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Insteadof trying to overview all Imre’s achievement,
we look iIn somedetallat oneof hisfirst results:

his famouscharacterizatiof

e [Seasytoexplain;
e IS hardto prove;
e hasmary surprisingconnections,

Includingthosewith combinatoricsof
wordstheory;

e hasopenecanareawhich still
remainsvery vivid.
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A1 Automata

h-headhydra automatons# is avery simple
vice consistingof:
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Figurel: A 9-headhydra
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Hydra Automata

A hydraautomatons/z acceptaawordw € X* If It
findsin w oneof the passwardsbut noneof the
taboos.Otherwiseat rejectsw.
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findsin w oneof the passwardsbut noneof the
taboos.Otherwisait w.

For instancehe automatoron Fig. 2 acceptghe
word written on thetape(AmpleUglyEIkByRumba)
asit findsin it the passverd algebrabut notthe
tabooedwvord

A languagel. C > is saidto be by a
hydraautomatons# If ¢ acceptsxactly words
thataremembersf L. Suchlanguagesirecalled
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PlecewiselestableLanguages

More preciselyalanguagel C X»* is called
Plecavisetestableof height< A if L canbe
recognizedy a hydraautomatorwith 4 heads.
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PlecewiselestableLanguages

More preciselyalanguagel C X»* is called
plecavisetestableof height< A if L canbe
recognizedy a hydraautomatorwith 4 heads.

Let PT'L(Y) [resp. PT L,(X)] denotethe family of
all piecavisetestabldanguagegof height< h] over
afixedalphabet..

Simon’s hierarcly of piecavisetestabldanguages

C PTL(Z) = D PTL,(Z)
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PlecewiselestableLanguages

Ouestionl. Givenalanguage L C X»*, howto decide
whetheror not L Is piecavisetestable?
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Syntactic Monoids

Foralanguagel C »* its syntacticcongruencevy, IS
definedby

u ~p v |If, forany z,y € X%, xuy € L <= zvy € L.

Thus,u andv occurin L in thesamecontets.
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Ratherthanformal definitionsfrom the previousslide,
thefollowing crucialideasareto be understood:

For aregularlanguage., its syntacticmonoid M (L)
IS alwaysfinite (andvice versa)— thisis

The syntacticmonoid M (L) canbe
calculatedvheneer L Is presented—
say by a or by a

Thus,wheneer L is “given”, sois M (L).
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SiImon’s Theorem

A monoid M Is saidto be 7 -trivial if every principal
iIdealof M hasauniguegenerator:

MsM = MtM — s = t.
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A monoid M/ Is saidto be If every principal
idealof M hasauniguegenerator:

MsM = MtM — s = t.

In differentterms,being _¢ -trivial amountdo saying
thatthe

Sﬁ/f@SEM?ﬁM

IS anorderrelationon M.

(Imre Simon,1972)A language L Is
piecavisetestablaf andonlyif its syntacticmonoid
M(L) is _# -trivial.
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SiImon’s Theorem

= Nice: relatesavery naturalcombinatoriabroperty
to avery naturalsemigroup-theoretiproperty
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. relatesa very naturalcombinatorialproperty
to avery naturalsemigroup-theoretiproperty

. givenamonoid M (by its Cayley table,
say),onecaneasily(in O(|M|?) time) verify
whetheror not M Is _¢Z -trivial.

. Therearepolynomialtime algorithms
to verify if thesyntacticmonoidM (L) is _¢Z -trivial
whenpresentedhe of L. Sucha
descriptionof M (L) is muchmorecompacthanthe
Cayley table— recallthatthetransitionmonoidof

anautomatorwith n statesmay consistof asmary
asn” elements!
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Comparewith (1966)that
providesanalgebraiccharacterizatioof

languagesa language L canbedefinedby a star-free
expression(thatis, involving only Booleanoperations
andproductsbut not Kleenes star)if andonly if the

syntacticmonoidM (L) hasonly trivial subgoups
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Comparewith (1966)that
providesanalgebraiccharacterizatioof

languagesa language L canbedefinedby a star-free
expression(thatis, involving only Booleanoperations
andproductsbut not Kleenes star)if andonly if the

syntacticmonoidM (L) hasonly trivial subgoups
Again a very natural languagepropertyis relatedto a
natural semigrouppropertythat can be verified in time
O(|M(L)|?). Ontheotherhandtheproblemof deciding
whetheror not M (L) hasonly trivial subgroupgrom the
minimal automatorof L Is |
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SiImon’s Theorem

m Deep acrossingwheremary ideasmeet.

