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We areinterestedn:

e Computationatompl«ity of the
(PMP)

and
e the (FBP)

n Lecturel I'll explain our motivationwhile in
_ectures2 and3 I' [l presensomenew techniqueshat

nasprovedto bevery efficient for semigroupfquipped
with anadditionalunaryoperation
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For motivation,we look iIn somedetailat aclassic
applicationof semigrougheoryto computer
science:

StAndrews 2006—p.3/32



For motivation,we look iIn somedetailat aclassic
applicationof semigrougheoryto computer
science:

Imre Simon’'s characterizatiomf

StAndrews 2006—p.3/32



For motivation,we look iIn somedetailat aclassic
applicationof semigrougheoryto computer
science:

Imre Simon’'s characterizatiomf

e [Seasyto explain;

StAndrews 2006—p.3/32



For motivation,we look iIn somedetailat aclassic
applicationof semigrougheoryto computer
science:

Imre Simon’'s characterizatiomf

e [Seasyto explain;
e Ishardto prove;

StAndrews 2006—p.3/32



For motivation,we look iIn somedetailat aclassic
applicationof semigrougheoryto computer
science:

Imre Simon’'s characterizatiomf

e [Seasyto explain;
e Ishardto prove;
e hasmary surprisingconnections,

StAndrews 2006— p.3/32



For motivation,we look iIn somedetailat aclassic
applicationof semigrougheoryto computer
science:

Imre Simon’s characterizatiof
e [Seasyto explain;
e Ishardto prove;

e hasmary surprisingconnections,
e Isrelatedto my recentresearch.
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Figurel: A 9-headhydra
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Hydra automata

A hydraautomatons/Z acceptaawordw € X* If it
findsin w oneof the passwardsbut noneof the
taboos.Otherwiset rejectsw.
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A hydraautomatonsz awordw € X" If It
findsin w oneof the passwardsbut noneof the
taboos.Otherwisait w.

For instancehe automatoron Fig. 2 acceptghe
word written on thetape(AmpleUglyEIkByRumba)

asit findsin it the passverd but notthe
tabooedwvord
A languagel, C >* is saidto be by a

hydraautomatons# if ¢ acceptsxactly words
thataremembersf L. Suchlanguagesirecalled
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Plecewisdestablelanguages

More preciselyalanguagel C X* is called
plecavisetestableof height< A If L canbe
recognizedy a hydraautomatorwith ~» heads.
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More preciselyalanguagel C X* is called
plecavisetestableof height< A If L canbe
recognizedy a hydraautomatorwith ~» heads.

Let PT'L(>) [resp. PT L,(3)] denotethefamily of
all piecavisetestabldanguagegof height< h] over
afixedalphabet..

Simon’s hierarcly of piecavisetestabldanguages

C PTL(Y) = [j PTL,(D)
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Ouestionl. Givenalanguage L C X»*, howto decide
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Givenalanguage L C X»*, howto decide
whetheror not L Is piecavisetestable?

Givena piecavisetestabldanguage
L C >*, howto determindats (theleasth sud
that L belongsto PT'L;, but notto P1T'L;_1)?

Is thelanguage *abX>* (a, b € X)) piecavise
testable?

Yes No Don’t know It depends
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Syntactic monoids

Foralanguagel, C X * its syntacticcongruencevy, IS
definedby

u ~p v |If,foranyz,y € X°, zuy € L <= xvy € L.

Thus,u andv occurin L in thesamecontets.
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Thus,u andv occurin L In the samecontets.

Onecancheckthat~, Is thelargestcongruencen ».*
for which L is aunionof classesThequotientmonoid
M(L) = >*/ ~ is calledthe of the
languagel..

For aregularlanguagel., the syntacticmonoid M (L)
canbealsodefinedasthe of the
of L.
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thefollowing crucialideasareto be understood:

For aregularlanguagd., its syntacticmonoid M (L)
IS alwaysfinite (andvice versa)— thisis

The syntacticmonoid M (L) canbe
calculatedvheneer L Is presented—
say by a or by a

Thus,wheneer L is “given”, sois M (L).
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Simon’s theorem

A monoid M Is saidto be 7 -trivial if every principal
iIdealof M hasauniquegenerator:

MsM = MtM —> s = t.
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A monoid M/ Is saidto be If every principal
iIdealof M hasauniguegenerator:

MsM = MtM —> s = t.

In differentterms,being ¢ -trivial amountdo saying
thatthe

s< gt<—sec MtM

IS anorderrelationon M.

