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s  0 .  INТR0DUс т I 0N

a )  Gene r a . l  г еma г k s . .  T hе  t h еo r y  o f  v a r l е t 1 е s  o f  a l g eb r a l c  s y s t ems ,  b еg i n -
n1ng  w l t h  t h е  f l r s t  с l a s s l с a l  wo r k s  o f . B l r k ho f Г  t l r 6 ] ,  h a s  1n  t h e  l a s t  d е еadе
becomе  one  o f  . t h е  c en t r a l  d1 r е с t 1ons  o f  c on t еmpo ra rУ  a l g еb r a .  I t  h a s  a  wеa l t h
o f  p r ob l ems  and  ha s  dеve1oрed  dyna rn1сa I I y  and  f r u l t f u l } y .  Rе sеa r сh  on  va r l e t i e s
o f  s еm lg r ouрs  ho l d s  a  p r om inen t  p l a c e  1n  t h1 s  d l r e с t l on .  Thе  f 1 r s t  р ape r s  1n
wh l ch  t he  s t a t еmen t  o f  p r ob l еms  and  f a с t s  r е l a t еd  t o  v a r l t 1 e s  o f  s em1g rouрs
appea r еd  l n  t h е  1950 ' s ,  1 n  р a r t l с u l a r ,  t h e  р aрe r s  o f  G r e еn  and  Ree s  [ I 2B ] ,
l 4 a l ' t s e . v  [ 5ц ] ,  МсLean  I 150 ] ,  Ka l 1 с k l  and  s co t t  t 136 ] ,  K1m ' - t . "  г . ' l  ] . t . l  . ]  Д , 1  зnd
Yamada and Klmuгa t}s9]. In |й.- iэсo;.-tй".рapеrs oг дdyan-t5 j;- . i* i 'AAeE; i  Гrz-
1Ц] ,  Na1k  I 156 ] ,  and  Neumann  and  Tay l o г  t r 57 ]  appea r еd ,  l n  wh1сh  t hе  p r t nё l pa l
t heme  was  s em1g roup  1den t1 t 1e s .  B y  t hе  еnd  o f  t h l s  de cade  aрр rox1ma te l y  t h1 r t y
pape r s  we re  рub l l s hеd  wh1ch  we re  pa r t l с u l a r l y  dеvo t ed  t o  que s t 1оns  l . n  t hе  t heo r y
o f  s em lg r oцp  va r 1e t 1e s .  We  сan  s a y  t ha t  t hе  s e r ond  ha l Г  o f  t h е  1960 l s  r na r ked
the bеg1nn lng o f  a  sys temat l с  1nvest1gat1on o f  var1et1еs  o f  semlgroups  wh1ch up
t o  t he  p г e sen t  ha s  no t  de с r ea sed  1n  1n t en s1 t y .

.  The ln tеres t  1n the  thеory  o f  var1et les  o f  sem1grouрs  1s  two s1ded:  on one
s lde ,  l t  сan be сons ldered as  a  natura l  and lшrpor tant  paг t  o f  the  ' 'un iversa l t l
theory  o f  var le t1es  o f  a lgebra lc  sys tems and as  one o f  the  areas  where  var loцs
genera l  s ta tеments  o f  p rob lems are  put  to  the  tеs t  o r  whеrе  thе  boцnds  o f  app l1-
c ab l l 1 t y  o f  v a r t ou s  s t a t е r nen t s  a r e  e s t ab l l s hed .  0n  t he  o t hе r  s 1de ,  t hе  l anguage
o f  v a r 1е t 1e s  l s  a  powe r f ц l  шeans  f o r  t he  s t uoy  and  c l a s s l f 1 c a t 1on  o f  s em ig r ouрs ,
wh1сh def lnеs  the  lmpor tant  гo}e  o f  thе  theory  o f  var1et1еs  o f  sеmlgroups  as  an
1nteres t lng  and цsеfu l  b ranсh o f  the  a1gebra1c  theory  o f  sem1grouрs  on the  who1е.
A s  a - r u l e ,  t h e  a с t цa1  a сh l e vеmеn t s  1n  t he  t heo r y  o f  v a r 1е t l e s  o f l  s gц1g roups  show
onе  ( and  some t lmеs  bo th )  o f  t h e sе  f a ce t s .  Add1 t1ona l  l n t е r е s t  a r l s е s - f r om  t he
compa r1 son  o f  t ho se  f a с t s  o r  s еpa r a t e  que s t 1ons  on  s еm lg r ouр  va r 1e t i e s  wh l сh
a r е  r е l a t ed  t o  gеne r a l  p r ob l е r n s ,  f r om  s1 tцa t l on s  f o r  r e l a t еd  t ype s '  o г  a l g eb r a l с
s y s t ems , ' a bo ve  a l l  f o г  g r oup s  and  ( a s s o с t a t 1 v е )  r 1 ng s .  A s  е хpе r 1en се  s hows ,  t h e
sрeс t r uп  o f  t he  po s s1b1е  s1 t ua t 1ons  he r е  1 s  max lma11y  d i v e r s e :  1den t1 сa l l y
s ound1ng  an swе r s  1n  s ome  a r еa s  a l t e r na t e  w1 th  oppos l t e  an swе r s  l n  o t hе r s ;  р r ob .
1еms  ea s1 l y  s o1vеd  f o r  s omе  t yрe s  o f  s y s t еms  t u r n  ou t  t o  be  vе r y  bomp l l с a t еd
f o r  o t hе r s ;  р r ob l еms  so l v ed  1ong  ago  f o r  s omе  t ype s  o f  s y s t ems  con t 1nце  t o  r e -
ma1n  opеn  f o r  o t he r s .  We  men t1on  t ha t  e aеh  va r i е t y  o f  pe r 1od ' 1 с  g гouрs  1 s  a l s o
a  var le ty  ln  thе  sеmlgrouр s lgnature;  hence 1 t  fo l1ows thet  somе рroЬ lerгs  on
va r l e t l е s  o f  s em1g roups  с an  be  1nс l uded  1n  t hе  с a sе  o f  ( рe r 1od1с )  g r ouрs .  Th i s
c l r с цms t ancе  l s  one  o f  t he  c onnеc t 1ons  bе twеen  t he  t heo r y  o f  v a r l e i i е s -  o f  s em i .
g r oups  and  t hе  t heo r y  o f  v a r 1e t l e s  o f  g r o l l p s ;  o t he r  c onnЬе t i on s  r v i l l  b e  men t l onеd
l a t e r .  Bu t  na t u r a l l y ,  t h e  p r l n с1pa l  f e a t u r e i  o f  t h e  sub j e с t  c on s1d ' e r ed  by  u s
a r e  de t e гm1ned  by  s em lg r o l r p - t heo r е t 1 ca l  с ha r a с t e r 1 s t 1 с s ,  wh1сh  aрpea r  bo th  1n
the syntaс t l c  s1ngu lar1 t1es  o f  sеmlgroup 1anguagе and 1n thе  рresЬnce o f  an
en t1 гe  s e r l e s  o f  t y pe s  o f  s em lg r ouрs  wh1сh  we rе_d1s t 1ngu l s hеd  1n  t he  с ou r s е  o f
t hе  p r e сеd l ng  devе l opmеn t  and  wh1еh  p l a y  an  е s sen t 1a l  r o l e  1n  t he  gеne гa1  t hеo r y .
Among  su сh  t ype s  a r е  t ho se  d1 s t 1ngu1shed  by  ab s t r a с t  c ond1 t l on s  ( l й ve r s e ,  с 11 f -
f o r d ,  c omр l е t e l у  s lmp1е ,  1 dеmpo t еn t ,  f 1 n1 t Ь t y - a е r r n ed  s еm1g гoup s ,  е t c . )  a s  we l 1
a s  t ho se  wh1сh  a r е  o f  l n t е r е s t  b y  v l r t u е  o f  t he1 r  с onс r е t e - na tu r e  ( s em ig r oups .
o f  t r an s f o rma t l on s ,  s em lg r ouрs  o f  ma t r i с e s ) .

