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Overview

Weareinterestedin:

Computationalcomplexity of the(Pseudo)variety
MembershipProblem(PMP)

and

theFiniteBasisProblem(FBP)

In Lecture1 I’ ll explainour motivationwhile in
Lectures2 and3 I’ ll presentsomenew techniquesthat
hasprovedto bevery efficient for semigroupsequipped
with anadditionalunaryoperation
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Moti vation

For motivation,we look in somedetailat aclassic
applicationof semigrouptheoryto computer
science:

ImreSimon’scharacterizationof piecewisetestable
languages

is easyto explain;

is hardto prove;

hasmany surprisingconnections,

is relatedto my recentresearch.
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Hydra automata

An

�

-headhydra automaton is avery simple
deviceconsistingof:

a tapedividedinto cellsfilled with lettersof afinite
inputalphabet (thenumbersof cellsis not
bounded);

readingheadsthatcanmove alongthetape
independentlyof eachother(but preservingthe
relativeorderof theheads:thefirst headalways
remainson theleft of thesecondetc)andread
symbolsin thecellsthatthey observe;

finite read-onlymemorythatcontainstwo lists of
wordsof length over : passwords and
taboos.
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Hydra automata

Figure1: A 9-headhydra
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Hydra automata

TapeWord a l g e b r am p e u l y l k y u m b

Heads

a l g e b r a

Memory

a l g e b r a

a l g e b r a

algebra viagra

Figure3: A 7-headhydraautomaton
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Hydra automata

A hydraautomaton acceptsaword 7 8 9 :
if it

findsin 7 oneof thepasswordsbut noneof the
taboos.Otherwiseit rejects 7.

For instancetheautomatononFig. 2 acceptsthe
wordwritten on thetape(AmpleUglyElkByRumba)
asit findsin it thepassword algebrabut not the
tabooedwordviagra.

A language is saidto berecognizedby a
hydraautomaton if acceptsexactly words
thataremembersof . Suchlanguagesarecalled
piecewisetestable.
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Hydra automata
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Piecewisetestablelanguages

Moreprecisely, a language

E F G H

is called
piecewisetestableof height

I J

if

E
canbe

recognizedby ahydraautomatonwith
J

heads.

Let [resp. ] denotethefamily of
all piecewisetestablelanguages[of height ] over
afixedalphabet .

Simon’shierarchy of piecewisetestablelanguages:
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Piecewisetestablelanguages

Moreprecisely, a language

W X Y Z

is called
piecewisetestableof height

[ \

if

W
canbe

recognizedby ahydraautomatonwith
\

heads.

Let

]^ W _ Y `

[resp.

]^ WVa _ Y `
] denotethefamily of

all piecewisetestablelanguages[of height

[ \

] over
afixedalphabet

Y

.

Simon’shierarchy of piecewisetestablelanguages:

]^ Wcb _ Y ` d ]^ Wce _ Y ` d ]^ Wcf _ Y ` dhg g g

d ]^ W _ Y ` i j
a k b

]^ Wla _ Y `
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Piecewisetestablelanguages

Question1. Givena language

m n o p

, howto decide
whetheror not

m

is piecewisetestable?

Question2. Givena piecewisetestablelanguage
, howto determineits height(theleast such

that belongsto but not to )?

Exercise.Is thelanguage ( ) piecewise
testable?

Yes No Don’t know It depends
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Syntacticmonoids

For a language

� � � �

its syntacticcongruence �� is
definedby

  �� ¡ if, for any ¢l£ ¤ ¥ � � £ ¢   ¤ ¥ � ¦§ ¢ ¡ ¤ ¥ �©¨

Thus,   and ¡ occurin

�

in thesamecontexts.

Onecancheckthat is thelargestcongruenceon
for which is a unionof classes.Thequotientmonoid

is calledthesyntacticmonoidof the
language .

For a regularlanguage , thesyntacticmonoid
canbealsodefinedasthetransitionmonoidof the
minimalautomatonof .
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Syntacticmonoids

Ratherthanformaldefinitionsfrom thepreviousslide,
thefollowing crucialideasareto beunderstood:

For a regularlanguage , its syntacticmonoid
is alwaysfinite (andvice versa)— this is Myhill’ s
form of Kleene’s theorem.

Thesyntacticmonoid canbeefficiently
calculatedwhenever is efficiently presented—
say, by a regularexpressionor by afinite automaton.

