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Moti vation

Everybodyknows thatlinearordersareimportant. . .

whenever they arecountablyinfinite, denseandwithout
extremeelements.
But wearegoingto speakaboutlinearorderswhichare
neithercountablyinfinite nordenseandpossessextremes
. . . becausethey arefinite.
They evenhavenoautomorphismsto study! Still they
havegot someendomorphisms.

Can finite linear ordersand their endomorphismsbe of

any interestandany importance?
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Moti vation

Insteadof answeringthisquestion,we look in some
detailat aclassicapplicationof semigrouptheoryto
computerscience:

ImreSimon’scharacterizationof piecewisetestable
languages

is easyto explain;

is hardto prove;

hasmany surprisingconnections,

includingthosewith modeltheory;

is relatedto my recentresearch.
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Hydra automata

An -headhydra automaton is avery simple
deviceconsistingof:

a tapedividedinto cellsfilled with lettersof afinite
inputalphabet (thenumbersof cellsis not
bounded);

readingheadsthatcanmove alongthetape
independentlyof eachother(but preservingthe
relativeorderof theheads:thefirst headalways
remainson theleft of thesecondetc)andread
symbolsin thecellsthatthey observe;

finite read-onlymemorythatcontainstwo lists of
wordsof length over : passwords and
taboos.
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Hydra automata

Figure1: A 9-headhydra
Hattingen– p.5/30



Hydra automata

TapeWord a l g e b r am p e u l y l k y u m b

Heads

a l g e b r a

Memory

a l g e b r a

a l g e b r a

algebra viagra

Figure3: A 7-headhydraautomaton
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Hydra automata

A hydraautomaton acceptsaword if it
findsin oneof thepasswordsbut noneof the
taboos.Otherwiseit rejects .

For instancetheautomatononFig. 2 acceptsthe
wordwritten on thetape(AmpleUglyElkByRumba)
asit findsin it thepassword algebrabut not the
tabooedwordviagra.

A language is saidto berecognizedby a
hydraautomaton if acceptsexactly words
thataremembersof . Suchlanguagesarecalled
piecewisetestable.
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Piecewisetestablelanguages

Moreprecisely, a language is called
piecewisetestableof height if canbe
recognizedby ahydraautomatonwith heads.

Let [resp. ] denotethefamily of
all piecewisetestablelanguages[of height ] over
afixedalphabet .

Simon’shierarchy of piecewisetestablelanguages:
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Piecewisetestablelanguages

Question1. Givena language , howto decide
whetheror not is piecewisetestable?

Question2. Givena piecewisetestablelanguage
, howto determineits height(theleast such

that belongsto but not to )?

Exercise.Is thelanguage ( ) piecewise
testable?

Yes No Don’t know It dependsYes No Don’t know !
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Syntacticmonoids

For a language its syntacticcongruence is
definedby

if, for any

Thus, and occurin in thesamecontexts.

Onecancheckthat is thelargestcongruenceon
for which is a unionof classes.Thequotientmonoid

is calledthesyntacticmonoidof the
language .

For aregularlanguage , thesyntacticmonoid can

be alsodefinedas the transitionmonoidof the minimal

automatonof .
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Syntacticmonoids

Ratherthanformaldefinitionsfrom thepreviousslide,
thefollowing crucialideasareto beunderstood:

For a regularlanguage , its syntacticmonoid
is alwaysfinite (andvice versa)— this is Myhill’ s
form of Kleene’s theorem.

Thesyntacticmonoid canbeefficiently
calculatedwhenever is efficiently presented—
say, by a regularexpressionor by afinite automaton.

Thus,whenever is “given”, sois .
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Simon’s theorem

A monoid is saidto be -trivial if every principal
idealof hasauniquegenerator:

In differentterms,being -trivial amountsto saying
thatthe(bilateral) divisibility relation

is anorderrelationon .

Theorem1. (Imre Simon,1972)A language is
piecewisetestableif andonly if its syntacticmonoid

is -trivial.
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Simon’s theorem

Nice: relatesavery naturalcombinatorialproperty
to avery naturalsemigroup-theoreticproperty.

Efficient: givenamonoid (by its Cayley table,
say),onecaneasily(in time ) verify
whetheror not is -trivial.

Veryefficient: Therearepolynomialtimealgorithms
to verify if thesyntacticmonoid is -trivial
whenpresentedtheminimal automatonof . Such
adescriptionof is muchmorecompactthan
theCayley table— recallthatthetransitionmonoid
of anautomatonwith statesmayconsistof as
many as elements!
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Simon vs.Schützenberger

Comparewith Schützenberger’s theorem(1966)that
providesanalgebraiccharacterizationof star-free
languages:a language canbedefinedbya star-free
expression(thatis, involving only Booleanoperations
andproductsbut notKleene’sstar)if andonly if the
syntacticmonoid hasonly trivial subgroups.

Again a very natural languageproperty is relatedto a

naturalsemigroupproperty that can be verified in time

. On theotherhand,theproblemof decid-

ing whetheror not hasonly trivial subgroupsfrom

theminimalautomatonof is PSPACE-complete!
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Simon’s theorem

Deep: acrossingwheremany ideasmeet.

