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Are Collapsing Wor ds?

rk with DFA: o7 = (Q, X, d).



What Are Collapsing Wor ds?

We work with DFA: &7 = (Q, X, 9).

Thedeficiencyof awordv € X* w.r.t. aDFA 7 Isthe
differencedf ,(v) = |Q| — |Q . v|. HereQ .v
standdor {d(qg,v) | g € Q}.
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We work with DFA: &7 = (Q, X, 9).
Thedeficiencyof awordv € X* w.r.t. aDFA 7 Isthe
differencedf ., (v) = |Q| — |Q . v|.

A DFA o/ is n-compessiblef df (v) > n for some

Inputwordv € X*.

A word w € X* is n-collapsingif df ,,(w) > n for
n-compressibl®FA o7 whosenputalphabets X..

Thus,infinitely mary n-compressiblautomatahouldall

be‘served’ by thesameword! Say a 3-collapsingword:

4 — 1; atthesametime, 1000000 — 999997, etc.
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What Are Collapsing Wor ds?

A naturalinterpretatiorasa solitaire-like game

= TheunderlyingdigraphI'(.«#') — thegame-board
= Theinitial position— eachstateholdsatoken.
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A naturalinterpretatiorasa

TheunderlyingdigraphI' (=) — the
The — eachstateholdsatoken.

Eachlettera € XY definesa — tokensslide
alongthearrowvslabelleda and,wheneer several
tokensarrive atthe samestate all but oneof them
areremoved.
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A naturalinterpretatiorasa

TheunderlyingdigraphI' (=) — the
The — eachstateholdsatoken.

Eachlettera € XY definesa — tokensslide
alongthearrowvslabelleda and,wheneer several
tokensarrive atthe samestate all but oneof them
areremoved.

The — to freeatleastn stateqn Is agiven
number).
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It Is easyto realizethat,for any wordv € X%, the
correspondingequencef movesleavestokens
preciselyonthestatean Q@Q . v.
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It Is easyto realizethat,for any wordv € X*, the
correspondingequenc®ef movesleavestokens
preciselyonthestatean Q@Q . v.

Therefore:

thedeficieny df ., (v) of v is exactly the numberof
freedstates;

7 1S n-compressibleff thereis awinning sequence
of movesfor thegameontheboardI' (<) with the
scoren to beachieved;

aword w Is n-collapsingiff it representa universal
winning strat@y for gameg(with thesamenames
of movesandthescoren) thatcanbewon.
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Collapsingword admitseveralinteresting
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Collapsingword admitseveralinteresting
applicationgn:

universalalgebra(PoschelSapir Sauey Stone,and
~, 1994);

theoryof finite andprofinite semigroupgAlmeida
and~, 2003,2005;Rellly andZhang,2000);

computationatompl«ity (~, seeProceedings).

Roughly speaking, collapsing words allow one to re-

ducein a uniformway studying transformations
(semigrougheory)to studying transformations
(grouptheory). OLT200508.07.05-p.622



What May They Be For?

= DNA-computingcf. reportsof Shapiros groupon
‘'soupof automata’:
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DNA-computingcf. reportsof Shapiros groupon
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Y. Benensoret al, Programmabland
autonomougomputingmachinemadeof
biomoleculesNatureVol.414,n0.1(November
22,2001)430-434.
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DNA-computingcf. reportsof Shapiros groupon
‘'soupof automata’:

Y. Benensoret al, Programmabland
autonomougomputingmachinemadeof
biomoleculesNatureVol.414,n0.1(November
22,2001)430-434.

Y. Benensoretal, DNA moleculeprovidesa
computingmachinewith bothdataandfuel,
Proc.NationalAcad.Sci. USA Vol.100(2003)
2191-2196.

Here collapsingwords (over the DNA alphabet)might
play arole of a‘RESET’ button.
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What May They Be For?

= robotics moreprecisely parthandlingproblemsn
Industrialautomatiorsuchaspartfeeding,fixturing,
loading,assemblyandpacking,cf., e.qg.:
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robotics moreprecisely parthandlingproblemsan
Industrialautomatiorsuchaspartfeeding fixturing,
loading,assemblyandpacking,cf., e.g.:

B. K. NatarajanAn algorithmicapproacho the
automatediesignof partsorientersProc.27/th

Annual Symp.FoundationsComput.Sci., IEEE,
1986,132-142.

B. K. NatarajanSomeparadigmdor the
automatedlesignof partsfeeders)nternat.J.
RoboticsResearchyol.8, n0.6(1989)89-109.

Herecollapsingwordspreciselycorrespondo engineers’
dreamsaboutUFO (UniversalFeedeiOrienter).
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How Can They Be Constructed?

