be fair to mention other314

researchers who independently and about the same time came to the very315

same idea. Chung Laung Liu’s PhD thesis [23] submitted in 1962 contains316

a whole chapter2 devoted to rather a systematic study of synchronizing au-317

tomata. Moreover, the term ‘synchronizing automata’ seems to originate318

from Liu’s thesis: Liu used the term ‘synchronizable’ while Černý called319

such automata ‘directable’. As Prof. Liu wrote (in an email communication320

of March 10, 2016), he and “his PhD thesis advisor Dean Arden first came321

up with the notion of synchronization in the early 1960s”. Synchronizing au-322

tomata also appeared in the 1963 technical report [20] by Arthur E. Laemmel323

under the name ‘resettable machines’. Laemmel’s report is less elaborated in324

comparison with [7] and [23] but still contains some valuable observations.325

1The reader can find an English translation of this important paper in Appendix 1.
2This chapter is reproduced in Appendix 2.
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In Černý’s paper [7] the notion of a synchronizing automaton arose within326

the classic framework of Edward F. Moore’s ‘Gedanken-experiments’ [25].327

For Moore and his followers finite automata served as a mathematical model328

of devices working in discrete mode, such as computers or relay control sys-329

tems. This leads to the following natural problem: how can we restore control330

over such a device if we do not know its current state but can observe out-331

puts produced by the device under various actions? Moore [25] has shown332

that under certain conditions one can uniquely determine the state at which333

the automaton arrives after a suitable sequence of actions (called an exper-334

iment). Moore’s experiments were adaptive, that is, each next action was335

selected on the basis of the outputs caused by the previous actions. Seymour336

Ginsburg [14] considered more restricted experiments that he called uniform.337

A uniform experiment3 is just a fixed sequence of actions, that is, a word over338

the input alphabet; thus, in Ginsburg’s experiments outputs were only used339

for calculating the resulting state at the end of an experiment. From this,340

just one further step was needed to come to the setting in which outputs341

were not used at all. It should be noted that this setting is by no means342

artificial—there exist many practical situations when it is technically impos-343

sible to observe output signals. (Think of a satellite which loops around the344

Moon and cannot be controlled from the Earth while ‘behind’ the Moon.)345

In Liu’s thesis three motivating applications were mentioned, see [23, Sec-346

tion 4.7]. The first one is resetting an automaton which current state is an347

unknown to a preselected state, so it is exactly the same problem as discussed348

in the preceding paragraph. The second application is a variation of the first349

when one deals with several copies of identical automata that are in differ-350

ent initial states and can accept identical input sequences in parallel, and351

one wants to make these copies work synchronously. The third application352

relates synchronizing automata to variable-length codes—Liu explains how353

synchronizing automata can provide codes able to restore synchronization354

between sender and recipient after a channel error. This connection which is355

indeed of utmost importance is discussed in more detail in the next section.356

Laemmel’s motivations were similar too: he also referred to Ginsburg’s357

experiments like did Černý and also mentioned connections between his ‘re-358

settable machines’ and variable-length codes. Specifically, Laemmel related359

synchronizing automata to so-called ergodic codes considered by Marcel-Paul360

Schützenberger [33].361

3After [13], the name homing sequence has become standard for the notion.
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It is not surprising that synchronizing automata were independently and362

simultaneously invented by several researchers: the notion was very natural363

by itself and fitted fairly well in what was considered as the mainstream of364

automata theory in the 1960s. Implicitly, the concept of a synchronizing au-365

tomaton has been around since the earliest days of automata theory, that is,366

since 1956. We have already mentioned Schützenberger’s paper [33]; as an367

entertaining example, we reproduce here an automaton that appeared in W.368

Ross Ashby’s classic book ‘An Introduction to Cybernetics’ [3], see pp. 60–61369

in this book or Appendix 3 to these lecture notes. There Ashby presents370

a puzzle dealing with taming two ghostly noises, Singing and Laughter, in371

a haunted mansion. Each of the noises can be either on or off, and their372

behaviours depend on combinations of two possible actions, playing the or-373

gan or burning incense. Under a suitable encoding, this leads to the DFA374

with 4 states and 4 input letters depicted in Figure
fig:Ashbyfig:Ashby
1.7. Here 00 encodes

00 01

1011

a

b, d
d

b

c
a, c

c d

b a, c

ab, d
Figure 1.7: Ashby’s ‘ghost taming’ automaton fig:Ashby

375

the state when both Singing and Laughter are silent, 01 stands for the state376

when Singing is of but Laughter is on, etc. Similarly, a stands for the tran-377

sition that happens when neither the organ is played nor incense is burned,378

b encodes the transition caused by organ-playing in the absence of incense-379

burning, etc. The problem is to ensure silence, in other words, to bring the380

automaton in Figure
fig:Ashbyfig:Ashby
1.7 to the state 00. As the reader sees, this is exactly381

the problem of finding a reset word for the automaton. While Ashby only382

solves the problem under the additional assumption that the automaton is383

in the state 11, his suggested solution is encoded by the word acb. It is easy384

to check that acb is in fact a reset word so that applying the corresponding385
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sequence of actions will get the house quiet from any initial configuration. It386

is not clear whether or not Ashby realized this nice feature of his automa-387

ton, and moreover, the fact that Ashby’s automaton is indeed synchronizing388

seems to be overlooked for many years.389

Since the 1960s, the notion of a synchronizing automaton has been fre-390

quently rediscovered. One of the reasons for this was that the pioneering391

sources [7, 23, 20] were not easily accessible. Černý’s paper [7] was writ-392

ten in Slovak and published in a local journal; because of this, it remained393

unknown in the English-speaking world for quite some time. As for Liu’s394

thesis [23], even though Liu did publish a part of its results in a journal395

(cf. [22]), he did not include there any result related to synchronization, and396

thus, his contribution to the theory of synchronizing automata had not be-397

come widely known and got eventually forgotten. Laemmel’s report [20] and398

its follow-up report by Laemmel and Beulahi Rudner [21] were not broadly399

circulated and basically remained unknown to anyone.400

Another, more conceptual reason for synchronizing automata to be redis-401

covered again and again was that from time to time they suddenly ‘popped402

up’ in various areas of mathematics, computer science, and engineering that403

at first seemed to be rather unrelated to any of the problems that moti-404

vated [7, 23, 20]. We exhibit two examples of this sort in Sections
sec:orientersec:orienter
1.5 and

sec:dynamicssec:dynamics
1.6405

below, after giving a brief overview of the role of synchronizing automata in406

the theory of variable-length codes.407

1.4 Synchronizing Automata and Codes408

sec:codes
Since we do not assume the reader’s acquaintance with coding theory, we409

start with a ‘5-minute tour’, presenting its basic ideas in a nutshell.410

Suppose we deal with data presented as a huge word w in some finite411

source alphabet Θ , and we know—or can estimate—the probability of occur-412

rence in w for each letter from Θ . A good example is a long text in a natural413

language, like Marcel Proust’s “À la recherche du temps perdu” with its ap-414

prox. 9,609,000 characters, each letter, punctuation mark, and space being415

counted as one character. One can quite accurately estimate the probability416

of occurrence in this text for each character using available information about417

relative frequencies of letters in French. For instance, ‘e’ occurs in French418

words approx. twice as often as ‘a’ and the frequency of occurrence of ‘k’ is419

less than 0.9% of that of ‘l’.420
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If we want to digitalize the data (for storing or transmitting them), we421