l t I t  l s  с l е a r  t ha t  bo t h  s 1de s  с an  be  a l s o  r е l a t ed  t o  t he  t heo r y  o f  v a r l -
e t i e s  o f  a 1geb r a1е  s y s t ems  o f  a n y  o t h e r  с on с r e t e  t y pe  ( g r ouр s ,  r l n g s '  l a t t i е е s ,
and  s o  on ) .  . Rega rd1ng  t he  s ееond .  o f  t h е sе ,  s ee  t hе  r ema r k  o f  Nеumann  1n  t he
р r e f a ce  t o  t he  book  t 75 ]  on  t he  u se s  o f  t ь ё  t r r eo r y  o f  g r oЦps  and  t he  l nduced
c l a s s l f 1 с a t t o n  o f  g r oup s  w l t h . r e s pe с t  t o  p r oBe r t 1Ь s  o f  v a r 1 е t 1 e s .  S e e  a 1 so  t h e
s t a t emen t  o f  l v l a l I t s e v  l n  t hе  f  l r s t  е ьap t e r  l ' V a r 1е t l e s  ' '  o i  t r r e  book  t  э о  ]  on  t hewea l t h  o f  t h e  l anguage  o f  1dеn t1 t 1е s  wЬ i с r r  a l } ows  many  sub t l e  p r oре r t t Б s  o f
s y s t ems  and  t h e1 r  с l a s s е s  t o  b e  e xр r e s s ed .
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' / e р e r t l с u l a r l y no t e t h a t f o r twoo f t h eabove - namеd t уpe so f s em l g r ouр s
t he r е  1 s  a  рa r t l с u1Ь r l y  na t u r a l  and  сha r a с t е r l s t 1 r  aрр гоaеh  f r om  t hе  po l n t  o f

v1ew  o f  t he  t heo r y  o f  v a r l е t l . e s .  We  a r e  r е fЪ r r t n c  t Ь  l n ve r s e  and  C l l f f o r d  s еm l .

g r o l l p s .  I n  еa сh  l u сh  s em lg r о J . Б - r .  i " _po " s r й r e  t o  c on s1de r  t he  цna r y  ope r a t J . on

- . - - - : ' ,  wh i сh  f o r  1nve r s e  s em lg r ouрs  t a ke s  an  e l emen t  t o  1 t s  l n ve r s е ,  and  f o r

C l l f f o r d  s em lg r oups  t a kе s  an  e tБmеn t  t o  t hе  r e с l p r o сa l  e l emеn t  l n  t hе  с o r r e sрon .

d l ng  пax1ma l  s ubg roup .  т } : . c l a s s  J  o f  a l }  t n ve rЪе  s еm lg r ouрs  and  t he  с }a s s  K  oГ

a l l  C11 f f o r d  s еm lg r oups  
" 1 } }  

ББ -u . " r " t r " "  l n  t hе  s l gna tu r e  с on s t s t l ng  oГ  t he

btnary  operat to , . , -Бг  * i t t rp r rca t lon  and the  1nd l . сa ted unary  oрerat lon .  Еaсh o f

the  var le t tеs  J - -ano к  сonЪ.r . '* i i l . . " . " iu iy  0J  o f  a l l  g roups  as  a  subvar le ty .  An

ana l y s i s  o f  t h J  v i r r e t r e s  o г ] r n ve r s "  and  C} l f f o r d  s em lg r oups  г еa l l y  bеgan  l n

t h e  } 97o , s .  Th1 s  wa s ,  n a t u r a t 1 y ,  v e r y  
" r o "Б1y  

r e l a t e d -w l t h  t h e  ana l у s е s  o f

o r d1na r y  v a r l e t l e s  o f - s . , n t e " o ' рЬ ,  no t - on l y  i " Ь*  t he  po l n t  o f  v l ewо f  t hе  Гo rmu l a -

t l on  9 f  p r ob l еms ,  bц t  a l s o  p . , l t y  г r om  t r r Ь  рЬ rn t  o г  v . t . ew  o f  t e сhn l que s .  Howеve r '

t h e  s pe с l f l с ,  o i , e a сh  o f  t hЬ sе  two  с a se s  s t Ьnd '  oц t .  Wе  no t е ,  t hough ,  t ha t  s 1nсе

eaсh var lety oi .p l i j 'Бd;;tё;1fford semlgrouрs 1s also 
"" ""::::::  ::t ' : ' : l1, lu" ' -

e ty  ( the  1dеn t1 ty  *  =  I .* , . l s  sa t l s f l еd  l n  1 t  f o r  sgme n ,  whenсe  x  _  =  x  ) '

tn the per lod.1c- lu.u the thеБ' '_; i  var let les of  C l l f ford sеm1groups ls  s lmply a

sес t l on  o f  thе  theo ry  o f  o rd1n1rч . , : , o l g "oop  u i " t " t t " . .  Bц t  f o r  1nvе r se  sem l .

g roups the1mpos1 t1ono rape r1od1с l t y cond l t 1ondoesno t suрp rеs s theсha raс te r -
ls t1сs of  the extended ' rg. 'u iu"" ._- i r . .g ls  an arb l t rary var lety of  lnvеrse oг

C l 1 f f o rd sеm lg roups , t hen1 t sp ro .p9 ry}9s !9aspeс l f 1 c -deg reeсandеpendon
propеrt1еs oГ-the- group . 'a" t] t} .  

