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M. V. Volkov

ON THE JOIN OF SEMIGROUP VARIETIES g

In [1] I have proved a general result concerning the join of
varieties of universal algebras which implies, in particular,
that, if M and N are semigroup varieties, and N is a nilpotent
variety, then MuN is finitely based if and only if M is finitely
pbased. The "applied" importance of this result may be explained
by the following. Take as N the variety Nk consisting of all
semigroups which are nilpotent of degree k. Since Nk satisfies
exactly identities u=v having the property that the lengths of
the words u and v are no less than k, identities of MUN, are
identities of M with the same property. Thus, by investigation
the finite basis condition on identities of the variety M, we may
consider only "sufficiently long" identities. This idea has been
applied, for example, by G.Polldk and myself in [2].

In [3] I have introduced a new numerical characteristic of a
semigroup word w as follows. Let the length of w be n, and let
exactly m different letters occur in w. The number n-m is called
the level of the word w and will be denoted by lev(w). Denote by
Lk the variety defined by all identities u=v such that lev(u)z2k
and lev(v)2k. Clearly, Lk plays the same part as regards the
level that N, plays as regards the length, and Nycl,. In this
paper I shall prove

THEOREM 1. Let M and L be semigroup varieties, and let LELk
for some k. If the variety MuL is finitely based, then M is also
finitely based.

Theorem 1 generalizes the "only if" part of the above-
mentioned result. I do not know whether analogous generalization
of the "if" part holds and shall prove here only a partial result.
To formulate it, denote by N1 the three-element semigroup on the
set 0,1,2 with multiplication table



THEOREM 2. Let M and L be semigroup varieties, and let LQL
for some k. If M is finitely based and N EM, then MUL is alsbt~
finitely based.

Theorems 1 and 2 will be proved in sections 1 and 2
respectively, in section 3 I shall prove a corollary concerning
the notion of the distance in the lattice of semigroup varieties.

1. Proof of Theorem 1

To prove Theorem 1, I need some lemmas and constructions from
I31.

LEMMA 1 ([3], Main Theorem). Let I={u;=v, |11€I} be a system of
semigroup identities such that there is a number k such that, for
any 1ie€T, lev(ui)<k and lev(vi)<k. Then § is finitely based.

If a letter x appears in a word w only once, it will be
called non-repeated in w; if x occurs in w at least twice, it will
be called repeated in w. Maximum subwords of a word w which
contain only non-repeated letters (in w) are called blocks of w.
Associate with w a distribution word dw(w) by replacing every
block of w by a new letter, and a block vector bl(w) whose

components are the lengths of the blocks of w from left to right.
The graphical identity of words will be denoted by =, the endo-
morphism semigroup of the free semigroup of countable rank F is
denoted by End(F).

LEMMA 2. Let u and v be words such that dw(u)zdw(v) and
bl (u)<bl (v) component-wise. Then an endomorphism $€End(F) exists

such that u¢5v.

This lemma was proved in [3] as the second step in the proof
of lemma 3.

Theorem 1 follows from the following
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LEMMA 3. Let M and L be semigroup varieties, and Lng for some
k. Then M is finitely based in the variety MUL.