Proofscomefrom:
» Combinatoricoon words— Simon's original proofs,
1972,1975;
m Modeltheory— Stern,1985;
» Orderedmonoids— StraubingandThérien,1988;
m Profinitetopology— Almeida, 1990;
m Endomorphismsef linearorders— Higgins,1997.
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Simonstheoremis aninstanceof the
petweernvarietiesof recognizable
languagesindpseudwoarietiesof finite monoids.(A
IS a classof finite monoidsclosedunder
submonoidsmorphicimagesandfinite directproducts.)
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Simonstheoremis aninstanceof the
petweernvarietiesof recognizable
languagesindpseudwoarietiesof finite monoids.(A
IS a classof finite monoidsclosedunder
submonoidsmorphicimagesandfinite directproducts.)
This shouldnt beunderstoodsclaiming Simon's

theorembea consequencef Eilenbeg’s theorem!
2

P — % (Euler) vs. >>>°, -5 = ((2) (Riemann)

n=1 n2
2
Euler's resultcanbenow writtenas((2) = % but thisis

notaconsequencef Riemanns considerations.
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In termsof the Eilenbeg correspondenc8imon’s
theoremmeanghatthe pseudwoariety J of all finite
_Z -trivial monoidsandthevariety of all piecavise
testabldanguagesorrespondo eachothet

Turku—p.16/36



In termsof the Eilenbeg correspondenc8imon’s
theoremmeanghatthe pseudwoariety J of all finite
_Z -trivial monoidsandthevariety of all piecavise
testabldanguagesorrespondo eachothet

Let J;, denotethe pseudwoariety of finite monoidsthat
correspond$o the classof piecavisetestabldanguages
of height< h. We have

JlCJQCJ:gC"'CJ:UJh
h=1
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Recallthatby thedefinitionJ,, is the pseudwoariety
generatedby the of language$rom
PLTy(>) for all finite alphabets.. Thus,thealgebraic
counterparpf Question?2 is thefollowing:
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Recallthatby thedefinitionJ,, is the pseudwoariety
generatedby the of language$rom
PLTy(>) for all finite alphabets.. Thus,thealgebraic
counterparpf Question?2 is thefollowing:

Givena finite monoidM anda positive
Integer h, howto determinevhetheror not A/ belongs
toJ,?

This Is a typical instanceof the PMP (
). ThePMP hasprovedto systemat-

iIcally arisewhene&er onetranslates “real world” (com-
puterscience)juestionnto algebra.
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%, — the monoidof all on
asetwith n elementslt canbethoughtof asthe
monoidof all n x n matriceswhosediagonalentries

arel overthebooleansemiring? = ({0,1}; +, -).

U, — the submonoidf %, consistingof

matrices.
%, — themonoidof all and
transformation®f a chainwith n
elements.

A transformatiory of achain(Q@, <) is
if ¢ < ¢ impliesq.a < ¢'.« for all
q,q € @ and if ¢ < q.aforeveryqg e Q.
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Straubing’s Theorem

Theorem 2. (HowardStraubing,1980)For a finite
monoid)M thefollowing are equivalent:
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(Howard Straubing,1980) For a finite
monoid)M thefollowing are equivalent:
() M Is ¢ -trivial;
(i) M divides(is a morphicimageof a submonoicof)
%, for somen;
(i) M divides%,, for somen;
(iv) M divides%,, for somen.