.Ёпъ l rn t| rе сa ie of  C l1f iord sem1grouрs eaeh

semlgrouр ln,J  l s '  as a serп, l - la l t l cЬ of  reсtangular  bundles,  madе up of  groups

lytng 1n ЕПФ).  Th1s determ1nеs anothu" . ,u. i , , ia l  re lat lon wl th var l .et1еs of

groups

We note that  var let lеs of  1nveгse semlgroups сan be cons1derеd a lso 1n the

somewhat  пo re  gene ra l  
"o . , tu* i_o i  

tnvo lц ted  Еemtgroups ,  1 :u . ,  sem lg rouрs  w l th  an

add'1t lona l  цnary operat1on х * x i  Euch that  (х*)* = x and (xy)* = yt t ;} .  In

reсen t  yea r s ' . , a i t .Ъ r " s  o f  1nvo lu tеd  se rn lg rоuрs  ьave  been  the  subJec t  o f  much

r e  s ea r ch .

A t  р r e sen t  t hе r e  havе  bеen  mo re  t han  Цo0  pape r s - and  book s  pub t1 shеd  wh1сh

wе re  devo t ed  t o  v a r l ou s  a sрe с t s  o f  t h e  t heo " y  Ь ! .  v a r l e t l e s  o Г  s em lg r oups .  A

wea}th  o f  vеry  d1veгse  mater1a l  has  bееn aес i lmu la ted hеre .  Natura1}y ,  the  need

to  r е v l ew  and  s y s t ema t1 ze  t r r t s  шa t e r l a l  a r 1 se s .  I n  pa r t 1 cц l a r ,  s u сh  1 s  t he  p Lan

of  the  f l r s t  author ,  v lho  ьеgan Еo сoшpr1e a  suгvey  sЬvera l  years  ago together

w1th сo} laborators .  I t  was  p lanned.  tЬat  ln  the  survеy  four  la rge  par ts  be  d1s .

t lngu lshed ' :  1) . iaent r t res  or - ' "ййrouрs ,  z )  sem1gгoup vaг le t1es  and thе  s t . ruс tцrе

o f  s em1g roups , 3 )  f r е e  s еm1g roup  i a r t Ь t i e s ,  ц )  t i t t r Ьe s  o f  s еm lg r oцp  va г l e t l e s

( ln  thе  or lg1na l  o l l t l1ne ,  p" . s "Ьted 1n the . , ' . , . . , "y  t1o2] ,  рar t  2  had a  d l f fe rent

name) .  In  the  сoцrse  o f - thе  v+ork ,  however ,  r t  bЬcЬе с lear  that  the  пatеr la l

rev iewеd,  v ras  lmposs lb le  to  p1aсe Ь  t r ,e  rеasonab lе  l1п1ts  o f  one paрer ,  and 1t

was  d ,eс ldеd that  a  sерaratе  p ipu .  wou ld '  be .ded. l ca tеd to  eaсh par t  o f  the  s r r rvey .

The reader ' s  a t tent1on rs  or i ' е l ted '  to  thе  f1 rs t  рaper  1n thе  p lanned сyc le .  .

In  two  sц rvеys  on  va r1e t1еs  o f  sem1groups  pгev lous l y  pub11sheс  tpyys  i i , з l ,

A lzenshtat  anj .в"Ё"t" . . l z l l  ,  t r ' "  рr1nсtpar t r ,Ь*u,  wh1ch 1Ь evtdent 1n thе t1t lе .s ,

was lat t1ces of  vaг l .et tes.  i "p" i . t "  q lest tons iouсуr1ng on semlgroups чf  lden-

t1 t l e s  рe r  se '  werе  сons ldе red  on l y  l n  pass lng .  Somе in fo rmat1on  on  1dеn t l t l е s

o f  sеm1groups  1 . s  сon ta lned ' ,  na tu ra i l y ,  1 "  t . l i " ' Р r ' uy ' o f  Tay lo г  [ r8 r ]  ( sеe  a l so

h1s  ab r l dged '  vе r s l . on ,  P roрos1 ; i ; ; -ц - i й  г r z т ] ) ,  bц t  t r r r s  sц rveУ  has  a  с l еa r lУ

expressed unlvеrsa l  a lgebra lс  d l reсt lon,  and iemlgrouрs appear on ly as onе of

the  numerous  t ypеs  o f  a l geb ra l с  sys tems- ln  wh l ch  some o r  the  o the r  genе ra l  p rob -

lеms ln equattonal  log1с arе l l luЬtrated. .  I f  we take lnto aсcount that  the



maJo r1 t y  o f  a1 }  e s s en t l a l - r " e su1 t s  on  s em1g roup  1den t1 . t 1е s .Was  ob t a l nеd  l n  r e сen t

y " Ь . " , *  t h еn  1 t  b e comes  е s pe с1a l t y  u r g еn t  t h a t  t h 1 s  й a t e r l a l  b e  s y s t еma t i z e d . .

i {a tu" i t ty ,  we note  that  amon8 the  abovе lnd lсa ted fouг  d l reс t lons  theгe  are  d l -

v e r s e  r e1 i t l o n s .  The r e f o r e ,  t h е  t he rna t 1 с  boцnds  bе twеeh  t hеm a r e  . r е l a t l v e  t o

some  deg r ee .  ( Fo г  e xamр l е ,  l t  l s  с l e a r  t ha t  l d en t l t l e s  a r e  p r е sen t ,  1n  any

с a s e '  1 й  a } r  c on s1dе r a t 1on s  o f . v a r l е t 1 e s . )  Nе ve r t h е } e s s ,  f o r  e a сh  o f  t h e s e
r i 1 r e с t l on s  wе ' ' d r aw  a . s е l f - е v1den t  о1 r c l е  o f  que s t l on s  f o rm1ng  a  ba s l s  o f  * "he .

