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S-minute Tour In Complexity Theory

Thegoalof thetalk is to shav afew striking examples
of how fruitful theinteractionbetween and
ComputationaCompleity maybe.

We startwith recallingthe fundamentahotionsof the
lattertheory: theclasses” andNP.

Theseare classesof combindorial decsion problems
l. €. problemswhoseinput is a (graph,for-
mula,algebra,..) andwhosequestions whetheror not
a given object possessea certainproperty (which usu-
ally givesthe nameto the problem). Theanswerto each
concretanstanceof suchaproblemis either or NO.
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The guestionis whetherthe verticesof GG canbe labeled
with &k colorssothatadjacenterticesareassignedliffer-
entcolors.
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Example: Graph Coloring

Theinputof k--COLORIs agraphG.

()

The guestionis whetherthe verticesof G canbe labeled
with &k colorssothatadjacenterticesareassignedliffer-
entcolors. Fortheabore graph,theanswero 3-COLOR
IS V=5 while theanswerto 2-COLORIs NO. ARG - p 321
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A problemisin P if cansolveit in polynomial

time (of thesizeof its input). Example:2-COLORIs In
since cancheckin polynomialtime whetheror

not all simplecyclesof agivengraphareof evenlength.

A problemis in NP if, whene&er the answerto its In-

stanceis YES Merlin can corvince that the an-
sweris YES in polynomialtime (of the sizeof theinput).

Example:3-COLORIs in NP since,givena 3-colorable
graph,Merlin canexhibit its 3-coloring,and can
checkin polynomialtime thatthis coloringis correct.
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ClearlyP C NP. Istheinclusionstrict?In otherwords,
ISP £ NP?Thisisa

whichis worth $1000000(beforetax). Accordingto the
presenparadigmwe assumehatP # NP.

An N P-hard problemis a problemto which ary
problemfrom NP canbereducedn polynomialtime.

An Is aproblemin NP thatatthe
sametime is NP-hard.

Example:3-COLORIs NP-completeg(Levin, 1973).
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Many basicquestionsn algebragive riseto fascinating
andsometimewery hardproblemsf onelooksatthese
guestiongrom the computationatomplity standpoint.
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Many basicquestionsn algebragive riseto fascinating
andsometimewery hardproblemsf onelooksatthese
guestiongrom the computationatomplity standpoint.
For instancegiventwo finite algebrasA andB of the
saméfinite type,we know from Birkhoff’s theorenthat

B € var A <= B isamorphicimageof Clo g (A)

andthe latterconditioncanbe algorithmicallytested.

But Is this an solution? It doesnt seemso —
if |[A| = n and|B| = m, the only boundfor the size of
Clojg|(A) isn™") sotheabove algorithmrequiresdoubly
exponentialtime (asafunctionof | B|).
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Someimportantandapplication-orientedjuestionf
formal languagdaheoryleadexactly to the problemsof
theform “Doesagiven B belongto thevariety var A?"
In which A andB are

Doesthere exist a finite semigbup A su
that testingmembeshipin thevarietyvar A Is
NP-completeNP-hard? ... PSPACE-complete?
2-EXPTIME-complete?

RalphMcKenziefound a partial solutionof this problem
which wasthenrefinedby Marcel Jackson.The solution
will appearn theirjoint papenn “InternationalJournalof
AlgebraandComputation”.
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McKenzie—hAcksonTheorem
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McKenzie—hAcksonTheorem

Let C5 bethegraphusedasanexample22 slidesago:

NS

McKenzie and Jacksonassignto eachfinite graph &G
a finite semigroupS(G) suchthat S(G) € var S(Cs)
Iff G belonggo theuniversalHornclassgeneratedby Cs.
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However, it is known (NesSetil andPultr, 1978)thatthe
universalHorn classgeneratedby C; Is preciselythe
classof all 3-colorablegraphs.HenceS(G) € var S(Cs)
Iff thegraphG Is 3-colorable. Since3-COLORIs
NP-complete we concludethatthe membership
problemfor thevarietyvar S(Cs) is . (One
cant yetclaimthatthe problemis NP-completebecause
It iIs notyet clearthatit belongsto theclassNP.)

If the graphG hasn vertices,thanthe semigroupS(G)
hasn? + 5n + 5 elements.In particular the semigroup
S(C3) has55 elements. The structureof the semigroup
S(G) is rathertransparentit is a
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Application to the Finite BasisProblem

A semigroupA is saidto befinitely basedif all identities
holdingin A follow from afinite setof suchidentities
(@anidentity basisof A).
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A semigroupA Is saidto be If all iIdentities
holdingin A follow from afinite setof suchidentities
(an of A). If we know afinite identity basis
® of asemigroupA thenwe canuseit to efficiently
decidethemembershipn var A. Indeedgivenafinite
semigroupB, we cansimply checkif it satisfieseach
identity in ¢, andthis requirespolynomialtime (asa
functionof | B|).

Comparingthis with the McKenzie-Jacksoi heorem,
we concludethatthe55-elemensemigroupS(Cy) is non-

finitely based This doesnot follow from any known
resulton thefinite basisproblemfor finite semigroups!
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Thebridgesbetween andComputational
Complity areopenin bothdirections!

Many combinatorialdecisionproblemscanbe naturally
thoughtof as (CSRfor

short). Theaimin a CSPis to assignvaluesto agiven
setof variablessuchthatcertainconstraintsaresatisfied.