Proofscomefrom:

Combinatoricsonwords— Simon’soriginalproof,
1972,1975;

Model theory— Stern,1985;

Orderedmonoids— StraubingandThérien,1988;

Profinitetopology— Almeida,1990;

Endomorphismsof linearorders— Higgins,1997.
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Recognizingheight

A pseudovarietyof finite monoidsis aclassof finite
monoidsclosedundertakingsubmonoids,morphic
imagesandfinite directproducts.

Fact (Eilenberg). Each pseudovarietyis generatedby
syntacticmonoidsit contains.

Simon’s theoremmeansthatthepseudovariety of all fi-

nite -trivial monoidsis generatedby syntacticmonoids

of piecewisetestablelanguages.
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Endomorphismsof linear orders

Now finite linearordersandtheirendomorphismscome
into theplay.

Consider , quitea typical piece-

wisetestablelanguage,andbuild adeterministicfinite au-

tomatonthatrecognizes .
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Endomorphismsof linear orders

Now imposea linearorderon thestatesetof the
automatonwebuilt:

1 2 3 4

With respectto thisorderthetransformationsinducedby
thelettersareextensiveendomorphisms.

Recallthata transformation of a linearorderis saidto

beextensiveif for every in thedomainof .
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For instance,this is theoneinducedby :

1 2 3 4
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Endomorphismsof linear orders

Hencethetransitionmonoidof thedeterministic
automatonrecognizingthelanguage
consistsof extensiveendomorphismsof thechain

.

Let denotethemonoidof all extensive
endomorphismsof thechain .

In general,whenstartingwith thelanguage

we endup in the monoid . Thereforethe pseu-

dovariety is containedin thepseudovariety

generatedby .
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Endomorphismsof linear orders

Theorem2. ( , 2003)For every ,
themonoid generatesthepseudovariety .

Thus,for each thepseudovariety is generatedby a
singlefinite monoid.It easilyfollows from somebasic
universalalgebrathatmembershipin a (pseudo)variety
generatedby asinglefinite algebrais alwaysdecidable.

Corollary. (Jean-EricPin,1984)For each ,
themembershipproblemfor thepseudovariety is
decidable, andhence, givena piecewisetestable
language, its heightcanbealgorithmicallydetermined.
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Recognizingheight

Is thisanefficient solution?

It doesn’t seemso— evenif weallow ourselvesthe
luxury of thelanguagebeingpresentedby its syntactic
monoidratherthanby its minimal automaton.

Indeed,if and , thentheonly known
time boundfor thealgorithmthatrecognizeswhetheror
not belongsto is — sorequiresdoubly
exponentialtime (asa functionof ).

Canwedobetter?
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Recognizingheight via identities

Lemma. (Eilenberg-Scḧutzenberger, 1976)Every
pseudovarietygeneratedbya singlefinitemonoidis
equational, that is, it consistspreciselyof finitemonoids
satisfyinga certainsystemof usualmonoididentities.

A monoid is said to be finitely basedif all identities

holdingin follow from afinite setof suchidentities(an

identitybasisof ). If weknow afinite identitybasis

of amonoid thenwecanuseit to efficiently decidethe

membershipin . Indeed,givena finite monoid

, we cansimply checkif it satisfieseachidentity in ,

andthis requirespolynomialtime(asafunctionof ).
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Recognizingheight via identities

Example: Thepseudovariety of all -trivial monoids

of height1 is generatedby the monoid of extensive

endomorphismsof the chain .

Therefore is

nothing but the 2-elementsemilattice. It is obvious

that its identity basisconsistsof the two identities: the

commutative law andtheidempotency law

. Thus, in order to checkwhetheror not a given

language is piecewisetestableof height1, it sufficesto

verify if its syntacticmonoid is commutative and

idempotent.
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Recognizingheight via identities

Doesthis approachapplyto heights ?

Theorem3. ( , 2003)a) Theidentities ,
forman identitybasisof themonoid .

b) Theidentities
forman identitybasisof themonoid .
c) Theidentities

forman identitybasisof themonoid .

d) Themonoids with arenonfinitelybased.
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Recognizingheight via identities

Thus,thereis anefficientalgorithmto checkif agiven
piecewisetestablelanguagecanberecognizedby a
hydraautomatonwith 1, 2 or 3 heads,but thisapproach
fails for largernumbersof heads.

Onemayconcludethattheoptimalnumberof headsis
equalto 3!
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Conclusion

What we have seenis just a samplefrom a ratherbig

area in which natural combinatorialpropertiesof lan-

guagesleadto certainclassesof transformationmonoids

of finite linear orders(endomorphisms,partial endomor-

phisms,partialautomorphisms,extensive mappings,etc).

In eachcasewe encountertwo problems: decidability

of membershipandfinite axiomatizabilityfor equational

theory. By now we have solved the finite axiomatiz-

ability problemfor almostall casesbut the membership

problemremainsopen,say, for the pseudovariety gener-

atedby all endomorphismmonoidsof finite chains.
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Conclusion

Wefix aninteger andconsiderthefollowing 4
propertiesof partialtransformationsof :

beingtotal (everywheredefined);

beinginjective;

beingorder preserving, thatis, endomorphic;

beingextensive.

Thesepropertiesdefine4 monoidsof partial transforma-

tionsof : , , , .
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Conclusion

finitely basedfinitely based

nonfinitely based
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