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Simon’sTheorem

Insteadof trying to overview all Imre’sachievement,
we look in somedetailat oneof hisfirst results:

his famouscharacterizationof piecewisetestable
languages

is easyto explain;

is hardto prove;

hasmany surprisingconnections,

includingthosewith combinatoricsof
wordstheory;

hasopenedanareawhichstill
remainsvery vivid.
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Hydra Automata

An -headhydra automaton is avery simple
deviceconsistingof:

a tapedividedinto cellsfilled with lettersof afinite
inputalphabet (thenumbersof cellsis not
bounded);

readingheadsthatcanmove alongthetape
independentlyof eachother(but preservingthe
relativeorderof theheads:thefirst headalways
remainson theleft of thesecondetc)andread
symbolsin thecellsthatthey observe;

finite read-onlymemorythatcontainstwo lists of
wordsof length over : passwords and
taboos.
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Hydra Automata

Figure1: A 9-headhydra
Turku– p.4/36



Hydra Automata

TapeWord a l g e b r am p e u l y l k y u m b

Heads

a l g e b r a

Memory

a l g e b r a

a l g e b r a

algebra viagra

Figure3: A 7-headhydraautomaton
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Hydra Automata

A hydraautomaton acceptsaword if it
findsin oneof thepasswordsbut noneof the
taboos.Otherwiseit rejects .

For instancetheautomatononFig. 2 acceptsthe
wordwritten on thetape(AmpleUglyElkByRumba)
asit findsin it thepassword algebrabut not the
tabooedwordviagra.

A language is saidto berecognizedby a
hydraautomaton if acceptsexactly words
thataremembersof . Suchlanguagesarecalled
piecewisetestable.
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PiecewiseTestableLanguages

Moreprecisely, a language is called
piecewisetestableof height if canbe
recognizedby ahydraautomatonwith heads.

Let [resp. ] denotethefamily of
all piecewisetestablelanguages[of height ] over
afixedalphabet .

Simon’shierarchy of piecewisetestablelanguages:

Turku– p.7/36



PiecewiseTestableLanguages

Moreprecisely, a language is called
piecewisetestableof height if canbe
recognizedby ahydraautomatonwith heads.

Let [resp. ] denotethefamily of
all piecewisetestablelanguages[of height ] over
afixedalphabet .

Simon’shierarchy of piecewisetestablelanguages:

Turku– p.7/36



PiecewiseTestableLanguages

Moreprecisely, a language is called
piecewisetestableof height if canbe
recognizedby ahydraautomatonwith heads.

Let [resp. ] denotethefamily of
all piecewisetestablelanguages[of height ] over
afixedalphabet .

Simon’shierarchy of piecewisetestablelanguages:

Turku– p.7/36



PiecewiseTestableLanguages

Question1. Givena language , howto decide
whetheror not is piecewisetestable?

Question2. Givena piecewisetestablelanguage
, howto determineits height(theleast such

that belongsto but not to )?

Exercise.Is thelanguage ( ) piecewise
testable?

Yes No Don’t know It dependsYes No Don’t know !
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SyntacticMonoids

For a language its syntacticcongruence is
definedby

if, for any

Thus, and occurin in thesamecontexts.

Onecancheckthat is thelargestcongruenceon
for which is a unionof classes.Thequotientmonoid

is calledthesyntacticmonoidof the
language .

For aregularlanguage , thesyntacticmonoid can

be alsodefinedas the transitionmonoidof the minimal

automatonof .
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SyntacticMonoids

Ratherthanformaldefinitionsfrom thepreviousslide,
thefollowing crucialideasareto beunderstood:

For a regularlanguage , its syntacticmonoid
is alwaysfinite (andvice versa)— this is Myhill’ s
form of Kleene’s theorem.

Thesyntacticmonoid canbeefficiently
calculatedwhenever is efficiently presented—
say, by a regularexpressionor by afinite automaton.

Thus,whenever is “given”, sois .
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Simon’sTheorem

A monoid is saidto be -trivial if every principal
idealof hasauniquegenerator:

In differentterms,being -trivial amountsto saying
thatthe(bilateral) divisibility relation

is anorderrelationon .

Theorem1. (Imre Simon,1972)A language is
piecewisetestableif andonly if its syntacticmonoid

is -trivial.
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Simon’sTheorem

Nice: relatesavery naturalcombinatorialproperty
to avery naturalsemigroup-theoreticproperty.

Efficient: givenamonoid (by its Cayley table,
say),onecaneasily(in time ) verify
whetheror not is -trivial.

Veryefficient: Therearepolynomialtimealgorithms
to verify if thesyntacticmonoid is -trivial
whenpresentedtheminimal automatonof . Such
adescriptionof is muchmorecompactthan
theCayley table— recallthatthetransitionmonoid
of anautomatonwith statesmayconsistof as
many as elements!
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Simon vs.Schützenberger

Comparewith Schützenberger’s theorem(1966)that
providesanalgebraiccharacterizationof star-free
languages:a language canbedefinedbya star-free
expression(thatis, involving only Booleanoperations
andproductsbut notKleene’sstar)if andonly if the
syntacticmonoid hasonly trivial subgroups.

