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5-minute Tour in Complexity Theory

Thegoalof thetalk is to show a few strikingexamples

of how fruitful theinteractionbetween Algebra and
ComputationalComplexity maybe.
Westartwith recallingthefundamentalnotionsof the
lattertheory: theclasses and .

Theseare classesof combinatorial decision problems,

i. e.problemswhoseinput is a finite object(graph,for-

mula, algebra,. . . ) andwhosequestionis whether

or not a givenobjectpossessesa certainproperty(which

usuallygivesthenameto theproblem). Theanswerto

eachconcreteinstanceof suchaproblemis eitherYESor

NO.
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Example: Graph Coloring

Theinputof -COLORis a graph .

Thequestionis whethertheverticesof canbe labeled

with colorssothatadjacentverticesareassigneddiffer-

entcolors. For theabovegraph,theanswerto 3-COLOR

is YES while theanswerto 2-COLORis NO.
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The Classes and

Arthur, anormalman

Merlin, asuperman
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The Classes and

A problemis in if Arthur cansolve it in polynomial
time (of thesizeof its input).

Example:2-COLORis in
sinceArthur cancheckin polynomialtime whetheror

notall simplecyclesof agivengraphareof evenlength.

A problemis in if, whenever the answerto its in-

stanceis YES, Merlin can convince Arthur that the an-

sweris YES in polynomialtime (of thesizeof theinput).

Example:3-COLORis in since,givena 3-colorable

graph,Merlin canexhibit its 3-coloring,andArthur can

checkin polynomialtime thatthis coloringis correct.
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The Classes and

Clearly . Is theinclusionstrict?In otherwords,
is ?

This is a VERY BIG PROBLEM
which is worth$1000000 (beforetax). Accordingto
thepresentparadigm,weassumethat .

An -hard problemis aproblemto whichany
problemfrom canbereducedin polynomialtime.

An -completeproblemis aproblemin thatat the
sametime is -hard.

Example:3-COLORis -complete(Levin, 1973).

AAA68 – p.6/21



The Classes and

Clearly . Is theinclusionstrict?In otherwords,
is ? This is a VERY BIG PROBLEM
which is worth$1000000

(beforetax). Accordingto
thepresentparadigm,weassumethat .

An -hard problemis aproblemto whichany
problemfrom canbereducedin polynomialtime.

An -completeproblemis aproblemin thatat the
sametime is -hard.

Example:3-COLORis -complete(Levin, 1973).

AAA68 – p.6/21



The Classes and

Clearly . Is theinclusionstrict?In otherwords,
is ? This is a VERY BIG PROBLEM
which is worth$1000000(beforetax).

Accordingto
thepresentparadigm,weassumethat .

An -hard problemis aproblemto whichany
problemfrom canbereducedin polynomialtime.

An -completeproblemis aproblemin thatat the
sametime is -hard.

Example:3-COLORis -complete(Levin, 1973).

AAA68 – p.6/21



The Classes and

Clearly . Is theinclusionstrict?In otherwords,
is ? This is a VERY BIG PROBLEM
which is worth$1000000(beforetax). Accordingto the
presentparadigm,weassumethat .

An -hard problemis aproblemto whichany
problemfrom canbereducedin polynomialtime.

An -completeproblemis aproblemin thatat the
sametime is -hard.

Example:3-COLORis -complete(Levin, 1973).

AAA68 – p.6/21



The Classes and

Clearly . Is theinclusionstrict?In otherwords,
is ? This is a VERY BIG PROBLEM
which is worth$1000000(beforetax). Accordingto the
presentparadigm,weassumethat .

An -hard problemis aproblemto whichany
problemfrom canbereducedin polynomialtime.

An -completeproblemis aproblemin thatat the
sametime is -hard.

Example:3-COLORis -complete(Levin, 1973).

AAA68 – p.6/21



The Classes and

Clearly . Is theinclusionstrict?In otherwords,
is ? This is a VERY BIG PROBLEM
which is worth$1000000(beforetax). Accordingto the
presentparadigm,weassumethat .

An -hard problemis aproblemto whichany
problemfrom canbereducedin polynomialtime.

An -completeproblemis aproblemin thatat the
sametime is -hard.

Example:3-COLORis -complete(Levin, 1973).

AAA68 – p.6/21



The Classes and

Clearly . Is theinclusionstrict?In otherwords,
is ? This is a VERY BIG PROBLEM
which is worth$1000000(beforetax). Accordingto the
presentparadigm,weassumethat .

An -hard problemis aproblemto whichany
problemfrom canbereducedin polynomialtime.

An -completeproblemis aproblemin thatat the
sametime is -hard.

Example:3-COLORis -complete(Levin, 1973).

AAA68 – p.6/21



Complexity of Algebra

Many basicquestionsin algebragive riseto fascinating
andsometimesveryhardproblemsif onelooksat these
questionsfrom thecomputationalcomplexity standpoint.

For instance,giventwo finite algebras and of the
samefinite type,weknow from Birkhoff ’s theoremthat

is amorphicimageof

andthelatterconditioncanbealgorithmicallytested.

But is this anefficient solution? It doesn’t seemso—

if and , the only boundfor the sizeof

is sotheabovealgorithmrequiresdoubly

exponentialtime (asa functionof ).
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Complexity of Algebra

Someimportantandapplication-orientedquestionsof
formal languagetheoryleadexactly to theproblemsof
theform “Doesagiven belongto thevariety ?"
in which and arefinitesemigroups.

Problem1. Doesthereexist a finitesemigroup such
that testingmembershipin thevariety is

-complete? -hard? . . . -complete?
- -complete?