may encode the letters of Θ with some words over a smaller alphabet Σ,422

usually, the binary alphabet {0, 1} . We refer to the words over {0, 1} as423

binary words . A (lossless) encoding of Θ is a map χ : Θ → Σ+ such that424

its extension to Θ+ is injective, that is, every word w ∈ Θ+ is uniquely425

determined by the word from Σ+ obtained by successive replacements of the426

letters of w with their images under χ. If Σ = {0, 1} , we call χ a binary427

encoding. Given a set X ⊂ Σ+ , any encoding χ such that X = Θχ is428

referred to as an encoding with the code X .429

Any encoding of letters of Θ with a set of binary words of constant430

length (such as ANSII-codes) requires ⌈log2 |Θ|⌉ bits for each letter and thus431

|w|·⌈log2 |Θ|⌉ bits for the whole word w . However, by a clever variable-length432

encoding we may save much space (in the case of data storage) and/or time433

(in the case of data transmission). For this, we should encode letters that434

occur in w more frequently with shorter binary words while letters with low435

probability of occurrence in w may be encoded with longer binary words436

without much harm. This simple idea was already used in Samuel Morse’s437

telegraphic code of the 19th century: ‘e’, the most common letter in English438

has the shortest Morse code, a single dot.439

A complication has to be taken into account when a variable-length en-440

coding is used: the process of decoding, i.e., restoring a word w from the441

stream of bits that encodes w , may be not easy in general.442

[Example]443

There is however a class of encodings for which this complication does not444

appear. Let Σ be an alphabet. If x, y ∈ Σ∗ are such that x = yz for some445

z ∈ Σ∗ , then y is called a prefix of x; if z is non-empty, the prefix y is said446

to be proper. A prefix code over Σ is a set X of words from Σ+ such that447

no word of X is a prefix of another word of X . Data encoded with a prefix448

code can be decoded on-the-fly: a decoder just keeps finding and removing449

prefixes that form valid code words from the incoming stream.450

[Illustration: prefix codes as binary trees]451

examp:you use a code c Example 1.4.1. Consider the following set of binary words:

C = {000, 0010, 0011, 010, 0110, 0111, 10, 110, 111}.

Clearly, it is a prefix code. We can use this code to efficiently encode the452

sentence YOU USE A CODE C of length 16. The source alphabet of this453

sentence consists of 9 characters (8 letters and space) so that every constant-454

length binary encoding of the sentence requires 16 · ⌈log2 9⌉ = 64 bits. Since455
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space occurs 4 times, each of C,E,O,U occurs twice, and each of A,D,S,Y456

occurs once, one may use the following variable-length encoding of the source457

alphabet:458

space C E O U A D S Y
10 000 010 110 111 0010 0011 0110 0111

459

The sentence YOU USE A CODE C is then encoded with the binary word

0111 | 110 | 111 | 10 | 111 | 0110 | 010 | 10 | 0010 | 10 | 000 | 110 | 0011 | 010 | 10 | 000

of length 48 (vertical bars separating code words are inserted for readability460

only). We have thus reduced the binary representation size by 25%.461

Claude Shannon’s source coding theorem [34] provides a lower bound on462

the minimum size of binary encodings of a given word in terms of frequencies463

of its letters occurring. If w = a1 · · · aℓ with a1, . . . , aℓ ∈ Θ is a word from464

Θ+ and a ∈ Θ is a letter, the frequency pa of a in w is the ratio of the465

number of occurrences of a in the sequence a1, . . . , aℓ to the length of w ,466

that is, in symbols,467

pa :=
|{i | ai = a}|

|w|
.

The entropy of w is then defined as468

H(w) := −
∑

a∈Θ

pa log2 pa. (1.1) eq:entropy

The source coding theorem implies that any binary encoding of w such that469

w can be uniquely recovered from the encoding requires at least H(w)|w|470

bits. In Example
examp:you use a code cexamp:you use a code c
1.4.1, The entropy of the sentence YOU USE A CODE C471

from Example
examp:you use a code cexamp:you use a code c
1.4.1 is472

−
1

4
log2

1

4
− 4 ·

1

8
log2

1

8
− 4 ·

1

16
log2

1

16
=

1

2
+

3

2
+ 1 = 3,

whence any uniquely decodable binary encoding of the sentence must have473

at least 3 · 16 = 48 bit. Therefore the code C suggested in Example
examp:you use a code cexamp:you use a code c
1.4.1474

provides an optimal encoding. It is known that, in general, the most econom-475

ical binary presentation of data that can be achieved by any variable-length476

encoding can always be achieved by a suitable encoding with a prefix code.477
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A prefix code is maximal if it is not contained in another prefix code over478

the same alphabet. A maximal prefix code X over Σ is synchronized if there479

is a word z such that for any word y ∈ Σ∗ , the word yz can be decomposed480

as a product of words from X . Such a word y is called a synchronizing481

word for X . The advantage of synchronized codes is that they are able to482

recover after a loss of synchronization between the decoder and the coder483

caused by channel errors: in the case of such a loss, it suffices to transmit484

a synchronizing word and the following symbols will be decoded correctly.485

Moreover, since the probability that a word x ∈ Σ∗ contains a fixed factor486

z tends to 1 as the length of x increases, synchronized codes eventually487

resynchronize by themselves, after sufficiently many symbols being sent. (As488

shown in [5], the latter property in fact characterizes synchronized codes.)489

The binary code C = {000, 0010, 0011, 010, 0110, 0111, 10, 110, 111} used490

in Example
examp:you use a code cexamp:you use a code c
1.4.1 can illustrate this notion. Indeed, C is a maximal prefix491

code and one can check that each of the words 010, 011110, 011111110, . . . is492

a synchronizing word for C . Suppose that the code word 000 has been sent493

but, due to a channel error, the word 100 has been received. The decoder,494

which is unaware of the error, interprets 10 as a code word, and thus, loses495

synchronization as it treats the next bit as a part of another code word.496

However, with a high probability this synchronization loss only propagates497

for a short while since the decoder resynchronizes as soon as it encounters one498

of the factors 010, 011110, 011111110, . . . in the received stream of symbols.499

A few samples of such streams are shown in Figure
fig:decodingfig:decoding
1.8 in which vertical bars500

show the partition of each stream into code words and the boldfaced code501

words indicate the position at which the decoder resynchronizes.

Sent 0 0 0 | 0 0 1 0 | 0 1 1 1 | . . .
Received 1 0 | 0 0 0 | 1 0 | 0 1 1 1 | . . .
Sent 0 0 0 | 0 1 1 1 | 1 1 0 | 0 0 1 1 | 0 0 0 | 1 0 | 1 1 0 | . . .
Received 1 0 | 0 0 1 1 | 1 1 1 | 0 0 0 | 1 1 0 | 0 0 1 0 | 1 1 0 | . . .
Sent 0 0 0 | 0 0 0 | 1 1 1 | 1 0 | . . .
Received 1 0 | 0 0 0 | 0 1 1 1 | 1 0 | . . .

Figure 1.8: Restoring synchronization fig:decoding

502

The obvious similarity in terminology suggests that synchronized codes503

are somehow related to synchronizing automata. Indeed, the relationship504

exists and is in fact very close. If X is a finite prefix code over an alphabet505
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Σ, then its decoding can be implemented by a finite automaton that is defined506

as follows. Let Q be the set of all proper prefixes of the words in X (including507

the empty word ε). For q ∈ Q and a ∈ Σ, define508

q . a =

{

qa if qa is a proper prefix of a word of X ,

1 if qa ∈ X .