Again a very natural languageproperty is relatedto a

naturalsemigroupproperty that can be verified in time

. On theotherhand,theproblemof decid-

ing whetheror not hasonly trivial subgroupsfrom

theminimalautomatonof is PSPACE-complete!
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Simon’sTheorem

Deep: acrossingwheremany ideasmeet.

Proofscomefrom:

Combinatoricsonwords— Simon’soriginalproofs,
1972,1975;

Model theory— Stern,1985;

Orderedmonoids— StraubingandThérien,1988;

Profinitetopology— Almeida,1990;

Endomorphismsof linearorders— Higgins,1997.
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Simon vs.Eilenberg

Simon’s theoremis an instanceof theEilenberg
correspondencebetweenvarietiesof recognizable
languagesandpseudovarietiesof finite monoids.(A
pseudovariety is aclassof finite monoidsclosedunder
submonoids,morphicimagesandfinite directproducts.)

This shouldn’t beunderstoodasclaimingSimon’s
theorembeaconsequenceof Eilenberg’s theorem!

(Euler) vs. (Riemann)

Euler’s resultcanbenow written as but this is

notaconsequenceof Riemann’s considerations.
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RecognizingHeight

In termsof theEilenberg correspondenceSimon’s
theoremmeansthatthepseudovariety of all finite

-trivial monoidsandthevarietyof all piecewise
testablelanguagescorrespondto eachother.

Let denotethepseudovarietyof finite monoidsthat
correspondsto theclassof piecewisetestablelanguages
of height . Wehave

— Simon’shierarchy of -trivial monoids.
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RecognizingHeight

Recallthatby thedefinition is thepseudovariety
generatedby thesyntacticmonoidsof languagesfrom

for all finite alphabets . Thus,thealgebraic
counterpartof Question2 is thefollowing:

Question3. Givena finitemonoid anda positive
integer , howto determinewhetheror not belongs
to ?

This is a typical instanceof the PMP (Pseudovariety

MembershipProblem). ThePMPhasprovedto systemat-

ically arisewhenever onetranslatesa “real world” (com-

puterscience)questioninto algebra.
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Straubing’sTheorem

— themonoidof all reflexivebinaryrelationson
asetwith elements.It canbethoughtof asthe
monoidof all matriceswhosediagonalentries
are1 over thebooleansemiring .

— thesubmonoidof consistingof upper
triangularmatrices.

— themonoidof all orderpreservingand
extensive transformationsof achainwith
elements.

A transformation of achain is order
preservingif implies for all

andextensiveif for every .
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Straubing’sTheorem

Theorem2. (HowardStraubing,1980)For a finite
monoid thefollowingare equivalent:

(i) is -trivial ;
(ii) divides(is amorphicimageof asubmonoidof)

for some ;
(iii) divides for some ;
(iv) divides for some .

This looksasaquiteinnocentCayley-typetheorembut in

fact the proof heavily dependson Simon’s theorem,and

moreover, it canbe shown relatively easily that the two

theoremsareequivalent.
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Straubing’sTheorem

Corollary. Each of thethreesequences ,
and ( ) generatesthepseudovariety
of all finite -trivial monoids.

Wethushave four stratificationsfor :
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Straubing’sTheorem: a Refinement

Surprisinglyenough,thefour stratificationscoincide:

Theorem3. ( , 2003)For every ,
each of themonoids , , generatesthe
pseudovariety .
Thus,for each thepseudovariety is generatedby a
singlefinite monoid.It easilyfollows from somebasic
universalalgebrathatthePMPfor a (pseudo)variety
generatedby asinglefinite algebrais alwaysdecidable.
Corollary. (Jean-EricPin,1984)For each ,
themembershipproblemfor thepseudovariety is
decidable, andhence, givena piecewisetestable
language, its heightcanbealgorithmicallydetermined.
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Theorem3: Transformations

By now wehaveseenhow identitiescomeinto theplay.
But wheredo relationsandtransformationscomefrom?

Consider , quitea typical piece-

wisetestablelanguage,andbuild adeterministicfinite au-

tomatonthatrecognizes .
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Theorem3: transformations

Now imposea linearorderon thestatesetof the
automatonwebuilt:

1 2 3 4

It is easyto seethat with respectto this orderthe trans-

formationinducedby thelettersareorderpreservingand

extensive.
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Theorem3: Transformations

For instance,this is theoneinducedby :

1 2 3 4

And this is theactionof :

1 2 3 4
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Theorem3: transformations

Weseethatthetransitionmonoidof thedeterministic
automatonrecognizingour language
consistsof orderpreservingandextensive
transformationsof thechain , i.e. it is a
submonoidin .