Fact: n-collapsingwordsexist for eachn andover each
finite alphabe®: (SauerandStone, 1991).
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Stoneandimproved by Margo
It leadsto aword of length |3
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Fact: n-collapsingwordsexist for eachm andovereach
finite alphabe®: (SauerandStone, 1991).

At presenttherearetwo generalkonstructions.

An Iinductie constructionnventedby Sauerand
Stoneandimprovedby Margolis, Pinand~, 2004.

n —n

It leadsto aword of length|X| = +....

A constructiorrelatedto the so-calledrank
conjecturea generalizatiorof thewell known

Cerny’s conjecture. It leadsto aword of length
>|** + ... modulothe conjectureandof length

n(n+1)(n+2) -
Y 6 + ... unconditionally
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Thelnductive Construction

Obsenrethatif aDFA o7 Is 1-compressibléhenthere
existsalettera € X with df /(a) > 1.
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Obsenrethatif aDFA o7 Is 1-compressibléhenthere
existsalettera € X with df . (a) > 1. Therefore
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Obsenre thatif aDFA <7 Is 1-compressibléhenthere
existsalettera € X with df . (a) > 1. Therefore
the productw, of all lettersin X (in arny order)is

a 1-collapsingword over X..

Now for n > 1 define

Again,theorderof thewv’s playsnorole.
Thenw,, turnsoutto beann-collapsingword over X..

In SauerStonesversiontheproductwasoverallv € X*
with |[v| < 2773 4 1.
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The Rank Conjecture Construction

Definethedeficiencyof a DFA <7 as
df (/) = max{df., (v)}.
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Definethe deficiencyof a DFA o7 as

df (/) = max{df. (v)}.

Thisis themaximumscorethatcanbe achievedin the
solitairegameon the boardI' ().

The claimsthat if df(«/) = k then
thereexistsa word w € X* suchthat |w| = k? and
df . (w) = k. Thus,thehighestpossiblescorecanbe
alwaysachievedvia a suitablesequencef k? moves.
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Kari’s automatordoes  refutetherankconjecture!
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The Rank Conjecture Construction

In the solitairegameon Kari’s digraph,no sequencef
16 movesremoves4 tokens.
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In the solitairegameon Kari’s digraph,no sequencef
16 movesremoves4 tokens.However, 4 Is the
maximumnumberof tokensthatcanberemoved! One
canshow that5 statescanbefreedby a sequencef 25
moves— In full accordancevith therankconjecture.

Thus,the conjecturaemainsopen. It canbeshowvn that
If It holdstruethenarny word containingall v € X* with

lv| = n? asfactorsis ann-collapsingword over X.
The bestestimateon the rank conjectureknown so far
IS dueto Pin, 1983. Usingit, onecanshov any word
containingall v € ¥* with |v| = n(n+1)(n + 2)/6
asfactorsis n-collapsing.
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DISCUSsI on

= Boththeconstructiongslependon non-trvial results
from combinatoricsf finite sets.
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Both the constructionsiependn non-trvial results
from combinatoricof finite sets.

Both the constructiongareunsatisactoryfrom the
viewpoint of possiblerealworld applications.

Theupperboundsprovidedby the constructionsire
very far from beingprecise.

Theinductie constructions betterevenif therank
conjecturas true. The optimaluniversalwinning
strat@y shouldnot consistof optimallocal winning
strat@iesgluedtogether!

Therankconjectureconstructionrmay be betterfor
somerestrictedclassegfor aperiodicautomatasay).

DLT2005,08.07.05-p.14/23



Therankconjectureconstructions basedn theworst
caseapproachHowever, experimentsshov that
‘complicated’game-board$éwherethelengthof the
shortestvinning sequences closeto the squareof score)
areextremelyrare.
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Therankconjectureconstructions basedn theworst
caseapproachHowever, experimentsshov that
‘complicated’game-board$éwherethelengthof the
shortestvinning sequences closeto the squareof score)
areextremelyrare.We presensampleresultsof such
experimenton the next two slides.

They give someindication that a more economiccon-
structionfor n-collapsingwords may basedon the aver-
agecaseapproach: includeall v € X* with |v| = n
asfactors(this is certainlynecessaryandaddjust a few
longer factorsto sene all possible‘complicated’ game-
boards.
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Recognizing Collapsing Words

Givenaword w anda positve integern, canwe
recognizevhetheror notw Is n-collapsing?
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Givenaword w anda positve integern, canwe
recognizevhetheror notw Is n-collapsing?

In otherterms:supposehatw IS n-collapsing.
Thenthereexistsann-compressibl&FA <7 suchthat

df ,(w) < n. Obsenrethat.e/ shouldbedetermined
entirelyby w. Canwe efficiently extract.e from w?