(Imre Simon,1972)A language L Is
piecavisetestablaf andonlyif its syntacticmonoid
M(L)is ¢ -trivial.
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Simon’s theorem

O 1 a b ¢ d

0,0 00O O0GO
1101 a b ¢ d

a0 a a 0 ¢ O

b0 b d b b d
cl0 ¢c a ¢ ¢ a

d|0 d d 0 b 0

Themonoid A}
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O 1 a b ¢ d
O/0 OOOOGO
110 1 a b ¢ d

a0 a a 0 ¢ O
b0 b d b b d
cl0 c a ¢c ¢c a
d/0 d d 0 b O
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Simon’s theorem

O O T O T O
O 2 QU O Q. O &

SO U Q - O
QO Q- O

Similarly one can verify that AlbAl = {0,a,b,c,d}
whencethe monoid Al is not _¢# -trivial.
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. solutionto theabove Exercise.

Is thelanguage *abX>* (a, b € X)) piecavise
testable?

Yes No Don’t know L] It depends

If > = {a, b}, thelanguage:*ab>* is piecavisetestable.

If ¥ D {a,b}, the languageX*abX* is not piecavise
testable.
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Simon’s theorem

If > = {a, b}, theminimalautomatorof L = >*ab¥*

looksasfollows:
b a a, b
) () ()
Na N b N

Q@ —
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If > = {a, b}, theminimal automatorof L = >*abX*

looksasfollows:
b a a, b
) () ()
\a N b

Q@ —

Usingthis, onereadily calculateghat

M(L)={0,1,a,b,ba}

subjectto therelationsa® = a, b* = b,ab = 0 andthat
M(L)is ¢ -trivial. In fact,L = X*aX*bX".
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Simon’s theorem

If ¥ = {a, b, c}, theminimal automatorof L = >*ab>*
only slightly changeS'

a,b,c

(? FW fT

—> > r. —

\/

C
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If > = {a, b, ¢}, theminimal automatorof L = >*ab>*
only slightly changes:

b)ﬂ a a)ba
() ). ()
Joa N b

— @ ~ @ N J—

Onegets
M(L) ={0,1,a,b,c,ba(=d)} = A,

andwe alreadyknow that A} is not _¢ -trivial. Thus,the
languagel. Is not piecavisetestable.
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Simon’s theorem

» Nice: relatesavery naturalcombinatorialbroperty
to avery naturalsemigroup-theoretiproperty
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. relatesa very naturalcombinatorialproperty
to avery naturalsemigroup-theoretiproperty

. givenamonoid M (by its Cayley table,
say),onecaneasily(in O(|M|?) time) verify
whetheror not M Is _¢Z -trivial.

. Therearepolynomialtime algorithms
to verify if thesyntacticmonoidM (L) is _¢Z -trivial
whenpresentedhe of L. Sucha
descriptionof M (L) is muchmorecompacthanthe
Cayley table— recallthatthetransitionmonoidof

anautomatorwith n statesmay consistof asmary
asn” elements!
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Simon’s theorem

m Deep acrossingwheremary ideasmeet.

Proofscomefrom:
» Combinatoricoonwords— Simons original proof,
1972,1975;
m Modeltheory— Stern,1985;
» Orderedmonoids— StraubingandThérien,1988;
m Profinitetopology— Almeida,1990;
m [ransformatiorsemigroups— Higgins,1997.
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Recognizingheight

A pseudwoarietyof finite monoidsis a classof finite
monoidsclosedundertaking submonoidsmorphic
Imagesandfinite directproducts.

StAndrewns 2006— p.21/32



A of finite monoidsis a classof finite
monoidsclosedundertakingsubmonoidsmorphic
Imagesandfinite directproducts.

(Ellenbepg). Eadh pseudwarietyis geneatedby
syntacticmonoidgt contains.

St Andrews 2006— p.21/32



A of finite monoidsis a classof finite
monoidsclosedundertakingsubmonoidsmorphic
Imagesandfinite directproducts.

(Ellenbepg). Eadh pseudwarietyis geneatedby
syntacticmonoidgt contains.