Proof. Any identity u=v holding in M and such that lev(u)2k
and lev(v)2k holds in MUL. Therefore, M may be given in MUL by
identities u=v where lev(u)<k. Denote by I, the set of all
identities u=v holding in M such that lev(u)<k and lev(v) <k, ahd,b
by DB the set of all identities holding in M such that 1ev(u)<k-zj
and lev(v)=2k. The system Lo is finitely based by Lemma 1. Hence,
to prove our lemma it remains to verify that the system D is
finitely based in MUL. Clearly, any word u with lev(u)<k has less
than k repeated letters. Chaingeing the numeration of letters we
may assume that the left part of any identity of I has as
repeated letters only letters of the set XyreeorXp g+ Further-
more, it is easy to calculate that the length of the word
dw (u) where lev(u)<k is less than 3k-1. Since we can take the
same new letter z for all such words to construct distribution
words, we may assume that distribution words of left parts of
identities of I, depend on the letters X,,... X, _q:Z, only.
However, the set of words of length 3k-1 depending on k given
letters is finite. Furthermore, the dimension of the block vector
bl (u) where lev(u)<k is less than 2k. Consider now a relation on
the set £,: u=v u'=v' iff dw(u)=dw(u') and bl (u)<bl(u')
componentwise. The fact that there are only finitely many
different distribution words and the dimensions of block vectors
are restricted implies immediately that in every infinite
Sequence TqssesrTpree- of identities of zt there exist elements
£k and %, such that m<n and t  t . It is known ([4], Lemma III.2.8)
that this is equivalent to the fact that <Lye > is a well-quasi-
ordered set in G.Higman's sense [5]. It follows from properties of
well-gquasi-ordered sets that there are 11,...;1ne£1 such that, for
any 1521, there exists i€{1,...,n} such that T, T These TqresesT
form a basis for Iq- In fact, it is sufficient to verify that, if
u=v u'=v', then u=v and identites of the variety MUL imply u'=v'.
By Lemma 2 an endomorphism ¢ exists such that u®zu'. The identity
u'=v¢ follows from u=v, therefore, the identity v'=v® holds in M.
Since lev(v')zk and lev(v¢}21ev(v)2k, it holds in MulL, too. Hence,
the identities u'=v' and u'=v® are mutually equivalent in MUL.

n
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The lemma is proved.

2. Proof of Theorem 2

The following lemma will clarify the role of the semigroup N1.

LEMMA 4. An identity u=v holds in N'

have the same repeated and the same non-repeated letters.

iff the words u and v » &

Proof. Necessity. N1 contains, obviously, the two-element semi-
lattice as subsemigroup. This implies that the same letters occur
in the words u and v. Suppose now that a letter x is repeated in u
but non-repeated in v. Replacing x by 2 and the other letters
occuring in u and v by 1 we obtain 0=2. Contradiction.

Sufficiency follows easily from the observation that the

identities xy=yx, x2=x3 hold in N1.

An endomorphism ¢€End(F) is said to act flatly on a word weF
if lev(w?)=lev(w). It follows from Lemma 4 that, if an identity
u=v holds in N1, then tne same endomorphisms act flatly on u and
on V.

For brevity, we shall use the symbols Yq:¥5:¥3,¥, to denote
letters or the empty word. For example, the expression Y XY XY 4

¢ 2
where x is a "normal" letter can be understood if necessary as x

or Xyx etc.

Fix a word w and construct three sets w1(wj, wz(w}, ¥,(w) of

3
endomorphisms which act on w non flatly:

wT(w) is the set of all endomorphisms which transfer a repeated
(in w) letter z in the word 242, where the letters ziand z, do not
appear in w, and which act trivially on the rest of the letters;

Wz(w) is the set of all endomorphisms mapping a non-repeated
(in w) letter x on the word Y 1XY XY 3 and acting trivially on the
rest of the letters;

w3(w} is the set of all endomorphisms constructed as follows.
We take two different letters x and z occuring in w and transfer
x in ¥Y1XY, and z in Y3XY, where ¥Yqir¥Y, (resp. y3,y4) can be non-
empty only if x (resp. z) is a non-repeated letter in w, and we do

not change the rest of the letters.
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By constructing ?z(w) and ¥3(w} we assume that, if ¥y is a
letter it does not occur in w. Clearly, if wev(w}=w1(w}uw2(w}u
UTB(WJ, then 1ev{w)<1ev{w¢)s2lev(w)+1. Note that, if an identity
u=v holds in N', then ¥(u)=¥(v) by Lemma 4.

LEMMA 5. Let w be a word and ¢ an endomorphism acting non-

flatly on w. Then there are endomorphisms y€v¥(w) and ¢ such that 4
E_ VT -
W =W .

Proof. Consider three cases.

1) There is a repeated letter z in w such that the length of
E

the word 2° is greater than 1. In this case z~ may be written as

zEEu1u2 where Uy, u$ are non-empty words. Choose an endomorphism
¢€w1(w) such that z 52424, and define an endomorphism z by the

rule: ziczui, xasxc for all x¢z1,zz. It is clear that whz=w?®,

2) There is a non-repeated letter x in w that lev(x%)21. In

this case x55u1zuzzu3 where u,,uy,u, are (possibly empty) words.
There is an endomorphism ¢e?2(w} such that x¢zy1xy2xy3 where Yy is
empty iff u, is empty. Defining an endomorphism r by the rule
yiczui, xczz, t®=t® for all t#x,y1,y2,y3 we obtain that whzw¥E.