The resulting automaton AX is complete whenever the code X is maximal.509

[Illustration: constructing the decoder of a prefix code from its tree]510

It is easy to show that AX is a synchronizing automaton if and only if511

X is a synchronized code. Moreover, a word x is synchronizing for X if and512

only if x is a reset word for AX and sends all vertices in Q to the vertex 1 .513

[Proof]514

Exercises for Section
sec:codessec:codes

1.4515

exer:1.4.1 Exercise 1.4.1 (easy). The maximal prefix code516

D = {0000, 0001, 001, 0100, 0101, 011, 100, 101, 11}

can also be used to provide an optimal binary encoding for the sentence YOU USE517

A CODE C from Example
examp:you use a code cexamp:you use a code c
1.4.1. Represent D by a binary tree and construct its518

decoder AD .519

exer:1.4.2 Exercise 1.4.2 (medium). Is the code D from Exercise
exer:1.4.1exer:1.4.1
1.4.1 synchronized?520

exer:1.4.3 Exercise 1.4.3 (easy). Calculate the entropy of the sentence YOU USE THE CODE521

D, AND SO DO WE (each letter, punctuation mark, and space being counted as522

one character) and determine Shannon’s a lower bound on the minimum size of523

binary encodings of this sentence.524

exer:1.4.4 Exercise 1.4.4 (difficult). Construct a maximal prefix code that provides an opti-525

mal binary encoding of the sentence from Exercise
exer:1.4.3exer:1.4.3
1.4.3. Is your code synchronized?526

1.5 Reinventing by Engineers527

sec:orienter
An additional source of problems related to synchronizing automata has come528

from robotics or, more precisely, from part handling problems in industrial529

automation such as part feeding, fixturing, loading, assembly and packing.530

Within this framework, the concept of a synchronizing automaton was in-531

dependently rediscovered in the mid-1980s by Balas Natarajan [26, 27] who532
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showed how synchronizing automata can be used to design sensor-free orien-533

ters for polygonal parts.534

We explain the idea of using synchronizing automata in this area by the535

following illustrative example.536

Suppose that one of the parts of a certain device has the shape shown537

in Figure
fig:detailfig:detail
1.9. Such parts arrive at manufacturing sites in boxes and they

Figure 1.9: A polygonal part fig:detail

538

need to be sorted and oriented before assembly. For simplicity, assume that539

only four initial orientations of the part of Figure
fig:detailfig:detail
1.9 are possible, namely,540

the ones shown in Figure
fig:orientationsfig:orientations
1.10. Further, suppose that prior the assembly

Figure 1.10: Four possible orientations fig:orientations

541

the part should take the ‘bump-left’ orientation (the second from the left in542

Figure
fig:orientationsfig:orientations
1.10). Thus, one has to construct an orienter which action will put543

the part in the prescribed position independently of its initial orientation.544

Of course, there are many ways to design such an orienter but practical545

considerations favor methods which require little or no sensing, employ simple546

devices, and are as robust as possible. For our particular case, these goals can547

be achieved as follows. We put parts to be oriented on a conveyer belt which548

takes them to the assembly point and let the stream of the parts encounter549

a series of passive obstacles placed along the belt. We need two type of550

obstacles: tall and short. A tall obstacle should be tall enough in order that551

any part on the belt encounters this obstacle by its rightmost low angle (we552

assume that the belt is moving from left to right). Being carried by the belt,553

the part then is forced to turn 90◦ clockwise as shown in Figure
fig:obstacle actionfig:obstacle action
1.11. A554
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❅
❅ ❅

❅
❅
❅

Figure 1.11: The action of the tall obstacle fig:obstacle action

short obstacle has the same effect whenever the part is in the ‘bump-down’555

orientation (the first from the left in Figure
fig:orientationsfig:orientations
1.10); otherwise it does not touch556

the part which therefore passes by without changing the orientation.557

TALL, short

TALL

TALL

TALL

short

shortshort

Figure 1.12: The actions of the obstacles summarized fig:orienter

The scheme in Figure
fig:orienterfig:orienter
1.12 summarizes how the aforementioned obstacles558

effect the orientation of the part. The reader immediately recognizes the559

synchronizing automaton from Figure
KV:fig:C4KV:fig:C4
1.1. Since it is reset by the word560

abbbabbba (see Example
exam:C4exam:C4
1.2.1, we conclude that the series of obstacles561

short–TALL–TALL–TALL–short–TALL–TALL–TALL–short562

yields the desired sensorless orienter.563

Exercises for Section
sec:orientersec:orienter

1.5564

exer:1.5.1 Exercise 1.5.1 (medium). Consider once more the polygonal part shown in Fig-565

ure
fig:detailfig:detail
1.9. Suppose that we can arrange two conveyer belts so that when the part566

slides from one belt onto the other, it turns 180◦ around its horizontal axis. This567

adds a new action to the ones shown in Figure
fig:orienterfig:orienter
1.12 and leads to the following568

picture (in which the new action is called turn): Find a reset word of minimum569

length for the DFA depicted in Figure
fig:new orienterfig:new orienter
1.13.570
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TALL, short

turn

turn

TALL

TALL

TALL

short, turn

shortshort, turn

Figure 1.13: Adding the rotation around the horizontal axis fig:new orienter

exer:1.5.2 Exercise 1.5.2 (medium). Now suppose that two conveyer belts are arranged so571

that when the part from Figure
fig:detailfig:detail
1.9 slides from one belt onto the other, it turns572

180◦ around its vertical axis. Find a reset word of minimum length for the DFA573

representing this action along with the actions of obstacles shown in Figure
fig:orienterfig:orienter
1.12.574

Comments and Supplements for Section
sec:orientersec:orienter

1.5575

1.6 Reinventing by Dynamic Theorists576

sec:dynamics
In the 1990s, synchronizing automata were rediscovered by dynamic theorists577

who studied constant length substitutions. A substitution on a finite alphabet578

X is a map σ : X → X+ ; the substitution is said to be of constant length579

if all words σ(x) , x ∈ X , have the same length. One says that σ satisfies580

the coincidence condition if there exist positive integers m and k such that581

all words σk(x) have the same letter in the m-th position. For an example,582

consider the substitution τ on X = {0, 1, 2} defined by583

0 7→ 11, 1 7→ 12, 2 7→ 20. (1.2) eq:substitution

Calculating the iterations of τ up to τ 4 (see Figure
KV:fig:substituionKV:fig:substituion
1.14), we observe that τ

0 7→ 11 7→ 1212 7→ 12201220 7→ 1220201112202011
1 7→ 12 7→ 1220 7→ 12202011 7→ 1220201120111212
2 7→ 20 7→ 2011 7→ 20111212 7→ 2011121212201220

Figure 1.14: A substitution satisfying the coincidence condition KV:fig:substituion
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584

satisfies the coincidence condition (with k = 4 , m = 7).585

The importance of the coincidence condition comes from the crucial fact586

(established by Frederik Michel Dekking [11]) that it is this condition that587

completely characterizes the constant length substitutions that give rise to588

dynamical systems measure-theoretically isomorphic to a translation on a589

compact abelian group, see [31, Chapter 7] for a survey. For us, however,590

the coincidence condition is primarily interesting as yet another incarnation591

of synchronizability. Indeed, there is a straightforward bijection between592

DFAs and constant length substitutions. Each DFA A = 〈Q,Σ, δ〉 with593

Σ = {a1, . . . , aℓ} defines a length ℓ substitution on Q that maps every594

q ∈ Q to the word (q . a1) · · · (qȧℓ) ∈ Q+ . For instance, the automaton C4 in595

Figure
KV:fig:C4KV:fig:C4
1.1 induces the substitution596

0 7→ 11, 1 7→ 12, 2 7→ 23, 3 7→ 30.