Example:k-COLOR.Here

aretheverticesof agivengraph;
arethecolors;

aredeterminedy theedgesf thegraph:
variablescorrespondindo adjacenterticesshould
beassignedlifferentvalues.
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Considerthefamily of CSPsn which valuesaretaken
from afinite setD ( ) andthe constraintrelations
aretakenfrom asetI’ of relationson D. This collection
IS denotedoy CSP(T).

For instance,3-COLOR can be easily identified with
CSP(I") wherethedomainD is{ ) blue} and
' consistof theinequalityrelation#, on D. In partic-
ular, this shows that generallyspeakingCSP(T") is NP-

complete.
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For which relationsetsl’ the family
CSP(I") isin P? is NP—complete?
A very successfupurelyalgebraicapproactio this prob-
lem hasbeenrecentlydevelopedby PeterJeaons, An-
drei Bulatov, Andrei Krokhin e.a. Firstit hasbeenob-
sened(Jeaons,1998)thatfor ary relationsetl’ thefami-
lies CSP(I') andCSP(Clo(I')) have thesamecompleity.

HereClo(T") is the generatedy I'.
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Relationsand Operations

Thus,it suficesto studyfamiliesCSP(I") suchthatI" is
acloneof relationsonthedomainD. Recallthattherels
awell understoodndvery usefulGaloisconnection
betweerthe onthesetD andtheclones
of operationover D, cf. Poschel-Kaluznin1979,and/or
A. Szendrel1986.

I'

Pol I
Inv F
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Thus,eachfinite algebraD = (D, F') onthedomainD
definesa family of CSPspamely CSP(Inv F'). We

denotethis family by CSP(Inv D).
Thus,thealgebraioccounterparbf Problem?2 is:

For which finite algebras D the family
CSP(D) isin P? is NP-complete?

It turns out that the compleity of CSP(D) dependson
somedeepalgebraigpropertiesof D, in particular onthe
TameCongruencd heorylabelingof its congruenceat-
tice.
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CSPsDefinedby Semigroups

| concludewith asampleresult(Bulatov, Jeaons,~,
2002):for a finite semigoup D, thefamily CSP(D) isin
P iff D satisfieghe quasi-identities

ef=e’=e& fe=f=f=e= T
ef=f=f& fe=e’=e=e=f.
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| concludewith a sampleresult(Bulatov, Jeaons,~,
2002):for a finite D, thefamily CSP(D) isin
P iff D satisfieghe quasi-identities
ef=e’=e& fe=f=f=e= T
ef=f=f& fe=e’=e=e=f.

Otherwisethe family CSP(D) is NP-complete
~Inite semigroupsatisfyingtheabove quasi-identitiesre
KNnown in semigrouptheory as .  They are

Known to play a distinguishedole in algebraictheoryof
formal languages.
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Conclusionand Announcement

Whatwe have seens just afew sampledrom a quickly
developingandpromisingarea.Todaytherewill betwo
furthertalksat our conferencalevotedto its other
aspects:

= thetalk by Ondrej Klima on Compledity issuesof
checkingidentitiesin finite monoids(A317,

10*° — 119%) — it belongsto the Complexity of
Algebradirection;

= thetalk by Laszl6Zadorion Boundedwidth

algebragB321,15% — 15%Y) — it belongsto the
Algebraof Compleity direction.
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| am honoredto announcdhatthe Ural StateUniversity
and the Institute of Mathematicsand Mechanicsof the
Ural Branchof the RussianAcademyof Sciencesorga-
nize an In Ekaterin-
burg from August29 to SeptembeB, 2005.
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ProfessoiPiotr Grigor’evich Kontorovich, the founderof
the Sverdlovsk (=Ekaterinlurg) algebraicschool,
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One More Announcement

| am honoredto announcdhatthe Ural StateUniversity
and the Institute of Mathematicsand Mechanicsof the
Ural Branchof the RussianAcademyof Sciencesorga-
nize an In Ekaterin-
burg from August 29 to SeptembeB, 2005. The con-
ferenceis dedicatedo the centennialof the birthday of
ProfessoiPiotr Grigor’evich Kontorovich, the founderof
the Sverdlovsk (=Ekaterinlurg) algebraicschool, andto
the 70th birthdayof Lev Naumaich Shevrin.
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One Mor e Annhouncement

Thetopicsof theconferencavill includeall majorareas
of generahlgebra(theoriesof semigroupsgroups,rings,
lattices,universalalgebra)andmodeltheory
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One More Announcement

Thetopicsof theconferencavill includeall majorareas
of generaklgebratheoriesof semigroupsgroups,rings,
lattices,universalalgebra)andmodeltheory Duringthe

conferencepon Septembel, 2005,L.N.Shevrin’s

seminar‘ AlgebraicSystems will celebratats 1000th
meeting.
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Thetopicsof theconferencavill includeall majorareas
of generallgebraltheoriesof semigroupsgroups,rings,
lattices,universalalgebra)andmodeltheory During the
conferencepn Septembel, 2005,L.N.Shev/rin’s
seminar‘ AlgebraicSystems will celebratats 1000th
meeting.

Thefirstannouncemenwill bedistributedatthe
beginning of July.
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Thetopicsof theconferencavill includeall majorareas
of generallgebraltheoriesof semigroupsgroups,rings,
lattices,universalalgebra)andmodeltheory During the
conferencepn Septembel, 2005,L.N.Shev/rin’s
seminar‘ AlgebraicSystems will celebratats 1000th
meeting.

Thefirstannouncemenwill bedistributedatthe
beginning of July.

| amlooking forwardto seeingall of you, dearfriends,in
Ekaterinlurg next year!
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One Mor e Announcement
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