Thus,whenever is “given”, sois .
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Simon’s theorem

A monoid is saidto be -trivial if every principal
idealof hasauniquegenerator:

Ú Û Ü Û Ý Ú Û ÜßÞ

In differentterms,being -trivial amountsto saying
thatthe(bilateral) divisibility relation

is anorderrelationon .

Theorem. (Imre Simon,1972)A language is
piecewisetestableif andonly if its syntacticmonoid

is -trivial.
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Simon’s theorem

0 1 ö ÷ ø ù
0 0 0 0 0 0 0
1 0 1 ö ÷ ø ù

ö 0 ö ö 0 ø 0÷

0

÷ ù ÷ ÷ ù

ø 0 ø ö ø ø öù

0

ù ù
0

÷
0

Themonoid

ú ûü
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Simon’s theorem
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Simon’s theorem
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� 0 � 
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Similarly one can verify that

whencethemonoid is not -trivial.
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Simon’s theorem

Example: solutionto theabove Exercise.

Exercise.Is thelanguage ( ) piecewise
testable?

Yes No Don’t know It dependsYes No Don’t know !

If , thelanguage is piecewisetestable.

If , the language is not piecewise

testable.
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1 2%3 4 1 2

(3(5 4 6 1
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7

Yes

7
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7
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7
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7

Yes

7
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7
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8
!

If , thelanguage is piecewisetestable.

If , the language is not piecewise

testable.

StAndrews 2006– p.16/32



Simon’s theorem

Example: solutionto theabove Exercise.
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9 :%; < 9 :

(;(= < > 9
) piecewise

testable?

?

Yes

?

No

?

Don’t know

?
It depends

?

Yes

?

No

?

Don’t know

@
!

If

9 A B;(= < C

, thelanguage
9 :%; < 9 :

is piecewisetestable.

If , the language is not piecewise
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Simon’s theorem

Example: solutionto theabove Exercise.

Exercise.Is thelanguage

D E%F G D E

(F(H G I D
) piecewise

testable?

J

Yes

J

No

J

Don’t know

J
It depends

J

Yes

J

No

J

Don’t know

K
!

If

D L MF(H G N

, thelanguage
D E%F G D E

is piecewisetestable.

If

D O MF(H G N

, the language

D E%F G D E

is not piecewise

testable.
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Simon’s theorem

If

P Q RTS(U V W

, theminimal automatonof

X Q P Y S V P Y

looksasfollows:

Z Z Z[ [[ [

\\^] \\^] \\^]

V S S(U V

S V

Usingthis,onereadilycalculatesthat

subjectto the relations andthat

is -trivial. In fact, .
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Simon’s theorem

If

_ ` aTb(c d e

, theminimal automatonof

f ` _ g b d _ g

looksasfollows:

h h hi ii i

jj^k jj^k jj^k

d b b(c d

b d
Usingthis,onereadilycalculatesthat

l f m ` anc oc b(c dc db e

subjectto the relationsb
p ` b(c d p ` dc b d ` n andthat

l f m

is -trivial. In fact,

f ` _ g b _ g d _ g

.
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Simon’s theorem

If

q r sTt(u vu w x, theminimal automatonof

y r q z t v q z

only slightly changes:

{ { {| || |

}}^~ }}^~ }}^~

vu w t t(u vu w

t v

�
w

Onegets

andwealreadyknow that is not -trivial. Thus,the
language is notpiecewisetestable.
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Simon’s theorem

Nice: relatesavery naturalcombinatorialproperty
to avery naturalsemigroup-theoreticproperty.

Efficient: givenamonoid (by its Cayley table,
say),onecaneasily(in time ) verify
whetheror not is -trivial.

Veryefficient: Therearepolynomialtimealgorithms
to verify if thesyntacticmonoid is -trivial
whenpresentedtheminimal automatonof . Such
adescriptionof is muchmorecompactthan
theCayley table— recallthatthetransitionmonoid
of anautomatonwith statesmayconsistof as
many as elements!
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¢ £¤ ¤ ¥¦

time ) verify
whetheror not is -trivial.

Veryefficient: Therearepolynomialtimealgorithms
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£§ ¦

is -trivial
whenpresentedtheminimal automatonof

§

. Sucha
descriptionof
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is muchmorecompactthanthe
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Simon’s theorem

Deep: acrossingwheremany ideasmeet.

Proofscomefrom:

Combinatoricsonwords— Simon’soriginalproof,
1972,1975;

Model theory— Stern,1985;

Orderedmonoids— StraubingandThérien,1988;

Profinitetopology— Almeida,1990;

Transformationsemigroups— Higgins,1997.
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Recognizingheight

A pseudovarietyof finite monoidsis aclassof finite
monoidsclosedundertakingsubmonoids,morphic
imagesandfinite directproducts.