Conversely, each substitution σ : X → X+ such that all words σ(x) , x ∈ X ,597

have the same length ℓ gives rise to a DFA for which X serves as the state598

set and which has ℓ input letters a1, . . . , aℓ , say, acting on X as follows:599

x · ai is the symbol in the i-th position of the word σ(x) . For instance, the600

substitution τ considered in the previous paragraph defines the automaton601

shown in Figure
KV:fig:C3KV:fig:C3
1.15. It is easy to realize that under the described bijec-

0

12

a1, a2

a2

a2

a1a1

Figure 1.15: The automaton induced by the substitution (
eq:substitutioneq:substitution
1.2) KV:fig:C3

602

tion substitutions satisfying the coincidence condition correspond precisely603

to synchronizing automata, and moreover, given a substitution, the number604

of iterations at which the coincidence first occurs is equal to the minimum605

length of reset word for the corresponding automaton.606
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Comments and Supplements for Section
sec:dynamicssec:dynamics

1.6607

1.7 Algebraic Perspective608

sec:algebra
A non-empty set Q endowed with operations f1 : Q×Q× · · · ×Q

︸ ︷︷ ︸

n1

→ Q,609

f2 : Q×Q× · · · ×QA
︸ ︷︷ ︸

n2

→ Q, . . . is called an algebra of type (n1, n2, . . . )610

with the carrier Q. An algebra (Q; f1, f2, . . . ) of type (1, 1, . . . ) is called611

unary . Automata as we defined them in Section
sec:dfasec:dfa
1.1 fit very well in this612

framework: a DFA A = 〈Q,Σ, δ〉 is nothing but the unary algebra with the613

carrier Q on which for each letter a ∈ Σ, the unary operation fa : Q → Q614

is defined by the rule fa : q 7→ δ(q, a) . This viewpoint allows us to apply615

to automata all standard algebraic notions, e.g., the notions of a subalgebra616

(subautomaton), a congruence, a quotient automaton.617

Observe in passing that synchronizing automata appear in a natural way618

within this algebraic framework. A term in the language of unary algebras619

is an expression t of the form x .w , where x is a variable and w is a word620

over an alphabet Σ. An identity is a formal equality between two terms. A621

DFA A = 〈Q,Σ, δ〉 satisfies an identity t1 = t2 , where the words involved in622

the terms t1 and t2 are over Σ, if t1 and t2 take the same value under each623

interpretation of their variables in the set Q. Identities of unary algebras624

can be of the form either x . u = x . v (homotypical identities) or x . u = y . v625

with x 6= y (heterotypical identities). It is easy to realize that a DFA is626

synchronizing if and only if it satisfies a heterotypical identity, and thus,627

studying synchronizing automata may be considered as a part of the equa-628

tional logic of unary algebras. In particular, synchronizing automata over a629

fixed alphabet form a pseudovariety of unary algebras. See [4] for a survey of630

numerous publications in this direction; it is fair to say, however, that so far631

this algebraic approach has not proved to be really useful for understanding632

the combinatorial nature of synchronizing automata.633
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ch:algorithms
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ch:complexity
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The Černý Conjecture639

ch:cerny_conjecture
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Chapter 5640

Road Coloring Theorem641

ch:road coloring

5.1 Stating the Problem642

sec:rcp formulation
Recall our definition of a graph from Section

sec:dfasec:dfa
1.1. A graph is a quadruple643

〈V,E, h, t〉 of sets and maps: V and E are, respectively, the sets of vertices644

and edges while the maps h, t : E → V map every edge to its head and645

respectively tail vertex. Given a vertex v ∈ V , its out-degree outdeg(v) is646

the number of edges for which v serves as the head vertex, i.e.,647

outdeg(v) :=
∣
∣{e ∈ E | h(e) = v}

∣
∣.

A graph Γ in which each vertex has the same out-degree (say, k ) is called648

a graph of constant out-degree and the number k is referred to as the out-649

degree of Γ and is denoted by outdeg(Γ) . Clearly, if A = 〈Q,Σ, δ〉 is a DFA,650

then the underlying graph of A is a graph of constant out-degree and its651

out-degree is equal to |Σ| . Conversely, if Γ is a graph of constant out-degree652

and Σ is an alphabet such that |Σ = outdeg(Γ) , one can label the edges of653

Γ with letters of Σ such that the resulting automaton will be complete and654

deterministic. Any DFA obtained this way is referred to as a coloring of Γ.655

For instance, Figure
fig:two coloringsfig:two colorings
5.1 shows a graph of out-degree 2 and two of its possible656

colorings, one of which being nothing but our old chap, the automaton C4 .657

Given a graph of constant out-degree, it is reasonable to ask under which658

conditions it admits a coloring satisfying some ‘good’ properties. In this659

chapter we analyze the so-called Road Coloring Problem that is certainly the660

most famous question within this framework. The Road Coloring Problem661

asks under which conditions graphs of constant out-degree admit a synchro-662

nizing coloring.663

35
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Figure 5.1: A graph and two of its colorings fig:two colorings

The problem was explicitly stated and coined by Roy Adler, L. Wayne664

Goodwyn, and Benjamin Weiss [1] in 1977; in an implicit form it was present665

already in an earlier memoir by Adler and Weiss [2]. The original motivation666

in [2, 1] came from symbolic dynamics, see comments at the end of the667

section. However, the Road Coloring Problem is quite natural also from the668

viewpoint of the ‘reverse engineering’ of synchronizing automata: we aim to669

relate geometric properties of graphs to combinatorial properties of automata670

built on those graphs.671

For the sake of completeness, we recall some standard graph-theoretical672

notions which are used in subsequent discussions. Two edges e, e′ of a graph673

Γ = 〈V,E, h, t〉 are said to be consecutive if t(e) = h(e′) . A path in Γ674

is a word over the set E of its edges such that any two adjacent edges in675

this word are consecutive; the length of the word is called the length of the676

path. Observe that by the above definition the empty word over E is a path677

(of length 0) referred to as the empty path. We say that a path starts or678

originates at the head vertex of its first edge and ends or terminates at the679

tail vertex of its last edge. We adopt the convention that the empty path680

may start at any vertex. If a path starts at a vertex v and ends at a vertex681

v′ , we refer to is as a path from v to v′ . A path that terminates at the same682

vertex at which it starts is called a cycle.683

A vertex v′ is said to be reachable from a vertex v if there is a path684

from v to v′ . Clearly, the reachability relation is reflexive (thanks to the685

above convention about the empty path) and transitive, and the mutual686

reachability relation is an equivalence on the set V . If this equivalence is687

universal, i.e., if every vertex is reachable from every vertex, the graph is688

called strongly connected. In general The subgraphs induced on the classes689

of the mutual reachability relation are strongly connected and are called the690

strongly connected components of the graph Γ. The reachability relation691
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induces a partial order on the set of the strongly connected components: a692

component Γ1 precedes a component Γ2 in this order if some vertex of Γ1 is693

reachable from some vertex of Γ2 .694

Adler, Goodwyn and Weiss considered only strongly connected graphs;695

as we shall see below this is quite a natural assumption since the general case696

easily reduces to the case of strongly connected graphs.697

We start our analysis of the Road Coloring Problem with registering698

a simple condition that holds in underlying graphs of strongly connected699

synchronizing automata.700

prop:primitivity Proposition 5.1.1. If a strongly connected graph Γ admits a synchronizing701

coloring, then the g.c.d. of lengths of all cycles in Γ is equal to 1.702

Proof. Arguing by contradiction, let k > 1 be a common divisor of lengths703

of the cycles in Γ. Let V denote the vertex set of Γ. Take a vertex v0 ∈ V704

and, for i = 0, 1, . . . , k − 1 , let705

Vi = {v ∈ V | there exists a path from v0 to v of length i (mod k)}.

