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We consider finite semigroups sometimes equipped with extra unary
operation.

A semigroup identity is a pair of semigroup words (u,v) usually
written as a formal equality u = v.

A semigroup S satisfies an identity u = v (or: v = v holds in S)
if every evaluation of letters involved in the words u and v at some
elements of S produces equal values in S.
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We consider finite semigroups sometimes equipped with extra unary
operation.

A semigroup identity is a pair of semigroup words (u,v) usually
written as a formal equality u = v.

A semigroup S satisfies an identity u = v (or: v = v holds in S)
if every evaluation of letters involved in the words u and v at some
elements of S produces equal values in S.

Example: the identities xy = yx and x = x? hold in the semigroup
({0,1};-) while the identity x = y does not.
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Basic definitions

We consider finite semigroups sometimes equipped with extra unary
operation.

A semigroup identity is a pair of semigroup words (u,v) usually
written as a formal equality u = v.

A semigroup S satisfies an identity u = v (or: v = v holds in S)
if every evaluation of letters involved in the words u and v at some
elements of S produces equal values in S.

Example: the identities xy = yx and x = x? hold in the semigroup
({0,1};-) while the identity x = y does not.

A semigroup S is finitely based if all identities holding in S can be
deduced from some finite set of such identities (called an identity
basis for S).
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Example contd: the identities xy = yx and x = x? form an identity
basis for the semigroup ({0,1};).
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basis for the semigroup ({0,1};).
Indeed, if an identity u = v holds in ({0,1};-), then v and v have

the same letters.
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Example contd: the identities xy = yx and x = x? form an identity
basis for the semigroup ({0,1};).

Indeed, if an identity u = v holds in ({0,1};-), then v and v have
the same letters. But the laws xy = yx and x = x2 allow one to
reduce any word to the product of its letter, each taken once, in
some fixed order.
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Example contd: the identities xy = yx and x = x? form an identity
basis for the semigroup ({0,1};).

Indeed, if an identity u = v holds in ({0,1};-), then v and v have
the same letters. But the laws xy = yx and x = x2 allow one to
reduce any word to the product of its letter, each taken once, in
some fixed order.

Xyxyzytzx

ICSrt, July 7th, 2009

Mikhail Volkov The Finite Basis Problem for Finite Semigroups Revisited




Introduction

Background

Ideas vs results

Example contd: the identities xy = yx and x = x? form an identity
basis for the semigroup ({0,1};).

Indeed, if an identity u = v holds in ({0,1};-), then v and v have
the same letters. But the laws xy = yx and x = x2 allow one to
reduce any word to the product of its letter, each taken once, in
some fixed order.

Xyxyzytzx Xﬂx x3 y3z2t
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Example contd: the identities xy = yx and x = x> form an identity
basis for the semigroup ({0,1};).

Indeed, if an identity u = v holds in ({0,1};-), then v and v have
the same letters. But the laws xy = yx and x = x2 allow one to
reduce any word to the product of its letter, each taken once, in
some fixed order.

~ ~x2
Xyxyzytzx N3 y322t = xyzt
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Example contd: the identities xy = yx and x = x> form an identity
basis for the semigroup ({0,1};).
Indeed, if an identity u = v holds in ({0,1};-), then v and v have
the same letters. But the laws xy = yx and x = x2 allow one to
reduce any word to the product of its letter, each taken once, in
some fixed order.
-~ )

Xyxyzytzx N3 y322t = xyzt
Hence, whenever two words involve the same letters, they can be
reduced to the same product, and thus, to each other.
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.
A finite semigroup can be nonfinitely based (Perkins, 1969).
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.
A finite semigroup can be nonfinitely based (Perkins, 1969).
Perkins's example is the 6-element monoid B3 (the Brandt monoid)
formed by the following 2 x 2-matrices:

(62) o) (o) (o) (o) (oo)
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.
A finite semigroup can be nonfinitely based (Perkins, 1969).
Perkins's example is the 6-element monoid B3 (the Brandt monoid)
formed by the following 2 x 2-matrices:

(62) o) (o) (o) (o) (oo)

The example published exactly 40 years ago is extremely transparent
and natural.