Simonstheoremmeanghatthe pseudwoarietyJ of all
finite ¢ -trivial monoidsis generatedby syntactic
monoidsof piecavisetestabldanguages.
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Recognizingheight

Let J;, denotethe pseudwoariety of finite monoids
generatedby the syntacticmonoidsof piecavisetestable
language®f height< h. We have

J1CJ2CJ3C°"CJ:UJh
h=1
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Let J;, denotethe pseudwoariety of finite monoids
generatedby the of plecavisetestable
language®f height< h. We have

J1CJ2CJ3C"'CJ:UJh
h=1

Thus,thealgebraioccounterparbf Question? Is:

Givena finite monoidM anda numberh,
howto determinenvhetheror not M/ belongsto J;,?
Thisis atypical instanceof the PMP (
). The PMP hasprovedto
systematicallyarisewheneer onetranslates “real
world” (computerscienceguestionnto algebra.sueszoes pz2x
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%, — themonoidof all on
asetwith n elementslt canbethoughtof asthe
monoidof all n x n matriceswhosediagonalentries

arel overthebooleansemiring? = ({0,1}; +, -).

U, — the submonoidf #,, consistingof

matrices.
%, — themonoidof all and
transformation®f a chainwith n
elements.

A transformatiory of achain(Q@, <) is
if ¢ < ¢ impliesq.a0 < ¢'.«x for all
q,q € () and if ¢ < q.aforeveryq e Q.
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Straubing’stheorem

Iheorem. (HowardStraubing,1980)For a finite
monoid)M thefollowing are equivalent:
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%, for somen;
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() M is ¢ -trivial;
(i) M divides(is a morphicimageof a submonoicof)
%, for somen;
(i) M divides%,, for somen;
(iv) M divides%,, for somen.

St Andrews 2006— p.24/32



(Howard Straubing,1980)For a finite
monoid)M thefollowing are equivalent:
() M is ¢ -trivial;
(i) M divides(is a morphicimageof a submonoicof)
%, for somen;
(i) M divides%,, for somen;
(iv) M divides%,, for somen.

Thislooksasa quiteinnocentCayley-typetheorembut
In factthe proof heavily depend®n Simon'stheorem,
andmoreover, it canbeshowvn relatvely easilythatthe
two theoremsareequwvalent.
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Straubing’stheorem

Corollary. Ead ofthethreesequence$Z.,,}, {%,}

and{%,} (n =2,3,...) geneatesthe pseudwariety J
of all finite ¢ -trivial monoids.
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Straubing’stheorem

Corollary. Ead ofthethreesequence$Z.,,}, {%,}
and{%,} (n =2,3,...) geneatesthe pseudwariety J
of all finite ¢ -trivial monoids.

We thushave four stratificationdor J:

chchch---cJ:UJh
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Ead of thethreesequence$Z,,}, { %, }
and{%,.} (n = 2,3, ...) geneatesthe pseudwariety J
of all finite ¢ -trivial monoids.

We thushave four for J:

chchch---cJ:UJh
h=1

pvar %s | pvar %z | ~ |pvar%,
pvar %, | C |pvar%s| C --- CJ = U pvar %,
pvar 6o pvar 63 n=1 | pvar 6, |
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Straubing’stheorem: a refinement

Surprisinglyenoughthe four stratificationscoincide:

Iheorem. (~, 2004)For everyh = 1,2, ...,
ead of themonoids%), .1, %,+1, €,-1 geneatesthe
pseudvariety J,,.
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Surprisinglyenoughthe four stratificationscoincide:
(~,2004)Foreveryh =1,2, ...,

ead of themonolds%),.1, %1, 61 9eneatesthe

pseudvariety J,,.

Thus,for eachh the pseudwoariety J,;, Is generatedy a

singlefinite monoid. It easilyfollows from somebasic

universalalgebrathatthe PMPfor a (pseudo)ariety

generatedby a singlefinite algebras alwaysdecidable.
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Surprisinglyenoughthe four stratificationscoincide:
(~,2004)Foreveryh =1,2, ...,

ead of themonolds%),.1, %1, 61 9eneatesthe

pseudvariety J,,.

Thus,for eachh the pseudwoariety J,;, Is generatedy a

singlefinite monoid. It easilyfollows from somebasic

universalalgebrathatthe PMPfor a (pseudo)ariety

generatedby a singlefinite algebras alwaysdecidable.

(Jean-EridPin,1984)Foreachh = 1,2, ...,
the membeship problemfor the pseudoariety J, is

decidable andhencegivena piecavisetestable
language, its heightcanbealgorithmicallydetermined.
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s this an solution?

t doesnt seemso— evenif we allow oursel\esthe
uxury of thelanguagéeingpresentedy its syntactic
monoidratherthanby its minimal automaton.
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t doesnt seemso— evenif we allow oursel\esthe
uxury of thelanguagéeingpresentedy its syntactic
monoidratherthanby its minimal automaton.