RalphMcKenziefounda partialsolutionof this problem

which wasthenrefinedby MarcelJackson.Thesolution

will appearin their joint paperin “InternationalJournalof

AlgebraandComputation”.
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McK enzie–JacksonTheorem

Let bethegraphusedasanexample22slidesago:

McKenzie and Jacksonassignto each finite graph

a finite semigroup such that

if f belongsto theuniversalHornclassgeneratedby .
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McK enzie–JacksonTheorem

However, it is known (Nešeťril andPultr, 1978)thatthe
universalHornclassgeneratedby is preciselythe
classof all 3-colorablegraphs.

Hence
iff thegraph is 3-colorable. Since

3-COLORis -complete,weconcludethatthe
membershipproblemfor thevariety is

-hard. (Onecan’t yet claim thattheproblemis
-completebecauseit is not yet clearthatit belongsto

theclass .)

If the graph has vertices,thanthe semigroup

has elements.In particular, the semigroup

has55 elements. Thestructureof thesemigroup

is rathertransparent:it is a local semilattice.
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Application to the Finite BasisProblem

A semigroup is saidto befinitelybasedif all identities
holdingin follow from afinite setof suchidentities
(an identitybasisof ).

If weknow a finite identity
basis of asemigroup thenwecanuseit to efficiently
decidethemembershipin . Indeed,givenafinite
semigroup , wecansimplycheckif it satisfieseach
identity in , andthis requirespolynomialtime (asa
functionof ).

Comparingthis with the McKenzie–JacksonTheorem,

weconcludethatthe55-elementsemigroup is non-

finitely based. This doesnot follow from any known

resulton thefinite basisproblemfor finite semigroups!
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Algebra of Complexity

ThebridgesbetweenAlgebraandComputational
Complexity areopenin bothdirections!

Many combinatorialdecisionproblemscanbenaturally
thoughtof asConstraintSatisfactionProblems(CSP, for
short). Theaim in aCSPis to assignvaluesto agiven
setof variablessuchthatcertainconstraintsaresatisfied.

Example: -COLOR.Here

variablesaretheverticesof agivengraph;

valuesarethecolors;

constraintsaredeterminedby theedgesof thegraph:
variablescorrespondingto adjacentverticesshould
beassigneddifferentvalues.
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Constraint SatisfactionProblems

Considerthefamily of CSPsin whichvaluesaretaken
from afinite set (domain) andtheconstraintrelations
aretakenfrom aset of relationson .

This collection
is denotedby .

For instance,3-COLOR can be easily identified with

wherethe domain is red, green, blue and

consistsof theinequalityrelation on . In partic-

ular, this shows that generallyspeaking is -

complete.
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Constraint SatisfactionProblems

An importantdirectionof researchin Computational
Complexity groupsaroundthefollowing

Problem2. For which relationsets thefamily
is in ? is –complete?

A very successfulpurelyalgebraicapproachto this prob-

lem hasbeenrecentlydevelopedby PeterJeavons,An-

drei Bulatov, Andrei Krokhin e.a. First it hasbeen

observed (Jeavons,1998) that for any relationset the

families and have the samecom-

plexity. Here is the relational clonegenerated

by .
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Relationsand Operations

Thus,it sufficesto studyfamilies suchthat is
acloneof relationson thedomain .

Recallthatthere
is awell understoodandvery usefulGaloisconnection
betweentherelationalcloneson theset andtheclones
of operationsover , cf. Pöschel-Kalužnin,1979,and/or
A. Szendrei,1986.
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Relationsand Operations

Thus,eachfinite algebra on thedomain
definesa family of CSPs,namely, .

We
denotethis family by .
Thus,thealgebraiccounterpartof Problem2 is:
Problem3. For which finitealgebras thefamily

is in ? is -complete?

It turnsout that the complexity of dependson

somedeepalgebraicpropertiesof , in particular, on the

TameCongruenceTheorylabelingof its congruencelat-

tice.
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CSPsDefinedby Semigroups

I concludewith asampleresult(Bulatov, Jeavons, ,
2002):

for a finitesemigroup , thefamily is
in iff satisfiesthequasi-identities

Otherwisethefamily is -complete.

Finitesemigroupssatisfyingtheabovequasi-identitiesare

known in semigrouptheoryasblock-groups. They are

known to play a distinguishedrole in algebraictheoryof

formal languages.
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Conclusionand Announcement

Whatwehaveseenis just a few samplesfrom aquickly
developingandpromisingarea.

Todaytherewill betwo
furthertalksatourconferencedevotedto its other
aspects:

thetalk by Onďrej Klima onComplexity issuesof
checkingidentitiesin finite monoids(A317,

) — it belongsto theComplexity of
Algebradirection;

thetalk by LászlóZadorionBoundedwidth
algebras(B321, ) — it belongsto the
Algebraof Complexity direction.
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OneMor eAnnouncement

I am honoredto announcethat the Ural StateUniversity

and the Institute of Mathematicsand Mechanicsof the

Ural Branchof the RussianAcademyof Sciencesorga-

nize an InternationalAlgebraicConferencein Ekaterin-

burg from August29 to September3, 2005.

The con-

ferenceis dedicatedto the centennialof the birthdayof

ProfessorPiotr Grigor’evich Kontorovich, thefounderof

theSverdlovsk (=Ekaterinburg) algebraicschool, andto

the70thbirthdayof Lev Naumovich Shevrin.
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OneMor eAnnouncement

Thetopicsof theconferencewill includeall majorareas
of generalalgebra(theoriesof semigroups,groups,rings,
lattices,universalalgebra)andmodeltheory.

During the
conference,onSeptember1, 2005,L.N.Shevrin’s
seminar“AlgebraicSystems” will celebrateits 1000th
meeting.
Thefirst announcementwill bedistributedat the
beginningof July.

I amlooking forwardto seeingall of you,dearfriends,in

Ekaterinburg next year!
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