ICSrt, July 7th, 2009

Mikhail Volkov The Finite Basis Problem for Finite Semigroups Revisited



Introduction
Background
Ideas vs results

Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.
A finite semigroup can be nonfinitely based (Perkins, 1969).
Perkins's example is the 6-element monoid B3 (the Brandt monoid)
formed by the following 2 x 2-matrices:

(62) o) (o) (o) (o) (oo)

The example published exactly 40 years ago is extremely transparent
and natural. It also turns out to be minimal with respect to size of

semigroup.
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.
A finite semigroup can be nonfinitely based (Perkins, 1969).
Perkins's example is the 6-element monoid B3 (the Brandt monoid)
formed by the following 2 x 2-matrices:

(62) o) (o) (o) (o) (oo)

The example published exactly 40 years ago is extremely transparent
and natural. It also turns out to be minimal with respect to size of
semigroup. (There are two other 6-element examples.)
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Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist:
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lattices are finitely based.
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Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
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finitely based objects exist: finite groups, associative or Lie rings,
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Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
Its algorithmic version is known as Tarski’s problem for semigroups.
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Main Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
Its algorithmic version is known as Tarski’s problem for semigroups.

Tarski’s Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely based or not?
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Previous Survey

At the International Conference on Semigroups in Braga in 1999, |
presented a survey on the FBP for finite semigroups.
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Previous Survey

At the International Conference on Semigroups in Braga in 1999, |
presented a survey on the FBP for finite semigroups. Its expanded
journal version then appeared in:

M.V. Volkov, The finite basis problem for finite semigroups, Sci.
Math. Jap., Vol. 53, 171-199, 2001.
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Previous Survey

At the International Conference on Semigroups in Braga in 1999, |
presented a survey on the FBP for finite semigroups. Its expanded
journal version then appeared in:

M.V. Volkov, The finite basis problem for finite semigroups, Sci.
Math. Jap., Vol. 53, 171-199, 2001.

The area has been progressed a lot over the last decade.
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At the International Conference on Semigroups in Braga in 1999, |
presented a survey on the FBP for finite semigroups. Its expanded
journal version then appeared in:

M.V. Volkov, The finite basis problem for finite semigroups, Sci.
Math. Jap., Vol. 53, 171-199, 2001.

The area has been progressed a lot over the last decade. An updated
version of the above survey will become available tonight through
my webpage: http://csseminar.kadm.usu.ru/volkov
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Background
Ideas vs results

Previous Survey

At the International Conference on Semigroups in Braga in 1999, |
presented a survey on the FBP for finite semigroups. Its expanded
journal version then appeared in:

M.V. Volkov, The finite basis problem for finite semigroups, Sci.
Math. Jap., Vol. 53, 171-199, 2001.

The area has been progressed a lot over the last decade. An updated
version of the above survey will become available tonight through
my webpage: http://csseminar.kadm.usu.ru/volkov

The present talk is rather intended to display the evolution of ideas
that underlie the area.
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List of Methods

How to prove that a given finite semigroup S is nonfinitely based?
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List of Methods

How to prove that a given finite semigroup S is nonfinitely based?
The existing methods can be classified as follows.

@ Syntactic analysis: direct manipulations with identities of S
based on (a semigroup specialization of) Birkhoff’s
completeness theorem for equational logic.
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List of Methods

How to prove that a given finite semigroup S is nonfinitely based?
The existing methods can be classified as follows.

@ Syntactic analysis: direct manipulations with identities of S
based on (a semigroup specialization of) Birkhoff’s
completeness theorem for equational logic.

@ Inherently nonfinitely based semigroups: a finite semigroup is
said to be inherently nonfinitely based if it is not contained in
any locally finite finitely based variety. Hence S is nonfinitely
based (and even inherently nonfinitely based) if Var S contains
an inherently nonfinitely based semigroup.
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A new method

List of Methods

How to prove that a given finite semigroup S is nonfinitely based?
The existing methods can be classified as follows.

@ Syntactic analysis: direct manipulations with identities of S
based on (a semigroup specialization of) Birkhoff’s
completeness theorem for equational logic.

@ Inherently nonfinitely based semigroups: a finite semigroup is
said to be inherently nonfinitely based if it is not contained in
any locally finite finitely based variety. Hence S is nonfinitely
based (and even inherently nonfinitely based) if Var S contains
an inherently nonfinitely based semigroup.