Fact (Eilenberg). Each pseudovarietyis generatedby
syntacticmonoidsit contains.

Simon’s theoremmeansthatthepseudovariety of all
finite -trivial monoidsis generatedby syntactic
monoidsof piecewisetestablelanguages.
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Recognizingheight

Let

«­¬ denotethepseudovarietyof finite monoids
generatedby thesyntacticmonoidsof piecewisetestable
languagesof height

® ¯

. Wehave

«±° ² «±³ ² «±´ ²¶µ µ µ ² « ·
¸

¬ ¹°
«­¬

Thus,thealgebraiccounterpartof Question2 is:
Question3. Givena finitemonoid anda number ,
howto determinewhetheror not belongsto ?
This is a typical instanceof thePMP (Pseudovariety
MembershipProblem). ThePMPhasprovedto
systematicallyarisewhenever onetranslatesa “real
world” (computerscience)questioninto algebra.
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Recognizingheight

Let

Ç­È denotethepseudovarietyof finite monoids
generatedby thesyntacticmonoidsof piecewisetestable
languagesof height

É Ê

. Wehave

Ç±Ë Ì Ç±Í Ì Ç±Î Ì¶Ï Ï Ï Ì Ç Ð
Ñ

È ÒË
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Thus,thealgebraiccounterpartof Question2 is:
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Ê

,
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This is a typical instanceof thePMP (Pseudovariety
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Straubing’s theorem

Ó — themonoidof all reflexivebinaryrelationson
asetwith Ô elements.It canbethoughtof asthe
monoidof all Ô Õ Ô matriceswhosediagonalentries
are1 over thebooleansemiring Ö ×Ø Ù�Ú Û ÜÞÝ ß Ú à á .

— thesubmonoidof consistingof upper
triangularmatrices.

— themonoidof all orderpreservingand
extensive transformationsof achainwith
elements.

A transformation of achain is order
preservingif implies for all

andextensiveif for every .
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Straubing’s theorem

ÿ — themonoidof all reflexivebinaryrelationson
asetwith � elements.It canbethoughtof asthe
monoidof all � � � matriceswhosediagonalentries
are1 over thebooleansemiring � �� ��� � 	�
 � � 
 � .

ÿ — thesubmonoidof ÿ consistingof upper
triangularmatrices.� ÿ — themonoidof all orderpreservingand
extensive transformationsof achainwith �

elements.

A transformation � of achain

�� � � �

is order
preservingif � � � � implies ��� � � � � � � for all�� � ��� �

andextensiveif � � ��� � for every �� �
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Straubing’s theorem

Theorem. (HowardStraubing,1980)For a finite
monoid thefollowingare equivalent:

(i) is -trivial ;
(ii) divides(is amorphicimageof asubmonoidof)

for some ;
(iii) divides for some ;
(iv) divides for some .

This looksasa quiteinnocentCayley-typetheorembut
in facttheproofheavily dependsonSimon’s theorem,
andmoreover, it canbeshown relatively easilythatthe
two theoremsareequivalent.
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Straubing’s theorem

Corollary. Each of thethreesequences

# $ %, # $ %
and

#& $ % ( ' ( )�* +*, , , ) generatesthepseudovariety

-

of all finite -trivial monoids.

Wethushave four stratificationsfor :
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Straubing’s theorem

Corollary. Each of thethreesequences

. / 0, . / 0
and

.1 / 0 ( 2 3 4�5 657 7 7 ) generatesthepseudovariety

8

of all finite -trivial monoids.

Wethushave four stratificationsfor
8

:

8:9 ; 8:< ; 8:= ;?> > > ; 8 3
@

ACB9
8 A
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Straubing’s theorem

Corollary. Each of thethreesequences

D E F, D E F
and

DG E F ( H I J�K LKM M M ) generatesthepseudovariety

N

of all finite -trivial monoids.