Since the graph Γ is strongly connected, for each v ∈ V there exists a path706

from v0 to v , whence V =
k−1⋃

i=0

Vi . We claim that Vi ∩ Vj = ∅ if i 6= j .707

Let v ∈ Vi ∩ Vj where i 6= j . This means that in Γ there are two paths708

from v0 to v : of length ℓ ≡ i(mod k) and of length m ≡ j (mod k) . Since709

Γ is strongly connected, there exists also a path from v to v0 of length n,710

say. Combining it with each of the two paths above we get a cycle of length711

ℓ + n and a cycle of length m + n. Since k divides the length of any cycle712

in Γ, we have ℓ + n ≡ i + n ≡ 0(mod k) and m + n ≡ j + n ≡ 0(mod k) ,713

whence i ≡ j (mod k) , a contradiction.714

Thus, V is a disjoint union of V0, V1, . . . , Vk−1 , and by the definition each715

edge in Γ leads from Vi to Vi+1(mod k) . Then Γ definitely cannot be converted716

into a synchronizing automaton by any coloring of its edges: no paths of the717

same length ℓ originated in V0 and V1 can terminate at the same vertex718

because they end in Vℓ(mod k) and in Vℓ+1(mod k) respectively.719

Graphs satisfying the conclusion of Proposition
prop:primitivityprop:primitivity
5.1.1 are called primi-720

tive1. Adler, Goodwyn and Weiss [1] conjectured that primitivity is not only721

1In the literature such graphs are sometimes called aperiodic. The term ‘primitive’
comes from the notion of a primitive matrix in the Perron–Frobenius theory of non-negative
matrices: it is known (and easy to see) that a graph is primitive if and only if so is its
incidence matrix.
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0

Figure 5.2: Graph admitting a synchronizing coloring fig:gusev

necessary for a graph to have a synchronizing coloring but also sufficient.722

In other word, they suggested the following Road Coloring Conjecture: ev-723

ery strongly connected primitive graph with constant out-degree admits a724

synchronizing coloring.725

The Road Coloring Conjecture has attracted much attention. There were726

several interesting partial results (see, e.g., [28, 12, 30, 16, 6, 18, 19]), and727

finally the conjecture was confirmed by Avraam Trahtman [37]. We present728

Trahtman’s solution in Section
sec:rcp proofsec:rcp proof
5.3, after the necessary preparations being729

made in Section
sec:rcp confluencesec:rcp confluence
5.2.730

Exercises for Section
sec:rcp formulationsec:rcp formulation

5.1731

exer:5.1.1 Exercise 5.1.1 (easy). Show that a graph of constant out-degree admits a synchro-732

nizing coloring whenever the graph has a loop.733

exer:5.1.2 Exercise 5.1.2 (medium). Verify that every coloring of the graph shown in Fig-734

ure
fig:two coloringsfig:two colorings
5.1 is synchronizing.735

Given a DFA A , colorings of its underlying graph are referred to as recolorings736

of A .737

exer:5.1.3 Exercise 5.1.3 (hard). Prove that for each n = 2, 3, . . . , every recoloring of the738

Černý automaton Cn is synchronizing.739

exer:5.1.4 Exercise 5.1.4 (hard). The graph shown in Figure
fig:gusevfig:gusev
5.2 admits both synchronizing740

and non-synchronizing colorings. Find such colorings, and for the synchronizing741

one, construct a reset word of minimum length that leads to the vertex 0 .742

The next two exercises assume that the reader is acquainted with the notions of743

a semigroup and a group and with the standard notation for cyclic permutations of744
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a finite set. Recall that a subset X of a semigroup S is said to generate S if every745

element in S can be represented as a product of element from X . The (right)746

Cayley graph of S with respect to its generating set X is the DFA CX(S) with747

S as the state set, X as the input alphabet, and the product map (s, x) 7→ sx as748

the transition function S ×X → S .749

examp:S3 Example 5.1.1. Consider the group S3 of all permutations of the set {1, 2, 3} . It is750

known (and is easy to verify) that S3 is generated by the set X = {σ, τ} , where σ751

stands for the cyclic shift (123) and τ is the transposition (12) . The Cayley graph752

CX(S3) is shown in Figure
fig:cayley S3fig:cayley S3
5.3, in which id denotes the identical permutation.

id

(123)

(132)

(12)

(23)

(13)

σ

σ

σ

σ

σ

σ

τ

τ

τ

τ

τ

τ

Figure 5.3: The Cayley graph of the group S3 fig:cayley S3

753

exer:5.1.5 Exercise 5.1.5 (easy). Find a synchronizing recoloring of the Cayley graph CX(S3)754

shown in Figure
fig:cayley S3fig:cayley S3
5.3.755

exer:5.1.6 Exercise 5.1.6 (medium). Does the Cayley graph of the group of all permutations756

of the set {1, 2, 3, 4} with respect to its generating set consisting of the cyclic shift757

(1234) and the transposition (12) admit a synchronizing recoloring?758

Comments and Supplements for Section
sec:rcp formulationsec:rcp formulation

5.1759

The name ‘Road Coloring Problem’ suggested in [1] comes from the following in-760

terpretation. In every strongly connected synchronizing automaton A = 〈Q,Σ, δ〉 ,761

one can assign to state q ∈ Q an instruction (a reset word) wq such that following762

wq one will surely arrive at q from any initial state. (Indeed, for this one should763

first follow an arbitrary reset word leading to some state p , say, and then follow a764

word that labels a path connecting p and q—such a path exists because of strong765
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connectivity.) Thus, in order to help a traveler lost on a given strongly connected766

graph Γ of constant out-degree to find his/her way from wherever he/she could767

be, we should if possible color (that is, label) the edges of Γ such that Γ becomes768

a synchronizing automaton and then tell the traveler the magic sequence of colors769

representing a reset word leading to the traveler’s destination.770

5.2 The Confluence Relation771

sec:rcp confluence

Trahtman’s proof heavily depends on a neat idea of confluence which is due772

to Karel Culik II, Juhani Karhumäki and Jarkko Kari [9]. If A = 〈Q,Σ, δ〉773

is a DFA, the confluence relation ∼ on the set Q is defined as as follows:774

q ∼ q′ ⇐⇒ ∀u ∈ Σ∗ ∃v ∈ Σ∗ (q . u) . v = (q′ . u) . v.

Any pair (q, q′) ∈ Q × Q such that q 6= q′ and q ∼ q′ is called confluent .775

One can think on the confluence relation in terms of the following 2-shot776

game played by two players: Separator (server) and Synchronizer (receiver).777

Given two states q, q′ ∈ Q, Synchronizer aims to bring them together by the778

action of a suitable word in Σ∗ while Separator tries to keep them apart.779

Separator serves by choosing a word u ∈ Σ∗ and applying it at the states q780

and q′ ; Synchronizer then returns the serve by choosing a word v ∈ Σ∗ and781

applying it at the states q . u and q′ . u . The pair (q, q′) is confluent if and782

only if it constitutes a starting position at which Synchronizer can win, i.e.,783

Synchronizer has a return ace against every serve of Separator.784

[Illustration: Separator serves, Synchronizer returns]785

lm:confluence Lemma 5.2.1. The confluence relation is a congruence.786

Proof. Clearly, ∼ is reflexive and symmetric. To prove transitivity, take
p, q, r ∈ Q such that p ∼ q and q ∼ r . We are to show that p ∼ r . Consider
an arbitrary serve u ∈ Σ∗ for the pair (p, r) . Since p ∼ q , there exists a
return ace v against u , and since q ∼ r , there exists a return ace w against
uv if the latter word is considered as a serve for (q, r) . Then