@ Critical semigroups: a series of semigroups S,, n=1,2,...,
such that each S, does not belong to the variety Var S while
all n-generated subsemigroups of S, belong to Var§.  icse, July 7th, 2000
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A new method

List of Methods contd

@ Interpretation: one interprets within the equational theory of
S another theory which is known (or can be easily proved) to
have no finite axiomatization.
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A new method

List of Methods contd

@ Interpretation: one interprets within the equational theory of
S another theory which is known (or can be easily proved) to
have no finite axiomatization.

A new method (that can be thought of as a variation of the interpre-
tation method) has been recently found by Jackson and McKenzie:
M. Jackson, R. McKenzie, Interpreting graph colorability in finite
semigroups, Int. J. Algebra Comput. Vol.16, 119-140, 2006.
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Overview
Complexity analysis
Unary version

A new method

List of Methods contd

@ Interpretation: one interprets within the equational theory of
S another theory which is known (or can be easily proved) to
have no finite axiomatization.

A new method (that can be thought of as a variation of the interpre-
tation method) has been recently found by Jackson and McKenzie:
M. Jackson, R. McKenzie, Interpreting graph colorability in finite
semigroups, Int. J. Algebra Comput. Vol.16, 119-140, 2006.

@ Complexity analysis: if the membership problem for the
variety Var S is computationally hard, then S must be
nonfinitely based.

ICSrt, July 7th, 2009

Mikhail Volkov The Finite Basis Problem for Finite Semigroups Revisited



Overview
Complexity analysis
Unary version

A new method

FBB vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety Var S.
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The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety Var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.
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A new method

FBB vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety Var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.

VMP is always decidable: by the HSP-theorem T € Var S iff T is
a homomorphic image of the free | T|-generated semigroup of Var S
and the free semigroup has at most |S|(|5||T‘) elements.
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The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety Var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.

VMP is always decidable: by the HSP-theorem T € Var S iff T is
a homomorphic image of the free | T|-generated semigroup of Var S
and the free semigroup has at most |S|(|5||T‘) elements.

The complexity of VMP is not known (for general algebras it can be
extremely high as shown by Kozik).
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Overview
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A new method

FBB vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety Var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.

VMP is always decidable: by the HSP-theorem T € Var S iff T is
a homomorphic image of the free | T|-generated semigroup of Var S
and the free semigroup has at most |S|(|5||T‘) elements.

The complexity of VMP is not known (for general algebras it can be
extremely high as shown by Kozik).

If S has a finite identity basis ¥, say, then in order to check whether
or not T belongs to Var§ it suffices to verify whether or not all
identities in X hold in T, and this is a polynomial (in | T|) procedure.
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A new method

FBB vs VMP contd

This is an additional strong motivation for studying the FBP for
finite semigroups.
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FBB vs VMP contd

This is an additional strong motivation for studying the FBP for
finite semigroups.

On the other hand, the connection between FBB vs VMP allows one
to employ complexity-theoretical tools for producing new classes of
finite semigroups without finite identity basis.
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This is an additional strong motivation for studying the FBP for
finite semigroups.

On the other hand, the connection between FBB vs VMP allows one
to employ complexity-theoretical tools for producing new classes of
finite semigroups without finite identity basis.

Recall that the problem 3-COLOR is NP-complete (Levin, 1973).
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FBB vs VMP contd

This is an additional strong motivation for studying the FBP for
finite semigroups.

On the other hand, the connection between FBB vs VMP allows one
to employ complexity-theoretical tools for producing new classes of
finite semigroups without finite identity basis.

Recall that the problem 3-COLOR is NP-complete (Levin, 1973).
The following graph Cos is 3-colorable but not 2-colorable.
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A new method

FBB vs VMP contd

This is an additional strong motivation for studying the FBP for
finite semigroups.

On the other hand, the connection between FBB vs VMP allows one
to employ complexity-theoretical tools for producing new classes of
finite semigroups without finite identity basis.

Recall that the problem 3-COLOR is NP-complete (Levin, 1973).
The following graph Cos is 3-colorable but not 2-colorable.

()
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FBB vs VMP contd

This is an additional strong motivation for studying the FBP for
finite semigroups.

On the other hand, the connection between FBB vs VMP allows one
to employ complexity-theoretical tools for producing new classes of
finite semigroups without finite identity basis.