c o r r e sрond l ng  p r ob l ems .  P r ob l ems .  r е l a t 1ng  t o  t hе  d l r е c t 1on  l ' I d en t l t 1 e s ' '  a r е

those wrr tc r r  йe  сan say  have a  syntaс t i с  charac tеr '  f1 rs t  o f  a l l  g rouрed around
t he  f l n i t e  Ь a s i s  p г oрe г t у  ( t e s t  f o r  l t s  p r e s en се  o r  a b s еn се  f o r  v a г l o u s  v a r l -

е t 1 е s  o r  s y s t ems  Ь f  i d en t l t l e s ,  t h e  h e r ed ' l t a r y  f l n 1 t e  b a s l s  р r oре r t У ,  е t c . ) ,

a s  we1 l  a s  que s t l o n s  o f  t h e  d е i с г i p t . i o n  o f  b a s e s  o f  i d en t i t i e s  o r  (wha t  1 s

u sua l } y  e a s { e r )  q f  s y s t ems  o f  a . l 1  . i d еn t i  t i  e s  o f  s em i  g г oЦP s  '  a r e  o f  p : " i n c 1рa l

i n t e r e s t  1 n  s omе  o r  t h e  o t h e r  r е l a t l o n ,  o Г ,  Г o r  e х amP l e ,  s lmp l y  que s t i o n s  on
t h e  s a t . l s f . i a b i 1 i t y  o f  n on t г i v i a . l  i d en t i t i e s  f o r  s em1g r oup s  unde r  с on s l d e r a t i o n .
At  thе  samе t1me,  s ta tements  o f  p rob lеms wh1еh arе  гe}atеd to  thе  1nf lцenсe o f
1dent1t1es  on the  s t гuc tцre  and proрer t1es  o f  sem1gгoups  aге  le f t  to  the  seсond
d1 re с t 1on .

Work1ng over  the  papers ,  wе s t r1vеd for  reasonab1e сoпpIetеnеss ,  des i r1ng
both  to  demonst ra tе  the  bas1с  ach1evemеnts  1n thе .ana1ys1s  o f  1dеnt1t les  o f
seп1gгouрs  as  we l l  as  s1пц l taneousIy  to  put  the  prob}еms 1n ordеr '  рay1ng a t -
t en t l on  a l s o  t o  t he  c l a s s1 f 1 ca t 1on  o f  p r ob l em  s t a t emеn t s ,  and  t o  a  c on s1de r a -
t lon  o f  the  poss1b le  persреct1ves  fo r  fu r ther  с ievе lopmеnt  ( lnc lud lng сonс1se
forпu la t1ons  fo r  severa l  цnso lvеd prob1ешs and open qr ]es t ions) .  In  edd1t1on,
we found 1t  approрr la te  to  1nter laсЪ ln format1on гe1a iеd  to  the  cor resрond1ng
quеst lons  fo r  var1et1es  o f  lnverse  and C l1 f fo rd  semlgтouрs  w l th  the  teх t  dе-
voted to  ord '1nary  sеmlgroup vaг le t lеs .  Thesе p laсes  are  marked by  sшa l l  typе*x .
Conсеrn1ng ln format1on on var1et1еs  o f  1nvo lu ted sеm1groups '  rеs t r1еt1ons  on
the  s l z e  o f  t h1 s  sц r vey  p r e vеn t  t h1 s  hе r е .  A t  l е a s t  onе  o f  t he  p r lma гy  р r o j е c t s ,
t о  n . ]  яnр  t . h e  оa sе s  q f  t he  p r oo f  1n  o r de r  ( е l t h е r  f o r  e s s e r t 1on s  e spее1a l l y  1m-
v v  у 4 * v 9

рor tant  1deo1og1сa l l y  o r  dеmonstгa t lng  some 1mpor tant  method)  has  a}so  not  yеt
been donе.  In  the  fo rmat lve  s tage o f  th1s  paрer  v lе  t r1еd to  1nс luoe matеr la l
r e l a t еd  t o  t he  a l go r l t hm l с  a spе с t s  o f  t h1 s  t heme ;  w1 th  t he  e x сep t l on  o f  s e ve r a l
oрen  que s t l on s  wh1сh  s eemеd  apр rop r l a t e  1n  t hе  c o r r e sрond l ng  s e c t l on s .  We  no t e ,
however ,  that  th1s  top1с  рeгhaps  deseгvеs  a  separate  s \ r rveУ.  Concern1ng thе
r е f е г enеe s ,  t hey  с on t a l n  р r ae t l c a t l y  a l l  t h e  wo r k s  on  ma te r 1a l  s u r veyed  l n  t h l s
paрe r ,  р l u s  o t he r  pape r s  r e }a t ed  t o  t ho se  r e f e r r еd  t o  1n  t he  t е х t  o Г  t h1 s  pape r .
In  add1t1on,  as  a  ru le  announcements  a re  not  lnc lцdеd 1n those  casеs  fo r  wh1ch
r е sц l t s  a r e  p r e sen t ed  1n  l a t е г  рub l l с a t 1ons .  We  no t e  t ha t  t h1 s  рaре r  a l s o  с on -
t a1n s  a  s е r 1e s  o f  en t 1 r е l y  f r е sh  r e su l t s  wh1ch  have  no t  bееn  pub11shed  p r e v1ous l y .

Thе  t ab1е  o f  c on t en t s  g l v e s  a  c 1еa r  o ve r v1ew  o f  t he  ma te r l a l  c o ve r ed  1n
th1s  paper .  We note  that  sevегa l  sec t lons  are  themat1сa l l y  d1v1ded ln to  sub.
seс t lons  wh1ch for  brev1ty  have not  bееn 1nd1сatеd 1n thе  tab . le  o f  contеnts .
Thеo r ems ,  р r opo s l t 1on s ,  a s  we l l  a s  е хamp l e s ,  p r ob l ems  and  que s t l on s  a r e  еa сh
nцmbегed  s equen t1a l l y  1n  ea сh  s e c t 1on  o f  t he  t e x t  b y  рa l r s  o f  1n с i l с е s .
-TTБТ3 

1s ,  however ,  not  as  t ruе  fo r  o ther  d ' l reс t lons  1n the  thеoгy  o f  var l -
e t 1е s  o f  s em1g roups .