ThislooksasaquiteinnocentCayley/-typetheorembut in
factthe proof heavily dependsn Simon's theorem,and

moreover, it canbe shavn relatvely easily that the two
theoremsareequwvalent.
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Straubing’s Theorem

Corollary. Ead ofthethreesequence$Z,,}, {%,}

and{%,} (n =2,3,...) geneatesthe pseudoariety J
of all finite ¢ -trivial monoids.
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Straubing’s Theorem
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of all finite ¢ -trivial monoids.
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J1CJ2CJ3C'°°CJ:UJh
h=1
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Ead of thethreesequence$Z,,}, { %, }
and{%,} (n =2,3,...) geneatesthe pseudoariety J
of all finite ¢ -trivial monoids.

We thushave four for J:

J1CJ2CJ3C°°°CJ:UJh
h=1

pvar #o pvar #s | ~ |[pvar %, |
pvar %, | C |pvar%s;| C --- CJ = U pvar %,
pvar 6o pvar 63 n=1 | pvar 6,
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singlyenoughthefour stratificationscoincide:



Straubing’s Theorem: a Refinement

Surprisinglyenoughthefour stratificationscoincide:

Theorem3. (~, 2003)Foreveryh =1,2,...,

ead of themonolds%),.1, %1, 61 9geneatesthe
pseudvariety J,,.
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Surprisinglyenoughthefour stratificationscoincide:
(~,2003)Foreveryh =1,2,...,

ead of themonoids%), .1, %1, €1,+1 generatesthe

pseudvariety J,,.

Thus,for eachh the pseudwoariety J,, iIs generatedy a

singlefinite monoid. It easilyfollows from somebasic

universalalgebrathatthe PMPfor a (pseudo)ariety

generatedby a singlefinite algebras alwaysdecidable.
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Surprisinglyenoughthefour stratificationscoincide:
(~,2003)Foreveryh =1,2,...,
ead of themonoids%), .1, %1, €1,+1 generatesthe
pseudvariety J,,.
Thus,for eachh the pseudwoariety J,, iIs generatedy a
singlefinite monoid. It easilyfollows from somebasic
universalalgebrathatthe PMPfor a (pseudo)ariety
generatedby a singlefinite algebras alwaysdecidable.
(Jean-EridPin,1984)Foreachh = 1,2, ...,
the membeship problemfor the pseudwoariety J,, is
decidable andhencegivena pieceavisetestable
language, its heightcanbealgorithmicallydetermined.
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Theorem 3: Transformations

By now we have seenmhow identitiescomeinto theplay.
But wheredo relationsandtransformationeomefrom?
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Now imposea linearorderonthe statesetof the
automatorwe built:

Y\{ay Y\{by X\{a} X
()°C) ()

o 5 "% g "%

It IS easyto seethatwith respecto this orderthe trans-
formationinducedby thelettersare and
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Theorem 3: Transformations

For instancethisis theoneinducedby a:

e S
N/ N/

-® C ‘e
1°" a2 3 a %

And thisis theactionof b:

@ b b
() () ()
1. 20 b >~ @ 3 C4
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We seethatthetransitionmonoidof the deterministic
automatorrecognizingour languagel. = > *aX> b *aX"
consistf orderpreservingandextensve
transformation®f thechainl <2 <3 < 4,l.e.ltisa
submonoidn %;.
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We seethatthetransitionmonoidof the deterministic
automatorrecognizingour languagel. = > *aX> b *aX"
consistf orderpreservingandextensve
transformation®f thechainl <2 <3 < 4,l.e.ltisa
submonoidn %;.