It shouldbe clearthat in general,whenstartingwith the

language , we end up in the

monoid . Thereforethe pseudovariety is con-

tainedin thepseudovariety .
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Theorem3: Relations

Now wewantto recognizethesamelanguage
by anon-deterministicfinite

automaton.

1 2 3 4

Weindex thestates andconsiderthecorrespondingrela-

tionson . Onereadilyseesthattheserelations

will bereflexiveanduppertriangular.
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Theorem3: Relations

For instance,thismatrix representstherelationinduced
by :

And this is therelationinducedby :
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Theorem3: Relations

Weseethatthetransitionmonoidof the
non-deterministicautomatonrecognizingthelanguage

consistsof reflexiveandupper
triangularrelationson theset , i.e. it is a
submonoidin .

It shouldbe clear that in general,when departingfrom

the language , we end up in

themonoid . Thereforethepseudovariety is con-

tainedin the pseudovariety andhencealsoin

thepseudovariety .
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RecognizingHeight

Is this solutionto theproblemof recognizingheight
efficient?

This doesn’t follow from any generalresult—
evenif weallow ourselvestheluxury of thelanguage
beingpresentedby its syntacticmonoidratherthanby its
minimalautomaton.
Indeed,if and , thentheonly known
time boundfor thealgorithmthatrecognizeswhetheror
not belongsto is — sorequiresdoubly
exponentialtime (asa functionof ).

Moreover, RalphMcKenzieconstructeda monoid (of

size8009)suchthattheproblemof whetheror notagiven

monoid belongsto is NP-hard. MarcelJack-

sonhasreducedthesizeof theexampleto 55.
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RecognizingHeight via Identities

Lemma. (Eilenberg-Scḧutzenberger, 1976)Every
pseudovarietygeneratedbya singlefinitemonoidis
equational, that is, it consistspreciselyof finitemonoids
satisfyinga certainsystemof usualmonoididentities.

A monoid is said to be finitely basedif all identities

holdingin follow from afinite setof suchidentities(an

identitybasisof ). If weknow afinite identitybasis

of amonoid thenwecanuseit to efficiently decidethe

membershipin . Indeed,givena finite monoid

, we cansimply checkif it satisfieseachidentity in ,

andthis requirespolynomialtime(asafunctionof ).
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Lemma. (Eilenberg-Scḧutzenberger, 1976)Every
pseudovarietygeneratedbya singlefinitemonoidis
equational, that is, it consistspreciselyof finitemonoids
satisfyinga certainsystemof usualmonoididentities.

A monoid is said to be finitely basedif all identities

holdingin follow from afinite setof suchidentities(an

identitybasisof ).

If weknow afinite identitybasis

of amonoid thenwecanuseit to efficiently decidethe

membershipin . Indeed,givena finite monoid

, we cansimply checkif it satisfieseachidentity in ,

andthis requirespolynomialtime(asafunctionof ).

Turku– p.30/36



RecognizingHeight via Identities
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RecognizingHeight via Identities

Example: Thepseudovariety of all -trivial monoids

of height1 is generatedby themonoid of all Boolean

upperunitriangular -matrices.

Sucha matrix has

only one“free” entry: . Therefore is nothing

but the2-elementsemilattice. It is obviousthatits iden-

tity basisconsistsof the two identities: thecommutative

law andthe idempotency law . Thus,

in order to checkwhetheror not a given language is

piecewise testableof height1, it suffices to verify if its

syntacticmonoid is commutative andidempotent.
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RecognizingHeight via Identities

Doesthis approachapplyto heights ?

Theorem4. ( , 2003)a) Theidentities ,
forman identitybasisof themonoid .

b) Theidentities
forman identitybasisof themonoid .
c) Theidentities

forman identitybasisof themonoid .

d) Themonoids with arenonfinitelybased.
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RecognizingHeight via Identities

Thus,thereis anefficientalgorithmto checkif agiven
piecewisetestablelanguagecanberecognizedby a
hydraautomatonwith 1, 2 or 3 heads,but thisapproach
fails for largernumbersof heads.

Onemayconcludethattheoptimalnumberof headsis
equalto 3!
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Conclusion

Whatwehaveseenis justasamplefrom aratherbig area

in which naturalcombinatorialpropertiesof words lead

to certainclassesof transformationmonoidsof finite or-

ders(endomorphisms,partialendomorphisms,partialau-

tomorphisms,extensive mappings,etc).

In eachcasewe

encountertwo problems:decidabilityof membershipand

finite axiomatizability for equationaltheory. By now

wehavesolvedthefinite axiomatizabilityproblemfor al-

mostall casesbut themembershipproblemremainsopen,

say, for thepseudovarietygeneratedby all endomorphism

monoidsof finite chains.
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Conclusion

Wefix aninteger andconsiderthefollowing 4
propertiesof partialtransformationsof :

beingtotal (everywheredefined);

beinginjective;

beingorder preserving, thatis, endomorphic;

beingextensive.

Thesepropertiesdefine4 monoidsof partial transforma-

tionsof : , , , .
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