**} I e  no t е  t ha t  1n  t hе  г е сen t  book  o f  Pe t r l с h ,  r n vе т sе  Sец i g тoups  t 16ц ]  t n
f a c t  mo rе  t han  two  chap t е r s  a r е  dеvo t ed  t o  v a г l e t 1e s  and  que s t 1ons  r э l a t еd  t o
t hе  above  d l r e c t 1ons  2 -ц  a r е  t r e a t ed  qu l t e  с omр l e t e l y .  Thе  t hеme  l ' I o еn t 1 t 1е s , ' '
h oweve r ,  l s  no t  adequa t e l y  е I u c1da t ed .  o t he r  i n f o rma t1on  on  va r 1е t 1е s  o f  1n -
vе r s e  s еm lg r ouрs  . ( r e f l e c t l ng  t he  еa r l y  pe г1od )  was  р r e sеn t ed  l n  t he  m in1 - sц r vey
o f  Rе l t l y  t r 7 8 ] .  I n  P e t r l с h  t 1 63 ]  b a s 1 c  f a с t s  o n  l a t t l е e s  o f  v a r l e t i е s  o f
C1 l Г Г o r d  s eп1g r oup s ,  o b t a 1ned  up  t o  t h e  b eg1nn1ng  o f  t h e  l 9 80 t s ,  a r e  c o l l e с t e d .



The г .enusс: .1рt  o f  Еh1s
and we thank them foг  the l r
know l edge  t he  c on s t r u c t 1 vе
s еm i na г ' ' A l g еb r a1 с  $ y s t ems ' '
we l t  a s  D .  P o l l a k .

b )  P г e . l  im . i n a г y . i n f o гma t . i o n ,  d e f i n i t i o n s  a nd  f undamеn t а l  n o t a t . i o n .  Thе
mo re  o i  l е s s  s t anda rd  l n f o rma t1on  Г r om  genе r a l  a l g еb r a  1 s  s u f f 1 с l en t  f o r  цnde г .
s t and1ng  o f  t h1 s  рapе r  l n  many  еa se s .  A s  a  r ц l e ,  t h е  nееded  dе f l n l t l o n s  a r e
p r e sеn t ; d .  The  e i c eр t l . on s  a r e  с е r t a l n  l n f o rma t l on  f г om  t hе  t hеo r y  o Г  v a r l е с l - e s

Ь f  a l g eь r a J . c  s y s t ems  and  f r om  t he  t hеo r y  o f  s em lg r oups ,  wh1сh  a r е  a s sцmеd  f am1 -

l l a r  i o  t he  г еadе r .  ( E xamp1es  o f  t he  f 1 г s t  e x сер t 1on  a r е  t hе  no t l on s  o f  a  f r е e

i y s t em ,  с omp l e t e l y  l n va r l an t  еong ruеnсе ,  a х l oma t l c  r ank ,  and  t hе  mean l ng  o f  l a t .

t i с e  ope r a t 1ons  o ve r  v a r t e t 1e s ;  e xamp l e s  o f  t h е  s e сond  e x сeр t 1on  a r e  t he  no t l on s

o f  l n vЬ r s е ,  C l l f f o r d  and  comp l e t e t y  s 1mp l e  s еm lg r ouрs ,  bund l e s  o Г  s em ig r oups ,
Rее s  s em1g rouрs  o f  ma t r l x  t y pe  and  so  on .  )  Rе f e r en се s  f o r  t n f o rma t1on  a r е  t r a -
d1 t 1ona } ,  1 n  р a r t 1 сц l a r  Г 56 , ц2 , 37 , 50 ] . *  _Ц "  a l s o  r е с omrnеnd  t h e  c o r r e s рond l ng

рaрe r  f r om  t he  Mа , t hema t i c a l  Еn cу c Lopеd i а  t 6 r ] .

We sha l l  сh le f l y  use  s tandard  te rп1no logy .  We agreе on one tе rm for  the

1den t1 t y  ц  =  v  l n  wh1сh  t he  s е t s  o f  l e t t е r s  oе сu г r l ng  l n  t he  wo rd s  u  and  v  с o .

1n с l de .  I n  t he  l l t e r a t u r e  su ch  an  l d ' en t l t y  1 s  c a l t еd  homo t yp i с ,  and  a l s o  г еg l . l -
l a r  o r  no rma l .  Wе  w l l l  u s e  on l y  t he  f 1 r s t  t е rm ,  bе сaцsе  r )  h l s t o r l с a l l y  i t

р r obab l y  was  t he  f l r s t  ( s ee  t he  p J . onee r l ng  papе r s  [ ] .Ц ] . , 1Ц2 ] ;  2 )  l t  l s  s u1 t ab I y
mnрmоn . l  с :  ?  )  t n  с on t r a s t  t o  t hе  o t he r  two  t e rшs ,  wh l ch  have  many  d1 f f е r еn t  mean .
l l ц ^ v r . . v . t д Y  '  J ,

l ngs  ln  i lgebra lс  tе rm1no logy ,  t t  doеs  not  have homonyns .  An ldеnt l tУ  wh1ch 1s
noЕ  homo t yp t с  l s  с a l l e d  h е t e г o t y p i с .  An  l d en t 1 t y  u  =  v  l s  с a 1 l e d  b a ] an с ed  i f
e a сh  l e t t e r  l n  t he  wo rd s  u  and  v  o c cц r s  t he  s ame  nu Jnbe г  o f  t tmes .  I t  l s  e a s y
t o  s ee t ha . , ,  a  v a r l e t y  dе f 1ned  by  an  a r b1 t r a r y  sУ s t em  oГ  ba l anееd  equa t l on s  w i l l
b e  s uPe г с ommu ta t l v е ,  l . . e . ,  w t l t  c on t a1n  t h e  v a r l e t у  t  o f  a l l  с ommu ta t l v e  s em l .
g r oupЬ ,  and  сonve r s e l y ,  e a ch  l d en t t t y  o f  an  a r b l t г a r y  s uре r сommuta t l v е  v a r l e t y
w1 l l  b e  ba l an сеd .  Suрposе  w  1 s  a  wo rd ,  x  1 s  a  l e t t e r  no t  l n  t he  l l s t  o f  w .
obv1ous l y ,  t h e  pa1 r  o f  l d en t l t l e s  Wх  =  xw  =  w  i s  s a t l s f l e d  1n  s omе  s em lg r ouр  s
1 f  and '  on l y  1 f  s  с on t a l n s  z ePo  0 ,  and  ea сh  va l ue  o f  t hе  wo rd  W  l n , S  l s  equa l  t o
0 .  We  w l l l  t h e r е f o r e  w r1 € e  t h е  1nd1сa t ed  рa1 г  o f  l d еn t l t l е s  a s  ohе  s ymbo l i c
l d en t t t y  w  =  0 .  I den t l t l e s  o f  t h е  f o rm  w  =  0 ,  a s  we l l  e s  v a r l e t t е s  dе f i n еd  by  .
1 den t l t l e s  o f  t h 1 s  f o rm ,  w l l l  k r е  с a l l e d  0 . г e du сe с i .  r f  0  l s  s ome  ab s t r a с t  p r oр .
e r t y  o f  s em1g rouрs ,  we  r a l l  a ny  v a r 1е t y  еon s1 s t l ng  o f  0 - s em lg r ouрs  Ь  0 - va r l e t y .
The  e xр r e s s l on s  l t р е r l od l c  v a r t e t y , ' l  ' . n 1 l рo t en t  v a r l e t y , п  ' | l o с a l l y  f l n 1 t е  v a r 1 .
t y , ' '  a nd  s o  on  w111  be  unde r s t ood  l n  t h1 s  s еn se .  I n  t h1 s  с onnec t l . on  wе  no t е
t h a t  l n  c on t r a s t  t h e  t e rm  ' ' C l l f f o r d  v a r l е t y t lmеan s  a  s еm l g r oup  ( 1 . e . ,  o f  s 1gna .
t u r e  ( . ) )  v a r l е t y  c on s1 s t 1ng  o f  C l l f f o r d  s em1g ro l l р s ,  bu t  t hе  eХp r e s s1on  пva r l е t у