3) £ transfers each repeated letter in a letter and each non-

repeated letter in a word of the level 0. It is clear that in this
13

case there are two letters x and z in w such that the words x
£ have a common letter , s b4 Y8 x55u1tu2 and zEsu3tu4 where

u,,u,,uq,u, are (possibly empty) words. An endomorphism wev3{w)

and z

exists such that xw5y1xy2, z¢§y3xy4, and, as above, ¥y is empty
iff u; is empty. If an endomorphism r is given by letting xcst,
yi;zui, y®zy® for any letter y#y;, %, then wozw¥s,
The lemma is proved.

To prove Theorem 2 note, first of all, that it is sufficient
to verify that the variety MULk will be finitely based for any k.
In fact, if Ll ., then MULk={MUL)ULk, and the variety MUL is
finitely based in MuL, by Lemma J

We shall use induction. Since L0 is trivial, MULO=M, and the
induction basis follows from the condition of the theorem. By the
induction assumption the variety MUL,_, is finitely based. Let I
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be its basis:

= U= =v,,... 14y =Vy }U{at1=b1 reeesdp=b s =w,, ... T,

where ai'bi'ci are words of the level k-1, and Uy s VyoWy have the

level k. Construct two new systems of identities as follows. The

system 23 consists of all identities =t R

xy1u¢=xy.|v¢, u¢y1x=v¢y1x, zy1zy2u¢=zy1zy2v¢, zy.lur’yzz:zy.lv wyzz,

u¢y12yzz=vq’y1zyzz, u‘b*—"v"’,

where u=v runs over L,+ ¢ runs over the set of all endomorphisms
acting flatly on u, z does not appear in u¢, X runs over the set of
all letters occuring in u¢, ¥q+¥, can be empty, but, if Y is non-

empty, it does not occur in u"’, and, finally, ¢ runs over ¥(u).

The system I, consists of all identities of the kind

¥ 7
2 BT g A
which held in MULk_1, where e, f€{1,...,n1}, 4 acts flatly on Wor
¢, acts flatly on We, there are no common letters in the words 4T,

|

and w r 9T, and we T and lev[q?r1)=lev(q2r2}=0.

e
By construction, the systems I and I, are infinite. However, if
s is the maximum of levels of the words WareoerWoy then it is easy
to calculate that the levels of both parts of every identity
belonging to I; are less than 2s+2, and the levels of both parts of
every identity belonging to 24 are less than s+1. By Lemma 1, L_.) and

, are finitely based. Theorem 2 follows now from the following

LEMMA 6. The variety Mul_k can be defined by the system of
identities I uta UEd.

Proof. If an identity belongs to D 023 UE4, it holds in M"”‘k-'!'
and, by construction, the levels of both its parts are no less than
k. Hence, it holds also in MULk. It remains to verify that any
identity u=v holding in MULk is a consequence of the system 21UE3UI4.
If u=v holds in MULk, it holds also in MULk_.I, and, hence, it is a
consequence of the system I. It is well-known that in this case
there exists a "proof" of u=v modulo I, i.e. a sequence of words
do"';’dpﬂ such¢that uzdo, vzd
disqg : ot di+15qh
some identity g=h belonging to I. Note that gq,r,4 and g=h depend

1’ and for any i€{0,...,p},
1 for some words q,r, some endomorphism ¢ and
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on i! First of all, we shall prove that, if lev(di)zk, lev{di+1)zk,
then the identity di=di+1 is a consequence of the system Iauzs.
It is clear in the case that g=h belongs to Iqe In the opposite case
there are two possibilities: ¢ acts on g flqtly or ¢ acts on g non-
flatly. In the later case Lemma 5 may be applied, and there exists
an endomorphism yey (g)=¥ (h) such that g“’sg“’C and h®=h'*% for some ..
endomorphism r. The fact that the same endomorphism ¢ may be takenhg
for both words g and h follows from Lemma 4 and from the proof of
Lemma 5. We see that the identity di=di+1 is a consequence of the
identity g¢=hw which belongs to 23. Let now ¢ act on g and on h
flatly. Since g=h lies in Py the level of at least one of words g¢
and h? is less than k. However, the levels of words di and di+1
are no less than k. The level may increase only if either the
words gr and g¢ have a common letter or the level of the word gr is
greater than 0. It is easy to see that, in the first case,
di=di+1 follows from one of the identities
xy1g¢=xy1h¢, g¢y1x=h¢y1x (*)