Recall that the problem 3-COLOR is NP-complete (Levin, 1973).
The following graph Cos is 3-colorable but not 2-colorable.
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A new method

Jackson—McKenzie's Result

NeXet¥il and Pultr (1978) have shown that a graph G is 3-colorable
iff G can be approximated by Cos in the following sense:
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Jackson—McKenzie's Result

NeXet¥il and Pultr (1978) have shown that a graph G is 3-colorable
iff G can be approximated by Cos in the following sense:
e there is at least one homomorphism from G to Cos;
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A new method

Jackson—McKenzie's Result

NeXet¥il and Pultr (1978) have shown that a graph G is 3-colorable
iff G can be approximated by Cos in the following sense:

e there is at least one homomorphism from G to Cos;

o for each pair of distinct vertices a, b of G, there is a homomorphism

¢ : G — Coz with ¢(a) # ¢(b);
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A new method

Jackson—McKenzie's Result

NeXet¥il and Pultr (1978) have shown that a graph G is 3-colorable
iff G can be approximated by Cos in the following sense:

e there is at least one homomorphism from G to Cos;

o for each pair of distinct vertices a, b of G, there is a homomorphism
¢ : G — Coz with ¢(a) # ¢(b);

e for each pair of non-adjacent vertices a, b of G, there is a homo-
morphism ¢ : G — Cos such that p(a) and ¢(b) are not adjacent
in CO3.

ICSrt, July 7th, 2009

Mikhail Volkov The Finite Basis Problem for Finite Semigroups Revisited



Overview
Complexity analysis
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A new method

Jackson—McKenzie's Result

NeXet¥il and Pultr (1978) have shown that a graph G is 3-colorable
iff G can be approximated by Cos in the following sense:

e there is at least one homomorphism from G to Cos;

o for each pair of distinct vertices a, b of G, there is a homomorphism
¢ : G — Coz with ¢(a) # ¢(b);

e for each pair of non-adjacent vertices a, b of G, there is a homo-
morphism ¢ : G — Cos such that p(a) and ¢(b) are not adjacent
in CO3.

Jackson and McKenzie assign to each finite graph G a finite semi-
group S(G) such that S(G) € Var S(Cos) iff G is approximated by
C03.
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A new method

Jackson—McKenzie's Result

NeXet¥il and Pultr (1978) have shown that a graph G is 3-colorable
iff G can be approximated by Cos in the following sense:

e there is at least one homomorphism from G to Cos;

o for each pair of distinct vertices a, b of G, there is a homomorphism
¢ : G — Coz with ¢(a) # ¢(b);

e for each pair of non-adjacent vertices a, b of G, there is a homo-
morphism ¢ : G — Cos such that p(a) and ¢(b) are not adjacent
in CO3.

Jackson and McKenzie assign to each finite graph G a finite semi-
group S(G) such that S(G) € Var S(Cos) iff G is approximated by
Cos. Thus, the membership problem for the variety Var S(Cos) is
NP-hard.
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Application to FPB

Recall: finitely based finite semigroups have polynomial algorithms
for the VMP.
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Application to FPB

Recall: finitely based finite semigroups have polynomial algorithms
for the VMP. Hence the semigroup S(Cos) must be nonfinitely
based.
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Recall: finitely based finite semigroups have polynomial algorithms
for the VMP. Hence the semigroup S(Cos3) must be nonfinitely
based. The same holds true to many other semigroups of the form
S(G) if one chooses G such that checking approximability by G is
computationally hard.

If G is a graph with n vertices, then S(G) has n?+5n+5 elements.
In particular, the semigroup S(Cos) has 55 elements. The struc-
ture of the semigroups S(G) is rather transparent: they are local
semilattices, that is, eS(G)e satisfies xy = yx and x = x2 for every
idempotent e € S(G).
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Overview
Complexity analysis
Unary version

A new method

Application to FPB

Recall: finitely based finite semigroups have polynomial algorithms
for the VMP. Hence the semigroup S(Cos3) must be nonfinitely
based. The same holds true to many other semigroups of the form
S(G) if one chooses G such that checking approximability by G is
computationally hard.

If G is a graph with n vertices, then S(G) has n?+5n+5 elements.
In particular, the semigroup S(Cos) has 55 elements. The struc-
ture of the semigroups S(G) is rather transparent: they are local
semilattices, that is, eS(G)e satisfies xy = yx and x = x2 for every
idempotent e € S(G).