o f  C l l f fo rd '  semlgrou,ps l t  means  a  var le ty  1n the  еxtеnded s lgnaturе  ( . ,  - . ) .  An
ana logous  rеmaгk  cou ld  be  madе foг  1nvеrse  seшlgтoups ,  howеvеr  l -n  faс t ,  wе do
no t  havе  t he  t е rm l t l n ve r s e  v a r 1e t y , l l  s 1n сe  l t  1 s  e a s y  t o  цndе r s t and  t ha t  l f  a
s еm lg r oup  va r 1e t y  c on s l s t s  o f  1nve r s е  s еmtg roups  t hеn  t t  1 s  a  C l l f Г o r d  v a r l e t y
o f  a  s pe с l a l  f o rm :  t t  с on s l . s t s  o f  s еm1 l a t t 1 сe s  o f  g r ouрs .

l d en -I f  S  l s  a  s em tg r oup ,  C  l s  t h e  с l a s s  o f  s еm l g r oup s , ' Е  l s  a  s y s t еm  o f
t l Е l e s ,  t h en  va r  S '  v a r  C  and  va r  f ,  w l l l  r е spe с t l v е l y  deno t е  t hе  v a r i e t y  gеnе г .
a t еd  bУ  S ,  C  o r  de f l n еd  by  t hе  l d en t 1 t 1e s  1n  Е .  I f  E  l s  a  v a г1е t y  t hеn  еqE  w l l 1
deno t e  t he  s e t  o f  a1 l  1dеn t l t 1 e s  s a t 1 s f l e d  l n  s em lg r ouрs  l n  E .  I f  E - v a rS '  E  =
= V8ГC,  E:vаrЕ , .  1ns tead o f  eq  E  We s1mрly  wr l te  еq  S ,  еq  C ,  еq  Е .  IГ  thе  sys tem of
l d еn t 1 t 1 е s  f , . . . ,  ! s  s u сh  t h a t  e qЕo : еЧS .  t h еn  i t  l s  с a l l e d  a  b a s i s  o f  i с i e n t i t . i e s

.  *We notе  that  1n the  mod l f led
speс1a l  с haр t e r  devo t еd  t o  1den t l t

n я n р т .  h а  s  h р e n
у g t J 9 д

adviсе and many
con t r l b u t l o n  o f

|  ^ . А  { .  I i i я Й

\ d . r r ц  '  ! l l  v  Ч t  l l  ,

n р r r . i  д w р r l  h v  а  s е r i е st  Ч  v  д ! i ! 9 Ч  ч J

u se f u l  r еma r k s .  Wе
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Amеr lсan ed1t1on o f
l е s  o f  s em lg r oups .

t 1ц5 ]  t he  l a t t e r  has  a



. f  t h e  s em l s r ouD  S : .  Ana l ogous l y ,  a  ba s l s  o f  1den t j . t 1 е s  o f  t h e  с l a s s  o Г  s em l -
U t  L l l Е  o 9 l l r д б д  v ь г  

й Ё ^  _ ^ ^ L ^ я . |  о й  f n р  n Ь t э . !  n . l  n o

; ; " ; ; :  ;Ё - з ; ; ;Е ' ] . o r . . i a " "Е i i r "Ь ,a " "  de f l nеd .  The  meсhan1sm fo r  ob ta ln lng
'  ^ л  ^ ^  г  t * ^ *  + Ь 6  { r l o n t . t t . { р q  Г  l  s .  w e l l - k n o w n  ( s e e  f o r  e x -

i , ; : ; ; i . i l ; ;Ё ; ; ;Ё i r "Ь; ; - ; ; . ;  f rom the ldеnt . l t l еs  Е  l s  we l l -known (see fo r
f  *  a  о a и . | a e  а f

#;.i;-rt; j ,";;:-;,-5i. ') .--}; ; l" '1{.сonneсt1o. "" P3ч? :Р1'^*^: i .::1","".:.
n a  n a r  q

n Y , J  -

workH"; . i ; ; i ; ' " ; i  ; ; . iЁ; ; ;р"  i i " " lud ' lng the.sцгvеy t7])  the рaрer t . r3]  was a
& ь  ^  f ' ' я z l  о я a n t  c . 1

#";ъ;;;;;;";:  
"й;;йi i ;  ;й i '_йuЬr, inrsm. was оЬsсrtьed 1n the fцndamental

Б i -Ь r i . йь " г i  г166]  ( see  De f1 r i 1 t l on  5  and  Theorегп  9 )

. .  A  s еm lg r oup  S ,  t he  . c l a s s  o f  s em lgчguчs
s y s t em  6 г  1den t 1 t l е s  Е  a r е  с a l l e d  f i n i t e

l dЬn t l t i e s ;  no t  f 1n t t е l y  ba sed  s еm1g rouрs '
i n i t e l y  b a s ed .