where x appears in g¢, and, in the second case, this identity
follows from one of identites

zy1zyzg¢=zy12y2h¢, zy1g¢y2z=zy1h¢yzz, g¢y1zy22=h¢y1zyzz (**)
where z does not appear in g¢. Since the identities (*) and (**)
lie in I3, our statement is proved. Therefore, we may assume that
there are indices i and j such that 1ev[do}=lev(u}zk, lev(dT}Ek,...
ey 1ev(di)2k, 1ev(di+1}=k-1 and lav{dp+1)=lev(v)zk, 1ev(dp)zk,...
sy lev(djlzk, 1ev{dj_1}=k—1. Let us consider the identity

di=d%+1. It is clear that this identity may be only of the form
¢

oL 1r1=q.|cE 1r1, where ¢4 acts on ¢, and on Wo flatly, 1ev(q1r1)=
=0 and the words q,T,4 and Ve L have no common letter, since, if at
least one of these conditions is not satisfied, the level of di+1

cannot be less than k. Analogously, the identity dj=dj_1 may be
$ ¢

only of the form AWe 2r2=g2cf 2r2 with the same restrictions on
e e e

d,r, and $5- Since the identity qqWe r1=di"dj‘q2wf r, holds in

MULk_1, it belongs to the system 24. Thus, since the identities

uzdo=d1=...=di and dj=...=dp=dp+1sv follow from I,UZ3, and the

identity di=dj belongs to Lyr the identity u=v follows from

£1U£3U£4. The lemma is proved.
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3. A corollary

Let us recall that an element x of a partially ordered set P
covers an element yeP if x>y, and x2z3y implies z=x for any z€P.
We shall say that the distance between two elements x and z of P

is finite if either x=z or x>z, and there is a sequence yo;“ﬁiyp+1
of elements of P such that X=Y o z=yp+1 and y; covers Y, ., for-all
i=0,...,p. Finally, we shall say that the distance between two
elements x and z is © if x>z, the distance between x and z is not
finite, but for any y such that x>y2z the distance between y and z
is finite. A.N.Trahtman [6] has proved that in the lattice of
varieties of semigpoups each proper subvariety has a covering
variety. I prove here that this lattice satisfies also the following

stronger condition:

COROLLARY. Let M be a proper semigroup variety. There exists
a variety K such that the distance between K and M is o.

Proof. The join of all varieties Lk' k=0,1,2... coincides

with the variety of all semigroups. Therefore, there is k such
that Lkgﬂ and, hence, MULk:M. We show that the distance between
these varieties cannot be finite. In the opposite case a variety

X exists such that MchMULk and MULk covers X. All identities of

X are identities of M, but any identity of M such that the levels
of both of its parts are no less than k holds in MULk. Therefore,
an identity u=v such that lev(u) <k holds in X. It is obvious that
Lk is the join of its nilpotent subvarieties, therefore, a nilpotent
subvariety Nch exists such that XzN. We obtain that MULk;NUXDX.
Since HULk covers X, it follows that NUX:MULk. There is a number n
having the property that any identity such that the lengths of
both of its parts are no less than n holds in N. Now consider
the identity XKoo X USX 0. XV where the letters KyrewerXy do not
occur in u. It holds in X and in N, hence, it holds also in NUX=
=MULk, but lev{x1...xnu}=lev(u}<k. Contradiction.

Thus, the set A of all varieties of the interval [M,MULk]
such that the distance between these varieties and M is not finite
is non-empty. However, for each variety A in this interval, AuLk=
=MUL,, and A is finitely based in MUL by Lemma3. It follows
immediately that the interval [M,Mutk] satisfies the minimum
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condition, and, in particular, the set A has a minimum element K

which was required.

Corollary is proved.

This work was written when I was a visitor at the Vienna
Technical University. I am indebted to Prof. H.Kaiser for tb§
invitation and to all Austrian colleagues for the good ‘-f‘

organization of my visit.
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