(p . u) . vw = ((p . u) . v) . w

= ((q . u) . v) . w as v is a return ace against u for (p, q)

= (q . uv) . w

= (r . uv) . w as w is a return ace against uv for (q, r)

= (r . u) . vw.
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We see that vw is a return ace against u for (p, r) , and thus, p ∼ r .787

It remains to verify that q ∼ q′ implies q . a ∼ q′ . a for every letter788

a ∈ Σ. This is straightforward: if u ∈ Σ∗ is an arbitrary serve for the pair789

(q . a, q′ . a) , then clearly, any return ace against the word au considered as790

a serve for (q, q′) is a return ace against u for (q . a, q′ . a) .791

prop:ckk Proposition 5.2.1 (Culik, Karhumäki and Kari [9]). If every strongly con-792

nected primitive graph with constant out-degree and more than one vertex has793

a coloring with a confluent pair of vertices, then the Road Coloring Conjec-794

ture is true.795

Proof. Let Γ be a strongly connected primitive graph with constant out-796

degree. We show that Γ has a synchronizing coloring by induction on the797

number of vertices in Γ. If Γ has only one vertex, there is nothing to prove.798

If Γ has more than one vertex, then, by the assumption, it admits a coloring799

with a confluent pair of vertices by the letters of some alphabet Σ. Let A800

be the automaton resulting from this coloring. By Lemma
lm:confluencelm:confluence
5.2.1, confluence801

relation is a congruence of A . Since the relation is non-trivial, the quotient802

automaton A /∼ has fewer vertices than A. Since the quotient graph of803

every strongly connected graph is again strongly connected, the underlying804

graph Γ/∼ of A /∼ is strongly connected. Moreover, since each cycle in805

Γ induces a cycle of the same length in Γ/∼, the latter graph is primitive806

as well. Therefore, by the induction assumption, the graph Γ/∼ admits a807

synchronizing coloring.808

We lift this coloring to a coloring of Γ in the following natural way. If809

p −→ q is an edge in Γ, let [p], [q] denote the ∼-congruence classes of p, q .810

If in the new coloring of the quotient graph, the edge [p] −→ [q] has color a′ ,811

then we recolor p −→ q in the color a′ as well.812

Let A ′ be the automaton resulting from the lifted coloring; we will show
that A ′ is synchronizing. Let w be a reset word for the synchronizing
coloring of Γ/∼. Then w maps the set of all vertices to a set S that is
contained in a single congruence class of ∼. List all pairs of distinct vertices
of S in some (arbitrary) order: (x1, y1), . . . , (xn, yn) . By the definition of ∼,
there exist words v1, v2, . . . , vn such that

x1 . v1 = y1 . v1,

(x2 . v1) . v2 = (y2 . v1) . v2, . . . ,

(· · · (xn . v1) · · · ) . vn = (· · · (yn . v1) · · · ) . vn.

Therefore the word wv1v2 · · · vn is a reset word for A ′ .813
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5.3 Trahtman’s Proof814

sec:rcp proof
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Appendix 1: Černý’s 1964 paper816

This appendix contains the English translation of Černý’s seminal paper [7].817

The translation made by Jan Černý himself was first published in the CD818

proceedings of the Workshop on Synchronizing Automata held in Turku,819

Finland, in July 2004, as a satellite event of the 31st International Colloquium820

on Automata, Languages and Programming.821

A NOTE ON HOMOGENEOUS822

EXPERIMENTS WITH FINITE AUTOMATA823

JAN ČERNÝ824

1. Introduction825

Problems related to finite automata are receiving increasing attention. This826

is not surprising since finite automata may serve as a mathematical model of827

devices working in discrete mode, e.g., computers or relay control systems.828

Several papers, e.g., [1,2], deal with the question whether is it possible to829

find such a homogeneous experiment for a Moore automaton (defined by a830

finite sequence of input signals) that determines the unique final state of the831

machine, independently on its initial state. In the papers mentioned above832

one can find the answer for the case of automata with mutually distinguish-833

able internal states. The crucial role here plays a comparison of input and834

output relation in the experiment.835

The main purpose of this note is to show that same problem can be solved836

even in the case when (e.g., for some technical reasons) it is impossible to837

observe output signals. Necessary and sufficient condition are presented for838

45
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the existence of such an experiment. Finally, minimum of the length of the839

experiment is estimated if it exists.840

2. Notions841

A finite automaton is a triple T = (X, Y, g) , where X, Y are nonempty842

finite sets and g is a mapping from X × Y into X . The set X is said to843

be a set of states, Y is said to be a set of inputs and g is said to be a844

transition mapping of the automaton T .845

In the sequel, if not specified otherwise, “the given automaton” will mean846

the automaton T = (X, Y, g) . The set of all natural numbers will be denoted847

by N and we use Y n =
n

×
j=1

Y for n ∈ N. Let f be a mapping from the set848

M1 ×M2 into the set P and let y ∈ M2 . Then f(•, y) denotes a mapping849

from the set M1 into the set P determined by fixed y ∈ M2 .850

For ni ∈ N (i = 1, . . . , k) and851

yn1 = (y11, . . . , y1,n1
) ∈ Y n1 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . .
ynk = (yk1, . . . , yk,nk

) ∈ Y nk ,

we denote (yn1, . . . , ynk) = (y11, . . . , y1,n1
, . . . , yk1, . . . , yk,nk

).852

Let n ∈ N . We define a mapping gn of the set X×Y n into X as follows:853

gn(x, yn) = gn(x, y1, . . . , yn) = g(g(. . . g(x, y1), y2) . . . , yn)

for each x ∈ X and yn = (y1, . . . , yn) ∈ Y n . Then the automaton T n =854

(X, Y n, gn) is called the nth power of T .855

Let x ∈ X and x0 ∈ X . We say that x is transformable into x0 if856

there is n ∈ N and yn = (y1, . . . , yn) ∈ Y n such that857

gn(x, y1, . . . , yn) = x0. (1)

We say that x is transformable into x0 by yn if (1) holds.858

The automaton T is said to be connected if there exists x0 ∈ X such859

that any x ∈ X is transformable into x0 . T is said to be strongly con-860

nected if x1 is transformable into x2 for each couple x1, x2 ∈ X.861

It is obvious that each strongly connected automaton is connected, but862

the converse needs not be true.863
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Denote for X1 ⊂ X and y ∈ Y the set864

g(X1, y) = {x ∈ X : there exists x ∈ X1, g(x, y) = x}.