Indeed,if |A| = n and|B| = m, thenthe only known
time boundfor thealgorithmthatrecognizesvhetheror

not B belongsto pvar A is n\"") — sorequiresdoubly
exponentialtime (asafunctionof | BJ).
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s this an solution?

t doesnt seemso— evenif we allow oursel\esthe
uxury of thelanguagéeingpresentedy its syntactic
monoidratherthanby its minimal automaton.

Indeed,if |A| = n and|B| = m, thenthe only known
time boundfor thealgorithmthatrecognizesvhetheror

not B belongsto pvar A is n\"") — sorequiresdoubly
exponentialtime (asafunctionof | BJ).

Canwe do better?
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Recognizingheight via identities

Lemma. (Ellenbeg-Schutzenbeger, 1976)Every
pseudvariety geneatedby a singlefinite monoidis
equationalthatis, it consistgreciselyof finite monoids
satisfyinga certainsystenof usualmonoididentities.
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thatis, it consistreciselyof finite monoids
satisfyinga certainsystenof usualmonoididentities.
A monoid M/ Is saidto be If all Identities
holdingin M follow from afinite setof suchidentities
(an of M). If weknow afinite identity
basis® of amonoid M thenwe canuseit to efficiently
decidethe membershipn pvar M. Indeedgivenafinite
monoid N, we cansimply checkif it satisfieseach
identity in @, andthis requirespolynomialtime (asa
functionof | N|).

St Andrews 2006— p.28/32



Recognizingheight via identities

—xample: ThepseudwarietyJ; of all _# -trivial

monoidsof heightl is generatedby the monoid%; of
extensve endomorphismef thechainl < 2.

StAndrewns 2006— p.29/32



Recognizingheight via identities

—xample: ThepseudwarietyJ; of all _# -trivial
monoidsof heightl is generatedby the monoid%; of
extensve endomorphismsef thechainl < 2. Therefore
%5 1S nothingbut the 2-elemensemilattice.

StAndrewns 2006— p.29/32



. ThepseudwoarietyJ; of all _# -trivial
monoidsof heightl is generatedby the monoid%; of
extensve endomorphismsf thechainl < 2. Therefore
%5 1S nothingbut the 2-elemensemilattice. It Is obvious
thatits identity basisconsistsf thetwo identities:the

commutawe law xy = yx andtheidempoteng law

ZEQZZC.

St Andrews 2006— p.29/32



. ThepseudwoarietyJ; of all _# -trivial
monoidsof heightl is generatedby the monoid%; of
extensve endomorphismsf thechainl < 2. Therefore
%5 1S nothingbut the 2-elemensemilattice. It Is obvious
thatits identity basisconsistsf thetwo identities:the
commutawe law xy = yx andtheidempoteng law
2> = z. Thus,in orderto checkwhetheror notagiven
languagel Is piecavisetestableof heightl, it sufficesto
verify if its syntacticmonoid M (L) is commutatve and
idempotent.
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Doesthis approachapplyto heights2, 3.4, ...7?

(~, 2004)a) Theidentitiesz® = z, 2y = yx
form an identity basisof the monoid%s.
b) Theidentitieszyzzx = zyzz, (zy)* = (yz)?
formanidentity basisof the monoid%s.
c) Theidentitieszyz?zx = zyxzz, ryzats =
vyrza’tr, vyriztr = zyxrizotr, (vy)’ = (yx)?
form an identity basisof the monoid%;.
d) Themonoidss,, with n > 4 are nonfinitelybased.
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Recognizingheight via identities

Thus,thereis anefficientalgorithmto checkif agiven
piecavisetestabldanguagecanberecognizedy a

hydraautomatorwith 1, 2 or 3 headsut this approach
falls for largernumbersf heads.
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Thus,thereis anefficientalgorithmto checkif agiven
piecavisetestabldanguagecanberecognizedy a
hydraautomatorwith 1, 2 or 3 headsput this approach
fails for largernumbersf heads.

Onemay concludethatthe optimalnumberof headss
equalto 3!
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e Computationatompl«ity of (someinstance®f) PMP
IS of Interestand“practical” importance=- try to find
upperandlower boundsfor it!

¢ A positve answerto someinstanceof FBP givesan
efficient algorithmfor the correspondingnstanceof
PMP = systematicallynvesticate FBP!

e For mary importantinstancestheanswerto FBPIs

ne

for

ative = developsome“equational’approactio PMP
nonfinitelybasedrseudwoarieties!

St Andrews 2006— p.32/32
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