This result does not follow from anything previously known about
the FBP for finite semigroups!
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Is It Conditional?

The argument above depends on the assumption that no NP-
complete problem (such as 3-COLOR) can be solved in polynomial
time, in other word, on the assumption that P £ NP.
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A new method

Is It Conditional?

The argument above depends on the assumption that no NP-
complete problem (such as 3-COLOR) can be solved in polynomial
time, in other word, on the assumption that P £ NP. This is believed
to be true but seems to remain unproved at the present moment.
However, Jackson and McKenzie have also mastered an uncondi-
tional proof that shows that “almost all” semigroups of the form
S(G) are nonfinitely based.
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Overview
Complexity analysis
Unary version

A new method

Is It Conditional?

The argument above depends on the assumption that no NP-
complete problem (such as 3-COLOR) can be solved in polynomial
time, in other word, on the assumption that P # NP. This is believed
to be true but seems to remain unproved at the present moment.
However, Jackson and McKenzie have also mastered an uncondi-
tional proof that shows that “almost all” semigroups of the form
S(G) are nonfinitely based.

Jackson—McKenzie’'s NFB Theorem

Let G be a finite graph that is not a disjoint union of complete
bipartite graphs. Then the semigroup S(G) is nonfinitely based.
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Overview
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A new method

Is It Conditional?

The argument above depends on the assumption that no NP-
complete problem (such as 3-COLOR) can be solved in polynomial
time, in other word, on the assumption that P # NP. This is believed
to be true but seems to remain unproved at the present moment.
However, Jackson and McKenzie have also mastered an uncondi-
tional proof that shows that “almost all” semigroups of the form
S(G) are nonfinitely based.

Jackson—McKenzie’'s NFB Theorem

Let G be a finite graph that is not a disjoint union of complete
bipartite graphs. Then the semigroup S(G) is nonfinitely based.

The proof depends on difficult results by Erdos and Lovdész.
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Unary Version

Jackson and | (The algebra of adjacency patterns: Rees matrix semi-
groups with reversion, about to be submitted) used a similar idea
for unary semigroups.
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Unary Version

Jackson and | (The algebra of adjacency patterns: Rees matrix semi-
groups with reversion, about to be submitted) used a similar idea

for unary semigroups.
Here the construction is pretty easy:
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Unary version

A new method

Unary Version

Jackson and | (The algebra of adjacency patterns: Rees matrix semi-
groups with reversion, about to be submitted) used a similar idea
for unary semigroups.

Here the construction is pretty easy: Given a graph G = (V; E), its
unary adjacency semigroup A(G) is defined on the set (V x V)U{0};
the multiplication rule is

) (xt) if(y,z) €E,
boy)lz 1) = {0 if (v, 2) ¢ E;
a0 =0a =0 forall a € A(G).

and the unary operation is

(va)lz(}/7x)’ 0'=0.
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Unary version

A new method

Unary Version contd

Similar results can be proved: in the particular, the 26-element semi-
group A(Co3) is nonfinitely based as a unary semigroup (though it
is finitely based as a plain semigroup).
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Overview
Complexity analysis
Unary version

A new method

Unary Version contd

Similar results can be proved: in the particular, the 26-element semi-
group A(Co3) is nonfinitely based as a unary semigroup (though it
is finitely based as a plain semigroup).

Details can be found in the slides of my talk at the Meakin confer-
ence in Lincoln (will be available at my webpage tonight).
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Syntactic analysis
Inherently nonfinitely based semigroups

Old” methods Critical semigroups

Basic Frame

Syntactic analysis has proved to work well for various important
families of partial transformation monoids.
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Basic Frame

Syntactic analysis has proved to work well for various important
families of partial transformation monoids. In order to introduce
them in a concise way, we put them together in what is called the
basic frame of partial transformation monoids.
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Basic Frame

Syntactic analysis has proved to work well for various important fam-
ilies of partial transformation monoids. In order to introduce them
in a concise way, we put them together in what is called the basic
frame of partial transformation monoids. The latter is the subsemi-
lattice of the N-semilattice of all monoids of partial transformations
of {1,2,...,n} generated by:

°

°
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Basic Frame

Syntactic analysis has proved to work well for various important fam-
ilies of partial transformation monoids. In order to introduce them
in a concise way, we put them together in what is called the basic
frame of partial transformation monoids. The latter is the subsemi-
lattice of the N-semilattice of all monoids of partial transformations
of {1,2,...,n} generated by:

@ T,, the monoid of all total transformations;

°
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Basic Frame

Syntactic analysis has proved to work well for various important fam-
ilies of partial transformation monoids. In order to introduce them
in a concise way, we put them together in what is called the basic
frame of partial transformation monoids. The latter is the subsemi-
lattice of the N-semilattice of all monoids of partial transformations
of {1,2,...,n} generated by:

@ T,, the monoid of all total transformations;

@ I, the inverse symmetric monoid, that is, the monoid of all

injective partial transformations;
°

ICSrt, July 7th, 2009

Mikhail Volkov The Finite Basis Problem for Finite Semigroups Revisited



Syntactic analysis
PP Inherently nonfinitely based semigroups
Old” methods Critical semigroups

Basic Frame

Syntactic analysis has proved to work well for various important fam-
ilies of partial transformation monoids. In order to introduce them
in a concise way, we put them together in what is called the basic
frame of partial transformation monoids. The latter is the subsemi-
lattice of the N-semilattice of all monoids of partial transformations
of {1,2,...,n} generated by:

@ T,, the monoid of all total transformations;

@ I, the inverse symmetric monoid, that is, the monoid of all

injective partial transformations;
@ PO, the monoid of all order-preserving partial

transformations;
°
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Basic Frame

Syntactic analysis has proved to work well for various important fam-
ilies of partial transformation monoids. In order to introduce them
in a concise way, we put them together in what is called the basic
frame of partial transformation monoids. The latter is the subsemi-
lattice of the N-semilattice of all monoids of partial transformations
of {1,2,...,n} generated by:
@ T,, the monoid of all total transformations;
@ I, the inverse symmetric monoid, that is, the monoid of all
injective partial transformations;
@ PO, the monoid of all order-preserving partial
transformations;
@ PE,, the monoid of all extensive partial transformations

(v is extensive if ia > i for every i in the domain of «).
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Basic Frame contd
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Critical semigroups

“Old” methods

Basic Frame contd

nonfinitely based monoids in 2001
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“Old” methods

Basic Frame contd
nonfinitely based monoids in 2009
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Old” methods Critical semigroups

Open Problem

Problem

Is there a common reason that makes all “sufficiently large” partial
transformation monoids be nonfinitely based?
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Open Problem

Problem

Is there a common reason that makes all “sufficiently large” partial
transformation monoids be nonfinitely based?

| strongly believe that such a common mechanism exists and that
understanding it may constitute a major progress towards the solu-
tion of Tarski's problem.
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Old” methods Critical semigroups

The Brandt Monoid Reuvisited

All inherently nonfinitely based finite semigroups were characterized
by Sapir in his seminal papers of the 1980s.
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The Brandt Monoid Reuvisited

All inherently nonfinitely based finite semigroups were characterized
by Sapir in his seminal papers of the 1980s.

In particular, Sapir has shown that the 6-element Brandt monoid le

16 2) 6 0) (o) (o) (o 3) 60

is inherently nonfinitely based.
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The Brandt Monoid Reuvisited

All inherently nonfinitely based finite semigroups were characterized
by Sapir in his seminal papers of the 1980s.

In particular, Sapir has shown that the 6-element Brandt monoid le

10 10 01 0 0 0 0 00
0 1/7\0 0/ \0 0/”\1 0/’ \0 1/ \0 O
is inherently nonfinitely based. It is this powerful result that is “re-

sponsible” for the upper part of the basic frame.
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Unary Case

The monoid B3 has a natural involution (transposition).
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Unary Case

The monoid B3 has a natural involution (transposition).
However Sapir has discovered that B3 is not inherently nonfinitely
based as a unary semigroup under transposition.
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Unary Case

The monoid B3 has a natural involution (transposition).
However Sapir has discovered that B3 is not inherently nonfinitely
based as a unary semigroup under transposition. Moreover, there
exists no inherently nonfinitely based inverse semigroups.
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Unary Case

The monoid B} has a natural involution (transposition).
However Sapir has discovered that B2 is not inherently nonfinitely
based as a unary semigroup under transposition. Moreover, there
exists no inherently nonfinitely based inverse semigroups.