It shouldbe clearthatin generalwhenstartingwith the
languagel. = >*a1X*as - - X apx", we endup in the
monoid %,.;. Thereforethe pseudwariety J;, is con-
tainedin the pseudwoarietypvar €, 1.
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Now we wantto recognizehe samdanguage
L= >"aX*bX"aX>* by anon-deterministidinite
automaton
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Now we wantto recognizeéhe samdanguage
L = Y*a>*bX*aX" by a

(W (T f? f?

o —ob—o ——»

a a

We Index the statesandconsiderthe correspondingela-
tionson{1,2,3,4}. Onereadilyseeghattheserelations

will be and
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Theorem 3: Relations

For instancethis matrix representgherelationinduced
by a:

/110 0
0100
0011
\0 0 0 1/
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Theorem 3: Relations

For instancethis matrix representgherelationinduced
by a:

/1 1 0 O\
0100
0011
\0 0 0 1/
And thisis therelationinducedby b:
/1 0 0 0\
0110
0010
\0 0 0 1/
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We seethatthetransitionmonoidof the
non-deterministi@utomatorrecognizinghe language
L = X" aX*"bX*aX* consistof reflexive andupper
triangularrelationsontheset{1, 2, 3,4}, i.e.itisa
submonoidn %;.
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We seethatthetransitionmonoidof the
non-deterministi@utomatorrecognizinghe language
L = X" aX*"bX*aX* consistof reflexive andupper

triangularrelationsontheset{1, 2, 3,4}, i.e.itisa
submonoidn %;.

It shouldbe clearthat in general,when departingfrom
the languagel = >*a1X%as - - - X*ap2", we end up In
themonoid%,..,. Thereforethe pseudwoariety J;, is con-
tainedin the pseudwariety pvar %4,.1 andhencealsoin
the pseudwoariety pvar %, .
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solutionto the problemof recognizingheight
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IS this solutionto the problemof recognizingheight

? Thisdoesnt follow from any generakesult—
evenif we allow oursehestheluxury of thelanguage
beingpresentedy its syntacticmonoidratherthanby its
minimal automaton.
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IS this solutionto the problemof recognizingheight

? Thisdoesnt follow from any generakesult—
evenif we allow oursehestheluxury of thelanguage
beingpresentedy its syntacticmonoidratherthanby its
minimal automaton.
Indeed,f |A| = n and|B| = m, thentheonly known
time boundfor thealgorithmthatrecognizesvhetheror
not B belongsto pvar A is n'"") — sorequiresdoubly
exponentialtime (asafunctionof | BJ).

Moreover, RalphMcKenzieconstructeca monoid M (of
size8009)suchthatthe problemof whetheror notagiven
monoid N belongsto pvar M IS . MarcelJack-
sonhasreducedhesizeof the exampleto 55.



RecognizingHeight via Identities

Lemma. (Ellenbeg-Schutzenbeger, 1976)Every

pseudvariety geneatedby a singlefinite monoidis
eqguational thatis, it consistgreciselyof finite monoids

satisfyinga certainsystenof usualmonoididentities.
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(Ellenbeg-Schutzenbeger, 1976)Every
pseudvariety geneatedby a singlefinite monoidis

thatis, it consistoreciselyof finite monoids
satisfyinga certainsystenof usualmonoididentities.

A monoid M Is saidto be If all identities
holdingin M follow from afinite setof suchidentities(an

of M). If we know afinite identity basis®
of amonoid M thenwe canuseilt to efficiently decidethe
membershign pvar M. Indeed,given a finite monoid
N, we cansimply checkif it satisfieseachidentity in ®,
andthis requiregpolynomialtime (asafunctionof | V).
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RecognizingHeight via Identities

—xample: ThepseudwoarietyJ; of all _# -trivial monoids
of heightl is generatedby the monoid %4 of all Boolean
upperunitriangular2 x 2-matrices.
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RecognizingHeight via Identities

. ThepseudwarietyJ; of all _¢Z -trivial monoids
of heightl is generatedby the monoid %4 of all Boolean

upperunitriangular2 x 2-matrices.Suchamatrix hasonly
1 =
0 1
the 2-elemenssemilattice.