The answeris ‘yes’ for n = 2 (Ananicha, Cherubini
and ~, 2003). The algorithmthatrelieson combina-
torial grouptheoryhasbeenimplementedy Petrov, and

experimentswith the implementationhave led to mary
Interestingexamplesandseveralusefulobsenrations.
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Sofarwe
the samef
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zing Collapsing Words

nave not succeedeth finding analgorit

nmof
swith

avor for recognizingn-collapsingworc
nereforewe have tried anotherapproac
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Sofarwe have notsucceededh finding analgorithmof
the sameflavor for recognizingn-collapsingwordswith
n > 2. Thereforewe have tried anotherapproach.
A byproductof our algorithmfor n = 2 is thefollowing
fact: if w is not2-collapsingthendf (w) < 2 for
some2-compressibl®FA o7 with < |w| states.
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A byproductof our algorithmfor n = 2 is thefollowing
fact: if w is not2-collapsingthendf (w) < 2 for
some2-compressibl®FA o7 with < |w| states.

Sincethe numberof DFA with < |w| statesanda fixed
Inputalphabe®: is finite, this corollaryimpliesthatthe
setC, of all 2-collapsingwordsover X Is recursve.
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Sofarwe have notsucceededh finding analgorithmof
the sameflavor for recognizingn-collapsingwordswith
n > 2. Thereforewe have tried anotherapproach.

A byproductof our algorithmfor n = 2 is thefollowing
fact: if w is not2-collapsingthendf (w) < 2 for
some2-compressibl®FA o7 with < |w| states.

Sincethe numberof DFA with < |w| statesanda fixed

Inputalphabe®: is finite, this corollaryimpliesthatthe
setC, of all 2-collapsingwordsover X Is recursve.

Moreover, it leadsto a non-deterministidinearspaceand
polynomialtime algorithmrecognizinghe complement
of C5 whenceCs Is a contet-sensitve language.

DLT2005,08.07.05-p.19/23



Recognizing Collapsing Words

RecentlyPetros hasmanagedo find a similar resultfor
anarbitraryn.
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Recognizing Collapsing Words

RecentlyPetros hasmanagedo find a similar resultfor
anarbitraryn.
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RecentlyPetrov hasmanagedo find a similar resultfor
anarbitraryn.

Namely for every word w whichis notn-collapsing,
thereexistsann-compressibl®FA o7 with
< 3|lw|(n — 1) + n + 1 statesandsuchthat

df /(w) < n.

This implies that the set of all 2-collapsingwords over
each finite alphabetis a recursve and even context-

sensitve language.
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Themainideais simple.Sincew Is not n-collapsing,
thereis ann-compressibl®FA % andsuchthat

df z(w) < n. If wetreatw asasequencef movesin
the solitairegameonI' (%), thenaftereachmove at
mostn — 1 statesarefreeof tokens. It turnsoutthatall

essentialnformationaboutthe gamecanberetrievedif
ateachmove we controlthefollowing statesets:

the setof all currentfree states:

the setof all ‘post-free’statedo whichthe current
letter bringsstateghatwereemptybeforethe move;

the setof all ‘next-to-free’ stateghatcouldbe
achiezedfrom currentfree statesf we would repeat
the samemove. DLT2005.08.07.05-p. 2123



Recognizing Collapsing Words

Thetotal numberof statessubjectto controldoesnot
exceed3|w|(n — 1).

DLT2005,08.07.05-p.22/23



Recognizing Collapsing Words

Thetotal numberof statessubjectto controldoesnot
exceed3|w|(n — 1). They form acoreof the‘small’

n-compressibl®FA o7 whichwitnessthatw Is not
n-collapsing
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Thetotal numberof statessubjectto controldoesnot
exceed3|w|(n — 1). They form acoreof the‘small’
n-compressibl®FA o7 whichwitnessthatw Is not
n-collapsing while ‘irrelevant’ partsof % are

substitutedy sometiny buffer automataaddingat most
n + 1 extrastates.

4 I
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Collapsingwordsconstitutea naturalobjectfor
combinatoricof wordsandadmitnumerous
applicationsespeciallyin algebra.
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Collapsingwordsconstitutea naturalobjectfor
combinatoricof wordsandadmitnumerous
applicationsespeciallyin algebra.

A significantprogressn studyingcollapsingwords
hasbeenachieredoverthelast5 years.Still mary
Intriguing questiongemainwidely open.

Thegameinterpretatiorunderlyingin this talk is not
only entertainingout alsoprovidessomeimportant
Insights.In particular it wasessentiafor finding a
decisionprocedurdor the propertyof being
n-collapsing.

| hopethistalk did not make you collapse. .
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