We adopt  the  fo1 lowlng abbrev la t1ons  fo r  f гequent ly  еncounterеd рhгasеs:

г . b . .  -  f t n l t е t y  b a s еd  ( v a r l e t у ) ,  f l n l t е t y  b a s еd  ( s em l g r ouр ) ,  f . d .  -  f l n l t е l y

d ' e f l n еd  ( s е r n1g roup ) ,  1 . f .  -  i o 6a r r y  f l n t t e -  ( v a r l е t y ) ,  s . 1 .  -  s em lg r oup  l d еn -

t 1 t y ,  Г . S .m . t .  .  i t е 6 s  s em l g r ouр  o f  Ь a t r t x  t y р e .  F o r  r . . i .m . t . ' o v е r  a  s еm i g r oup

Sw l t h s andw1ch  ma t r l x  Р  we  w l 1 i  ц s e  t h e  
" anoh1 ca1  

no t a t t o n  M (S ;  I ,  A ,  P ) .  F o r

r . s .m . t .  w1 th  a  z e r o  o ve r  a  g "o l . . р  w1 th  ad Jo l n t ed .  z e r o  G0  and  s andw l ch  ma t r l x  P

we  w l l l  ц s е  t r r e  
"Б i " t i o " -м i t E ;  

I ;  A ,  P ) .  The  g r aph1с  cong ruence  o f  wo rd s  w1}1

be  d еno t ed  b y= ,  t h e  J o1n  o f  t ь e . v a r r е t l e s E  andE . l n  t h е  l a t t l c e  o f  v a r l е t l e s ,

by  the  . symbo l  Sv lB . .

сHAPТЕR I  .  THЕ FINIтЕ  BAs  I s  PR0PЕRтY F0R sYsТЕ14s  0F  I  DЕ i ' l т IТI  Еs

1 .  sURvЕY oF  ЕxA i4PLЕs  0F  INFINIтЕLY BAsЕD sYsтЕ l .1s ,  0F  IDЕNтITIЕs

The  f 1 r s t  e xamp l e s  o f  s y s t ems  o f  s . 1 .  wh1ch  a r е  no t  f . b .  we r e  p r e sеn t ed  by

в t yuйov  1n  [ 15 ]  anЬ  Aцs t l n  1n  t r lЦ ] .  The se  g xаmp l e s  l n  Tab l e  l . l  b е l ow  a r e

а " "Ь i " o  b y  16  i й a  д r  r e spe c t l v e l y .  Up  t o  t he  р r e sen !  t 1me  t he r е  have  been  mo re

than ц0 s ;ch  examples  puЬ l l s r ,ed ,  and t t re t r  nuпbeг  еont lnues .  to  lnc rease .  I t  l s

c l е a r  t ha t  t he  c on s t r ц c t 1on  o f  new  no t  f . b .  s y s t еms  ha s  l ong  с еa sеd  t o  be  an

end  l n  i t s e l f ,  and  t hе se  s y s t ems  a r e  now  u sed  a s  a1d s  l n  t hе  s o l u t l on  o f  v a r i ou s

р rob}e r r s  l n  t hе  t heo r у  o f  v a r 1e t 1е s  o f  s em ig r ouрs .  . Thе  mos t  l n t еn s l v e  ' ' с on -

sume r s ' l  o f  no t  f . b .  s y s t ems  a r e  paре r s  l n  wh l сh  t he  f o rm  o f  1dеn t l t 1 e s  g l v i ng

he r ed l t a r l l y  f . b .  v a r l е t 1 e s  1 s  aЬ г i n e a  ( t o  t ь t s  е nd  s y s t ems  AЦ ,  t 5 ,  B 3 -B7 ,  B9 ,

Ь r o  a . , a  B16  have  been  u sed ,  .  f o r  de t a l . l s  s eе  Chaр t e r  I I 1 ) ,  and  papе r s  l n  v l h1 сh

con t l nua l 1 t y  o f  s ome  o r  o t hе r  f r agmеn t s  o f  t h e  l a t t l c e  o f  v a r i e t i e s  o f  s еm i .

8 r ouр s  1 s  p r o v ed  ( h e г е  t h е  s у s t em i  A l ,  A 1O -A r 3 ,  B l ,  B 13 ,  C l ,  Е 2 - Ец ,  F 2  a r е  a p -
. ' r i o а . t  Tn  sn1 t e  o f  t hе  l a r ge  numbe r  o f  known  no t  г . b .  s y s t ems ,  l t  i s  no t  d i f -
у t д 9 ч / .

f i с ц l t  t o  no t е  t ha t  a  v е r y  r e s t r l с t ed '  nuпbe r  o f  me thods  1 s  u sеd  f o r  t he l r  c on .

s t r u с t l on .  I t  1 s  po s s1b l e  t o  d l s t l ngu1sh  f 1 ve  пe thods :

a )  t h e  u s e  o f  ' l tw l s t е d ' '  s ubwo rd s  o f  t h e  f o rm  х l * 2 . . . х n y xn . . . х 2 x1 i

b )  t he  r eрe t l t 1on  oГ  wo rd s  o f  onе  t ype  ( u sua l l y  o f  t y рe  *2  " y ' "  * v* )  o vе r
d l f f е r en t  v a r l ab l e s ;

c )  t he  ц se  o f  s ubwo rd3  o f  t he  г o rm  yхny  w1 th  1nс r ea s1ng  е xponenЕ  n ;

d)  the  usе  o f  subwords  o f  thе  fo rm хPyP wheгe p  r l rns  thгough thе  sе t  o f
n n i  m a  n r r m l ' r p n q  .
Р д  

д д l l v  . . 9 . . . v v д  У  
'

е )  t he  u se  o f  aре r l od1с  s equenсe s

I n  c o r r e s ponden сe  w t t h  t h e .me t hod  o f  с on s t r u с t l o n  we  w1 l l  c I a s s l f у  n o t  f . b
s y s t еms  o f  t d еn t l t l e s  a s  o f  t h е  f o rm  A ,  B ,  с ,  D ,  Е .  They  a r е  enЦmеra t ed  i n
Tab l е s  r . } . I . 5 .  I n s 1dе  t h е  t a b1е s  t h e  s y s t еms  a г е  s ubd1v1ded  l n t o  t h o s e  с on -

6

1
( l n  p a r t 1 cu l a r ,  a  v a r l e t у ) ,  a nd

v  b a sЪd  l f  t h e y  h a ve  a  f l n l t e  b a s l s
and  so  on ,  w111  somе t lmes  bе  с a l l е dt - t r a

o f
i  n f



Tab l е  t . l

S y s t еms  o f  T ypе  A

(дn.y)' . уonуoi, п .2, 3' .. .