one “free” entry: ( ) Therefore%4 I1s nothing but
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. ThepseudwoarietyJ; of all _¢Z -trivial monoids
of height1 is generatedy the monoid%, of all Boolean

upperunitriangular2 x 2-matrices.Suchamatrix hasonly
1

0 1
the 2-elementsemilattice. It is obviousthatits identity

basisconsistof the two identities: the commutatve law
vy = yzr andthe idempoteng law z° = z.
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. ThepseudwoarietyJ; of all _¢Z -trivial monoids
of height1 is generatedy the monoid%, of all Boolean

upperunitriangular2 x 2-matrices.Suchamatrix hasonly
1

0 1
the 2-elementsemilattice. It is obviousthatits identity

basisconsistof the two identities: the commutatve law
ry = yx andtheidempoteng law 22 = x. Thus,in order
to checkwhetheror not a givenlanguagel is piecavise
testableof height 1, it sufiicesto verify If its syntactic
monoid M (L) is commutatve andidempotent.

one “free” entry: < ) Therefore%4, Is nothing but

Turku—p.31/36



ghizingHeight via Identities

his approachapplyto heights2, 3,4, ...?



RecognizingHeight via Identities

Doesthis approachapplyto heights2, 3,4, ... 7

Theorem4. (~, 2003)a) Theidentitiesz® = z,
xy = yx forman identity basisof the monoid%:.
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Doesthis approachapplyto heights2, 3,4, ... 7

Theorem4. (~, 2003)a) Theidentitiesz® = z,
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b) Theidentitieszyzzx = zyzz, (zy)* = (yz)?
form an identity basisof the monoid%s.
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RecognizingHeight via Identities

Doesthis approachapplyto heights2, 3,4, ... 7

(~, 2003)a) Theidentitiesz? = =z,
xy = yx forman identity basisof the monoid%:.
b) Theidentitieszyzzx = zyzz, (zy)* = (yz)?
form an identity basisof the monoid%s.

c) Theidentitiesxyz?zx = zyzzx, vyzats =
Tyrza’tr, vyr’ztr = zyrizatz, (vy)® = (yx)°
form an identity basisof the monoid%;.
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Doesthis approachapplyto heights2, 3.4, ...7?

(~, 2003)a) Theidentitiesz* = =z,
xy = yx formanidentity basisof the monoid%:.
b) Theidentitieszyzzx = zyzz, (zy)* = (yz)?
form an identity basisof the monoid%s.

c) Theidentitiesxyz?zx = zyzzx, vyzats =
Tyrza’tr, vyr’ztr = zyrizatz, (vy)® = (yx)°
form an identity basisof the monoid%;.

d) Themonoids%,, with n > 4 are nonfinitelybased.
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RecognizingHeight via Identities

Thus,thereis anefficientalgorithmto checkif agiven
piecavisetestabldanguagecanberecognizedy a

hydraautomatorwith 1, 2 or 3 headsut this approach
falls for largernumbersf heads.
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Thus,thereis anefficientalgorithmto checkif agiven
piecavisetestabldanguagecanberecognizedy a
hydraautomatorwith 1, 2 or 3 headsput this approach
fails for largernumbersof heads.

Onemay concludethatthe optimalnumberof headss
equalto 3!
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Whatwe have seens justasamplefrom aratherbig area
In which naturalcombinatorialpropertiesof wordslead
to certainclassesf transformatiormonoidsof finite or-

ders(endomorphismyartialendomorphismartial au-
tomorphismsextensve mappingsetc).
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What we have seenis just a samplefrom a rather big
areain which naturalcombinatorialpropertiesof words
leadto certainclasse®f transformatiormonoidsof finite
orders(endomorphismspartial endomorphismspartial
automorphismsextensve mappings,etc). In eachcase
we encounteitwo problems:

and . By now
we have solvedthefinite axiomatizabilityproblemfor al-
mostall casedut themembershigproblemremainsopen,
say for thepseudwoarietygeneratedby all endomorphism
monoidsof finite chains.



We fix anintegern > 2 andconsiderthefollowing 4
propertiesof partialtransformationsf {1,2,...,n}:
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We fix anintegern > 2 andconsiderthefollowing 4

propertiesof partialtransformationsf {1,2,...,n}:
peing (everywheredefined);
peing !
neing Jthatis, endomorphic;
neing

Thesepropertiesdefine4 monoidsof partial transforma-
tionsof {1,2,...,n}:
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