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Don McAlister and Varieties

Has Don done anything on semigroup varieties?

Yes, of course!

A very nice note:
D.B. McAlister, On a problem of M. P. Schützenberger,
Proc. Edinb. Math. Soc., 23, 243–247 (1980).

the pseudovariety of all finite aperiodic semigroups
the pseudovariety of all finite groups

the join of and , i.e. the least
pseudovariety containing both and

The problem: is decidable?
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Don McAlister and Varieties

The problem is still open

(even though similar
problems for apparently more complicated
operations have been solved in affirmative).

In the quoted note Don solved the ‘regular part ’
of the problem:

he found a verifiable criterion for the membership
of a regular semigroup in .

The problem therefore reduces to understanding the
relationship between regular and non-regular
members of .

CSL, Lisbon, 14.07.05 – p.3/16
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Semigr oup Varieties: An Overview
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Rees–Sushke vic h Varieties

the variety generated by all completely 0-simple
semigroups over groups with exponent dividing .

A Rees–Sushkevich variety is a subvariety of .

Goal – to describe the lattice of Rees–Sushkevich va-

rieties modulo the lattice of group varieties with expo-

nent dividing . In particular, we aim to describe the

the lattice of combinatorial Rees–Sushkevich varieties,

that is, the subvariety lattice of .
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Rees–Sushke vic h Varieties

the 5-element idempotent-generated 0-simple
semigroup.

It is known that generates . Therefore we write
for .

We have succeeded in understanding the subvariety
lattice of .

In this talk I restrict to the subvariety lattice of .

CSL, Lisbon, 14.07.05 – p.6/16
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Why Rees–Sushke vic h Varieties?

the 5-element Brandt semigroup

alias UCJE, the
universal counter example by Jean-Éric

The variety generated is known to be extremely
complicated:

has uncountably many subvarieties (Jackson)

is inherently non-finitely based (Sapir)

CSL, Lisbon, 14.07.05 – p.7/16
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The Main Frame

Exact subvariety of : variety generated by its
[0]-simple members.

Fact? (Kublanovsky) Exact subvarieties form a
sublattice in .

For the claim is true (and easy) and the
sublattice is very simple (consists of 13 elements).

Fact. If is one of these 13 exact subvarieties,
then there exists the largest subvariety of

that does not contain .
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The Main Frame

The sublattice of generated by exact
subvarieties and their “complements” forms
a “main” frame in .

CSL, Lisbon, 14.07.05 – p.9/16



The Main Frame

The sublattice of generated by exact
subvarieties and their “complements” forms
a “main” frame in .

CSL, Lisbon, 14.07.05 – p.9/16



One Sample Calculation

Let us discuss the equality

Here is the largest proper subvariety of

is the variety generated by

is the largest subvariety of that does not
contain

(in other words, )
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Identity Bases

In the language of identities the above varieties are
characterized as follows:

– by

– by

– by

– by

The first two results are due to Trahtman,

the other two are by Edmond Lee
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Word Graphs

Given a word , we assign it a directed graph :

Vertices are letters of .
Edges are factors of length 2 in :

has a directed edge from to iff appears
as a factor in
We distinguish two (not necessarily different) vertices
in : the initial vertex, that is the first letter of ,
and the final vertex, that is the last letter of .

Then can be thought of as a walk through the graph

that starts at the initial vertex, ends at the final

vertex and traverses each edge of (some of the

edges can be traversed more than once).
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Word Graphs

The graph of the word :

2
9

1
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7
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Word Graphs

Another walk through the graph, :

1 12

8

4,6,11
7

9

5,10

2,3

13,14
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Word Graphs

Fact (Trahtman) The semigroup satisfies iff
.

This allows us to work with graphs rather than words

Fact. The graph is strongly connected
iff for every semigroup and for every
homomorphism the element
is regular in .

Fact (Kublanovsky) For any semigroup and

distinct regular elements there exists a com-

pletely -simple semigroup and a surjective homo-

morphism such that .
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Completing Sample Calculation

Recall that we are proving the equality

One inclusion is clear:

If this is strict, take the distinguishing identity

with the least number of letters involved and show

that the graphs and must be strongly con-

nected.
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