Surprisingly enough, a slight twist completely changes the picture:
if one equips B3 with the involution that fixes the matrices

(o) (5) (o) (o)

: 10 00 ..
and swaps the matrices 0 0/ \o 1 , then the resulting invo-

lution monoid is inherently nonfinitely based (Dolinka).
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Important Application

Thanks to this result, Auinger and | have finally managed to com-
plete our study of the FBP for monoids of matrices over a finite field
considered as unary semigroups under transposition.
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Important Application

Thanks to this result, Auinger and | have finally managed to com-
plete our study of the FBP for monoids of matrices over a finite field
considered as unary semigroups under transposition.

Theorem (Auinger-Volkov)

Let K be a finite field. The involution monoid (M,(K),-, T) is:
@ nonfinitely based iff n > 2;

@ inherently nonfinitely based iff either n > 3 or n = 2 and
|K| # 3 (mod 4).
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“Old” methods

Important Application

Thanks to this result, Auinger and | have finally managed to com-
plete our study of the FBP for monoids of matrices over a finite field
considered as unary semigroups under transposition.

Theorem (Auinger-Volkov)

Let K be a finite field. The involution monoid (M,(K),-, T) is:
@ nonfinitely based iff n > 2;

@ inherently nonfinitely based iff either n > 3 or n = 2 and
|K| # 3 (mod 4).

This (and numerous further applications) can be found in

K. Auinger, |. Dolinka, M. V. Volkov, Equational theories of semi-
groups with enriched signature, submitted, available online under
http://arxiv.org/abs/0902.1155v2 ICSrt, July Tth, 2000
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Open Problem

Problem

Find an efficient characterization of inherently nonfinitely based
involution semigroups.
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Open Problem

Problem
Find an efficient characterization of inherently nonfinitely based
involution semigroups.

| think such a characterization should be possible at least for semi-
groups whose subgroups are trivial.
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Old” methods Critical semigroups

Brauer Monoids

The Brauer monoids %8, arise as vector space bases of certain as-
sociative algebras which are relevant in representation theory.
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Brauer Monoids

The Brauer monoids %8, arise as vector space bases of certain as-
sociative algebras which are relevant in representation theory. Ele-
ments of B, can be visualized as chips with 2n pins.
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Brauer Monoids

The Brauer monoids %8, arise as vector space bases of certain as-
sociative algebras which are relevant in representation theory. Ele-
ments of 2B, can be visualized as chips with 2n pins. Such chips are
multiplied in an Enigma-like fashion:

"
-
|
|

.-";l .
—

|

|

L
p—

|

= 1= =Y 7 IR W = E
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Brauer Monoids contd

Brauer monoids also have a natural involution (flipping).
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Brauer Monoids contd

Brauer monoids also have a natural involution (flipping). 9B, also
satisfies the identity xx*x = x that excludes being inherently non-
finitely based.
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Brauer Monoids contd

Brauer monoids also have a natural involution (flipping). 9B, also
satisfies the identity xx*x = x that excludes being inherently non-
finitely based. However, Brauer monoids turn out to be quite
amenable to the method of critical semigroups.
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Brauer Monoids contd

Brauer monoids also have a natural involution (flipping). 9B, also
satisfies the identity xx*x = x that excludes being inherently non-
finitely based. However, Brauer monoids turn out to be quite
amenable to the method of critical semigroups.

Theorem (Auinger)
The Brauer monoid 9B, with n > 4 is nonfinitely based as an
involution semigroup.
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Brauer Monoids contd

Brauer monoids also have a natural involution (flipping). 9B, also
satisfies the identity xx*x = x that excludes being inherently non-
finitely based. However, Brauer monoids turn out to be quite
amenable to the method of critical semigroups.

Theorem (Auinger)

The Brauer monoid 9B, with n > 4 is nonfinitely based as an
involution semigroup.

Again, this (and numerous further applications of the method of
critical semigroups in the unary setting) can be found in

K. Auinger, |. Dolinka, M. V. Volkov, Equational theories of semi-
groups with enriched signature, submitted, available online under
http://arxiv.org/abs/0902.1155v2
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Conclusion

“We can see only a short distance ahead, but we can see plenty
there that needs to be done.” (Alan M. Turing)
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Conclusion

“We can see only a short distance ahead, but we can see plenty
there that needs to be done.” (Alan M. Turing)
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