A state x0 ∈ X is said to be a connecting state if there are x ∈ X ,865

x ∈ X , y ∈ Y such that g({x, x}, y) = {x0} .866

Usually, the behavior of a finite automaton is supposed to be the following.867

The automaton is in a state x1 at the beginning, at the time t1 . Then an868

input y1 enters and the state of the automaton changes into x2 = g(x1, y1)869

during the time t2 = t1 + τ . Then an input y2 enters, etc. It is supposed870

that the “operator” can observe only the inputs y1, y2, . . . whereas the states871

remain hidden (therefore an automaton is also called “black box”). In some872

cases the mapping g is known as well and thus only the passed states remain873

unknown.874

An automaton can be represented by a table or in a graphic mode.875

Example. X = {1, 2, 3} , Y = {0, 1} . The table of the transition mapping876

g is the following.877

y�
x 1 2 3

0 1 3 2
1 2 1 1

3

1

2

1 1

1
0

0

0

Figure 1

878

The graph representing the same automaton is in Fig. 1.879

In general, the (multi)digraph G = (V,A) of the given automaton can880

be obtained in the following way. The vertex set equals to the set of states,881

i.e., V = X and an edge (x1, x2) ∈ A if there exists y ∈ Y such that882

g(x1, y) = x2 . Then y is associated with (x1, x2) as an additional parameter.883

It is obvious that Fig. 1 represents a graph with the connecting state 1.884

Fig. 2 represents the well known flip-flop circuit.885

10 0 0

1

1886

Figure 2887
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An automaton T = (X, Y, g) is said to be directable if there exist888

n ∈ N, x0 ∈ X, yn ∈ Y n such that gn(X, yn) = {x0}. (2)

We say that the automaton T is directable into the state x0 if (2) holds.889

Obviously, if T is directable then it is connected. Moreover, if it is890

strongly connected then it is directable into each state x0 ∈ X , since it891

is directable into at least one state x0 ∈ X and this state is transformable892

into an arbitrary state because of the strong connectivity of T .893

Theorem 1. Let T = (X, Y, g) be a directable automaton. Then it has at894

least one connecting state.895

Proof. By contradiction. Let there be no connecting state in the automaton896

T . Then g(X, y) = X for any y ∈ Y since g is a one-to-one mapping. Hence897

for all n ∈ N and yn ∈ Y n we have gn(X, yn) = X, a contradiction with898

(2). The theorem is proved.899

One can see that the existence of a connecting state is the necessary
condition for the directability of an automaton, but it is not a sufficient
condition, even in the case when the automaton is strongly connected. The
automaton on the Fig. 1 can be chosen as a counter example. It is obvious
that in this case one of the following three relations

gn(x, yn) = X, gn(x, yn) = {1, 2}, gn(x, yn) = {1, 3}

holds for any n ∈ N and yn ∈ Y n. Hence the automaton T = (X, Y, g) is900

not directable.901

Theorem 2. Let T = (X, Y, g) be an automaton. T is directable if and902

only if the following condition (D) holds:903

For each x1, x2 ∈ X there exist n ∈ N, yn ∈ Y n and x3 ∈ X such that

g({x1, x2}, yn) = {x3}. (D)

Proof. Let k be the number of elements in the set X . The case k = 1 is904

trivial. Let k > 1 .905

1. If T is directable then there exist n ∈ N, x3 ∈ X, yn ∈ Y n such that906

g(X, yn) = {x3} . Hence for each x1, x2 ∈ X we have gn({x1, x2}, yn) = {x3} ,907

i.e. the condition (D) holds.908

2. Let the condition (D) hold. Let us choose arbitrary x1, x1 ∈ X, x1 6=
x1 . Following (D), there exist n1 ∈ N, x2 ∈ X, yn1 = (y11, . . . , y1n1

) ∈ Y n1

such that
gn1({x1, x1}, yn1) = {x2}
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which implies that the set gn1(X, yn1) contains no more than k−1 elements.
If gn1(X, yn1) contains only one element the proof is finished. If gn1(X, yn1)
contains another element x2 6= x2 , then there exist n2 ∈ N, x3 ∈ X and
such that

gn2({x2, x2}, yn2) = {x3},

which implies that the set gn1+n2(X, (yn1, yn2)) contains no more than k− 2909

elements. It is obvious that after finite number of steps we obtain yn such910

that the set gn(X, yn) has only one element and therefore the automaton T911

is directable, q.e.d.912

4

1 2

3

0

0

0

0

1 1

1

1

Figure 5.4:

Note. Let T = (X, Y, g) be a given automaton. We say that the automaton913

T ′ = (X ′, Y ′, g′) is associated to the automaton T if914

1. X ′ = X1 ∪X2 where X1 = {(x1, x2) : x1 ∈ X, x2 ∈ X, x1 6= x2} ,915

X2 = {(x, x) : x ∈ X}916

2. Y ′ = Y917

3. g′((x1, x2), y) = (g(x1, y), g(x2, y)) for all (x1, x2) ∈ X ′, y ∈ Y .918

It is an easy consequence of Theorem 2 that T is directable if and only919

if T ′ is connected. This fact can be used to decide whether or not is an920

automaton directable.921

Example. Let U4 be the automaton from the Fig. 3 (the form of the922

denotation it will be clear later). The associated automaton U ′

4 is on the923

Fig. 4, where the states from the subset X2 are in double circles. One can924

see that U ′

4 is connected and consequently U4 is directable (even into an925

arbitrary state).926

Example. If T is the automaton from the Fig. 1 then T ′ is on the Fig. 5.927

One can see that T ′ is not connected which implies that T is not ditectable928

(we have already known this fact).929
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Figure 5.5:

3. Directing Speed930

Let Πk denote the set of all directable automata with k states. Let k ∈ N ,931

T ∈ Πk . Then we denote932

n(T ) = min{n ∈ N : there exists x0 ∈ X, yn ∈ Y n such that gn(X, yn) =933

{x0}}934

n(k) = sup{n(T ) : T ∈ Πk}935

If the automaton works in regular time intervals then n(k) expresses the936

supremum of the number of time intervals being necessary for the directing937

of the automata from the set Πk .938

In the sequel, we shall introduce the automata Uk . They will help us in939

finding the lower bound of n(k) .940

Uk = (Xk, Y, gk) , where Xk = {1, 2, . . . , k}, Y = {0, 1} and for x ∈ Xk

we have
gk(x, 0) = x+ 1, gk(x, 1) = x for x < k

gk(x, 0) = gk(x, 1) = 1 for x = k.

The graphic representation of the automaton U4 is the Fig. 3.941
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Figure 5.6:

The following lemmas will give some properties of the automata Uk .942

Lemma 1. Uk ∈ Πk and n(Uk) = (k − 1)2 for each k = 2, 3, . . . .943

Proof. Let us define944

yj = 1 for j = 1 + l.k, l = 1, . . . , k − 2945

yj = 0 for j 6= 1 + l.k, j < 1 + k(k − 2) = (k − 1)2946

Firstly, we shall prove

g1+lk
k (Xk, y1, . . . , y1+lk) = {1, . . . , k − l − 1} (4)

for l = 1, . . . , k − 2.947

It is evident that (4) holds for l = 1.948

Let 1 ≤ l ≤ k − 3 and let (4) hold for l . We shall prove that (4) holds
for l + 1 as well: We have

g
(l+1)k
k (Xk, y1, . . . , y(l+1)k) = g

(l+1)k
k (Xk, y1, . . . , y1+lk, 0, . . . , 0) =

= gk−1
k {1, . . . , k − l − 1}, 0, . . . , 0) = {1, . . . , k − l − 2, k}

which implies

g
1+(l+1)k
k (Xk, y1, . . . , y1+(l+1)k) = gk({1, . . . , k−l−2, k}, 1) = {1, . . . , k−(l+1)−1}

and thus (4) holds for l = 1, . . . , k − 2 . Consequently

g
1+(k−2)k
k (Xk, y1, . . . , y1+(k−2)k) = g

(k−1)2

k (Xk, y1, . . . , y(k−1)2) = {1}
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and Uk ∈ Πk and

n(Uk) ≤ (k − 1)2. (5)

On the other hand, we define a binary operation ⊕ on the set X as949

follows:950

x1 ⊕ x2 =

{

x1 + x2 for x1 + x2 ≤ k,

x1 + x2 − k for x1 + x2 > k.
951

(it corresponds to the sum modulo k ). For each X ⊂ Xk, X 6= ∅ define952

function δ(X) as follows:953

δ(Xk) = 0 and for X 6= Xk
954

δ(X) = max
x∈X, x⊕1∈Xk−X

(max{j ∈ N : x⊕ 1 ∈ Xk −X, . . . , x⊕ j ∈ Xk −X}).