Wethushave four stratificationsfor
N

:

N:O P N:Q P N:R P?S S S P N I
T

UCVO
N U

W
X

YZ [\ Q
YZ [\ Q

YZ [\ G Q
]

^ P
W

X
YZ [\ R

YZ [\ R
YZ [\ G R

]
^ P?S S S P N I

T
E VO

W
X

YZ [\ EYZ [\ EYZ [\ G E
]

^
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Straubing’s theorem: a refinement

Surprisinglyenough,thefour stratificationscoincide:

Theorem. ( , 2004)For every ,
each of themonoids , , generatesthe
pseudovariety .
Thus,for each thepseudovariety is generatedby a
singlefinite monoid.It easilyfollows from somebasic
universalalgebrathatthePMPfor a (pseudo)variety
generatedby asinglefinite algebrais alwaysdecidable.
Corollary. (Jean-EricPin,1984)For each ,
themembershipproblemfor thepseudovariety is
decidable, andhence, givena piecewisetestable
language, its heightcanbealgorithmicallydetermined.
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Recognizingheight

Is thisanefficient solution?

It doesn’t seemso— evenif weallow ourselvesthe
luxury of thelanguagebeingpresentedby its syntactic
monoidratherthanby its minimal automaton.

Indeed,if and , thentheonly known
time boundfor thealgorithmthatrecognizeswhetheror
not belongsto is — sorequiresdoubly
exponentialtime (asa functionof ).

Canwedobetter?
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Recognizingheight via identities

Lemma. (Eilenberg-Scḧutzenberger, 1976)Every
pseudovarietygeneratedbya singlefinitemonoidis
equational, that is, it consistspreciselyof finitemonoids
satisfyinga certainsystemof usualmonoididentities.

A monoid is saidto befinitelybasedif all identities
holdingin follow from afinite setof suchidentities
(an identitybasisof ). If weknow a finite identity
basis of amonoid thenwecanuseit to efficiently
decidethemembershipin . Indeed,givena
finite monoid , wecansimplycheckif it satisfieseach
identity in , andthis requirespolynomialtime (asa
functionof ).
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Recognizingheight via identities

Example: Thepseudovariety

«:¬ of all -trivial
monoidsof height1 is generatedby themonoid

­¯® of
extensive endomorphismsof thechain

° ± ²
.

Therefore
is nothingbut the2-elementsemilattice. It is

obviousthatits identitybasisconsistsof thetwo
identities:thecommutative law andthe
idempotency law . Thus,in orderto check
whetheror notagivenlanguage is piecewisetestable
of height1, it sufficesto verify if its syntacticmonoid

is commutativeandidempotent.
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Recognizingheight via identities

Example: Thepseudovariety

Ä:Å of all -trivial
monoidsof height1 is generatedby themonoid

Æ¯Ç of
extensive endomorphismsof thechain

È É Ê
. ThereforeÆ¯Ç is nothingbut the2-elementsemilattice. It is obvious

thatits identitybasisconsistsof thetwo identities:the
commutative law ËÌ Í Ì Ë andtheidempotency lawË Ç Í Ë. Thus,in orderto checkwhetheror notagiven
language

Î

is piecewisetestableof height1, it sufficesto
verify if its syntacticmonoid

Ï Î Ð

is commutativeand
idempotent.
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Recognizingheight via identities

Doesthis approachapplyto heights

Ñ�Ò ÓÒ ÔÒÕ Õ Õ ?

Theorem. ( , 2004)a) Theidentities ,
forman identitybasisof themonoid .
b) Theidentities
forman identitybasisof themonoid .
c) Theidentities

forman identitybasisof themonoid .
d) Themonoids with arenonfinitelybased.
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Recognizingheight via identities

Doesthis approachapplyto heights

á�â ãâ äâå å å ?
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Recognizingheight via identities

Thus,thereis anefficientalgorithmto checkif agiven
piecewisetestablelanguagecanberecognizedby a
hydraautomatonwith 1, 2 or 3 heads,but thisapproach
fails for largernumbersof heads.

Onemayconcludethattheoptimalnumberof headsis
equalto 3!

StAndrews 2006– p.31/32



Recognizingheight via identities

Thus,thereis anefficientalgorithmto checkif agiven
piecewisetestablelanguagecanberecognizedby a
hydraautomatonwith 1, 2 or 3 heads,but thisapproach
fails for largernumbersof heads.

Onemayconcludethattheoptimalnumberof headsis
equalto 3!

StAndrews 2006– p.31/32



Conclusionsand dir ections

� Computationalcomplexity of (someinstancesof) PMP
is of interestand“practical” importance

try to find
upperandlower boundsfor it!

A positiveanswerto someinstanceof FBPgivesan
efficientalgorithmfor thecorrespondinginstanceof
PMP systematicallyinvestigateFBP!

For many importantinstances,theanswerto FBPis
negative developsome“equational”approachto
PMPfor nonfinitelybasedpseudovarieties!
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