(δ(X) expresses the number of elements in the greatest gap in X for Xk955

ordered in a circle).956

Let us denote

Mx,j = {x⊕ 1, . . . , x⊕ j}

for x ∈ Xk, j ∈ N, j ≤ k and let X̃ denotes such a set Mx,j that Mx,j ⊂957

Xk − X and the number of elements in Mx,j is maximum possible. It is958

evident that the number of elements in the set X̃ denoted by cardX̃ equals959

to δ(X) .960

Evidently δ(Xk) = 0, δ({x}) = k − 1 for any x ∈ Xk and δ(gk(X, 0)) =
δ(X) for each X ⊂ Xk according to the definition of δ function of the
automaton Uk . It is important to determine when the equation

δ(gk(X, 1)) = δ(X) + 1

holds. It is possible only for card g̃k(X, 1) = cardX̃ + 1 , i.e. if

X̃ = {k − δ(X), . . . , k − 1}.

Then we have

g̃k(X, 1) = {k − δ(X), . . . , k − 1, k}

Let n = n(Uk) and let gnk (Xk, y
n) = {x} for yn = (y1, . . . , yn) ∈ Y n, x ∈ Xk .

Obviously x = 1 and y1 = 1 . Let us denote

X(i) = gik(Xk, y1, . . . , yi) for i ∈ N, i ≤ n.



Černý’s 1964 paper 53

Let us suppose that δ(X(i−1)) = j−1 and δ(X(i)) = j for some i, j ∈ N .
In that case

X̃(i) = {k − j + 1, . . . , k}.

Let δ(X(i+ l)) = j+1 for some l , then l ≥ k because the sequence of k− 1
zeroes is the shortest input sequence transforming the set X̃(i) into the set
{k − j, . . . , k − 1} and afterwards the input of yi+k = 1 increases the value
of δ(X(i+ k)) by one. Therefore

n = n(Uk) ≥ 1 + (k − 2)k = (k − 1)2 (6)

and (6) together with (5) concludes the proof.961

Corollary. n(k) ≥ (k − 1)2 .962

Lemma 2. n(k) ≤ 2k − k − 1 for k ∈ N .963

Proof. For k = 1, 2 the assertion is trivially holds. Let k ∈ N, k > 2 ,
T = (X, Y, g) ∈ Πk, n = n(T ) . Let yn = (y1, . . . , yn) ∈ Y n, x ∈ X be such
that gn(X, yn) = {x} . Let us denote

X(i) = gi(X, y1, . . . , yi) for i ∈ N, i ≤ n.

Since n = n(T ) and yn is the shortest directing sequence we have X(i) 6= X(j)964

for i ≤ n, j ≤ n, i 6= j .965

Set X(i) contains for i < n at least two and no more than k−1 elements.
Hence the number of mutually different sets X(i) equals to the number of
all subsets of the set X except of the sets X,∅ and k − 1 sets with one
element. Consequently

n(T ) ≤ 2k − k − 1.

Since T ∈ Πk is arbitrary, we have

n(k) ≤ 2k − k − 1

which concludes the proof.966

Theorem 3. Let k be an arbitrary natural number. Then the following967

inequality holds:968

(k − 1)2 ≤ n(k) ≤ 2k − k − 1.

Proof. It is a direct consequence of 2 and Corollary of Lemma 1.969

Finally, we observe that the upper and lower bounds are equal for k =970

1, 2, 3 and we have n(1) = 0 , n(2) = 1 , n(3) = 4 from Theorem 3. For other971

values of k the difference between the bounds increases rapidly and it would972

be necessary to precise them. One can expect it mainly as for the upper one.973
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Appendix 3: Ashby’s problem982

The following is an excerpt from pp. 60–61 of Ashby’s book ‘An Introduction983

to Cybernetics’ [3]. The copyright of the book is held by the Estate of984

W. Ross Ashby and permits non-profit reproduction and distribution of its985

text for educational and research reasons.986

“4/15. Materiality. The reader may now like to test the methods of this987

chapter as an aid to solving the problem set by the following letter. It justifies988

the statement made in S.1/2 that cybernetics is not bound to the properties989

found in terrestrial matter, nor does it draw its laws from them. What is990

important in cybernetics is the extent to which the observed behaviour is991

regular and reproducible.992

“Graveside”993

Wit’s End994

Haunts.995

Dear Friend,996

Some time ago I bought this old house, but found it to be haunted by two997

ghostly noises—a ribald Singing and a sardonic Laughter. As a result it is998

hardly habitable. There is hope, however, for by actual testing I have found999

that their behaviour is subject to certain laws, obscure but infallible, and that1000

they can be affected by my playing the organ or burning incense.1001

In each minute, each noise is either sounding or silent—they show no de-1002

grees. What each will do during the ensuing minute depends, in the following1003

exact way, on what has been happening during the preceding minute: The1004

Singing, in the succeeding minute, will go on as it was during the preceding1005

minute (sounding or silent) unless there was organ-playing with no Laughter,1006

in which case it will change to the opposite (sounding to silent, or vice versa).1007

As for the Laughter, if there was incense burning, then it will sound or not1008

57
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according as the Singing was sounding or not (so that the Laughter copies1009

the Singing a minute later). If however there was no incense burning, the1010

Laughter will do the opposite of what the Singing did.1011

At this minute of writing, the Laughter and Singing are both sounding.1012

Please tell me what manipulations of incense and organ I should make to get1013

the house quiet, and to keep it so.”1014

Here is the solution to the puzzle provided in [3, p. 277]:1015

“If the variables are S = Singing, L = Laughter, X = Organ-playing, Y =1016

Incense-burning, and each take the values 0 or 1 for inactive or active respec-1017

tively, then the machine with input is soon found to be1018

(S, L)
↓ 00 01 10 11
00 01 01 10 10

(X, Y ) 01 00 00 11 11
10 11 01 00 10
11 10 00 01 11

1019

One way to (0,0) is: Stop the incense burning for one minute; next stop the1020

incense and play the organ; finally, start burning the incense again; in future1021

keep it burning and never play the organ.”1022
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the Černý conjecture. In R. Královič and P. Urzyczyn, editors, 31st Int. Symp. Math.1254

Foundations of Comput. Sci., volume 4162 of Lecture Notes in Comput. Sci., pages1255

789–800. Springer-Verlag, 2006. 161256

Trahtman:2009 [37] A. Trahtman. The Road Coloring Problem. Israel J. Math., 172(1):51–60, 2009. 381257

Turing:1936 [38] A. M. Turing. On computable numbers, with an application to the Entschei-1258

dungsproblem. Proc. London Math. Soc., Ser. 2, 42:230–265, 1936. 71259


	Introduction
	History and Motivation
	Finite Automata
	Exercises

	Synchronizing Automata
	Exercises
	Comments and Supplements

	Origins of Synchronizing Automata
	Synchronizing Automata and Codes
	Exercises

	Reinventing by Engineers
	Exercises
	Comments and Supplements

	Reinventing by Dynamic Theorists
	Comments and Supplements

	Algebraic Perspective

	Algorithmic Issues
	Complexity Issues
	The Cerný Conjecture
	Road Coloring Theorem
	Stating the Problem
	Exercises
	Comments and Supplements

	The Confluence Relation
	Trahtman's Proof

	Hints for Selected Exercises
	Appendix 1: Cerný's 1964 paper
	Appendix 2: Chapter 4 of Liu's 1962 Thesis
	Appendix 3: Ashby's problem
	List of Figures
	List of Tables
	List of Notation
	Index
	Author Index
	Bibliography