!co!a.o-увiуаo. в- l .  2, ...

fв,{.o. вna]of , п- 1, 2 ...

уzaozo.,zуl - .у'вnzа:,у, л - 2. 3, ...

вolа.J - уа,oуo.o , n. |, 2, .,.

аnlt.- !,{i!в -.у1. 71.oу, -. |t{n!n... !1 l П. 2, 3' .. .

f a,{.oanу - апa.nfanу, л ..l, 2* -.

уaoзуo'oуz. уаnzаiуt, п. |, 2, -.

t' - хух' . хZух - 'у'u -o, вp"o- аiаo, n ..l. 5, .-

anуfa,1у - уanуoi, п - 2, 3,,..

f-|в.;tвoв.n|у - on. п - l .  2, ... l .

wh... Yn |r rn ..oltr.rу woro сoпtr|n|ng th. tuDword wm

у'вп7д.пt.0, а- }. 2. ... I

ув 'Lуa i .0 ,8-}  3 '  -

. L aD J . е  д .  Z

Systems ,6r тype в

Foam

z'у.bot' - уlbnуaz', л - l' 2' ...
ct'!з'.ltl - ).lc,,-rJr, л . l. 2, -.

уbnу - уb.nу, л.2' x ...

уcoу - уcil, п - 2. 3, ...

у'уbу.-у'уba|-l,,lu-'. л- l' 2, -.

fc-- fЧntхl*Fёtд.t:ra-*rrл-}Еtл-l , п - l' 2' -.

у i tъ!(nуff| l t -  l*J.- l{]17l131!1l  n-2, 3,  . .

fbпf  - Jbпf ,  п - | '2 , , -  :

у1ba|-у1b1bl ' , l-- ' .  п- l ,  2' .. .

tУa|ht,l-tуdb1-2х21oх\,-l , п. l, 2, .-

J1.tд.g 1. r1.r1х1t1. хr:trrхr. ... . Х6Jд_ 1Jд.ь lJд .

-  rдnr1 .a1 . t1 r1 jy ' l . х tErдsJ r . ' . . ,  Х  7 t  a -  1X 1  a  tХ  n ,  П -  t ,  2 '  . . .

ух1у - lt'.у, у|!bn{t - f'bп{у, л - |, L
z!зу1 .- lnzbп7 - z!,ry,.- !пДnz, n - 1'2' ..'

.ъа| - хл+d, у'|'|.. х !у - ухl^ -.'.*,'у,

п 4 , J 1 п i - d ,  п > l ,  d  с r i i o в l .  п . 2 . 3 '  . . .
3хt - sJP+l.r aPуP э уP4P, l a aP+|,

sхТ| уP-. хуtt - 5gсP-t уP-t a у|'

s,f-llf-l,.l. ...'Г| уГt' oу #P+| .
-. ..-." 

l -*Г,уf ,.{,y. -.,Г.уi-.,n),o", в.|, 2,
в16 ' |  у ' , ьnу:  fфnz ,  л  -  l .  2 ,  - .
вl7 l .d - J l . .bЁ,J,у - fbnу' л - l '  2, ... .

R. t . r -
tпa

Ftomotyp|с
not D.lanc.d

ul4l
шssl
Е3ll
tsE

Цml
г34l

п l n |
[ . . 41

tlsq
t6l
t46l

t5E
t60l

AI
A2
A3
A4

A6

н.t..otу9lс A9

Al0

All (п).
п ) l
AUI

, A t 3

I R.t.r-
I .ncc

в l

в2

вз

let t
ш8l l
tlTol
tlTol
t1701
tl70l
llTol
ll7rl
tlzl
Il7зI

llt'r

в4

вэ
в 6

в 7

в6

в9

в l o

в 1 l

il
I

iill
l . l i l

ilt
. te2l
tesl
ш7rl

riel

htomotyp|с
uno.|.nс.d

_9r2
. в l 3

в l 4

н.r. l.n d.пot.i tn. wor6 rrЧ . . . хn. с; tn. wo.d xn . .. x1хl.

D



Tab l e  f . 3

S у s t ems  o f . T ype  c

$оуl). (f х4'' p rUnJ tnrougtr th. '.t :J rll 
p.|m6

.  - 1 . .  .

Tab l e  1 .5

Systems of  Tуpe Е

хs - 0, х,ухzхy'х,ух!z!хlх!.t|!anухЦ 
-.

- .Y |у х'х у'х'у х у 7 у.v'х у х, ya i lу.с |х, (п' л). €  o..

t r " ^ t , . ' l п Е 3 . n d  o a в a p а . . . д t I w n r r . -  a !  ,  Ч , . ' .  l

oot t i .  у), orttn. &l - дl . b1*. s o1*' . ..1 
.1,,.: '  

= o.

. i o -  Ъ1 . . i  i  z ,  i  11  д l+r  ;  d l .  тn .n  Dy o . l ln l t lon

o o : b p 1 , . . b 1 .

Tab te  1 .6

Ident l t1es of  Inversе Sem1grouрs

хfх'uoхfх2 -хt'-r'uдa1хt'хl. д- l. 2, .. .

of th. Ar'non ,.q*nЬ t9] сon*ruсt.б from tn. dlglt! l.2. 3 r}

в l

вz
вз

R  G f . t -
.nсl

[15e1
tsll 

-"

ш8sl

. шl2l

R rt .  r .
.nФ

tr-

тyp.

F.omotу9lс
uпb.l.ngхt

н.t..otypl.
с.l

Е1

ё lo1'
o atD. f i1.
o n N

.  . . . . :
Ез

Е4 (с) .

o  a lb .  aq .
o n N

tфl

(хr r:  . . .  хnхi- l : i l  . . .  , ; ' ) ,  .  хrJ:  . . . :лJГ lх,- l  . . .  х] ,

п runt throц9n м

х 2 - f ,  1 - , n ,  n . | , 2 ' . . .

, '  , . . .o .n l з  l t  th .  (п+2) . tn  рr lmr .  й  l r  th .  r rm.IndGr  o i  m mod p .

Po-(б .  
-  

. . . ,  Fг '  o ]  z ] . . .  ,Ф '  , . . ,

о. т, .:., }t;_l), ....т,7=t.
tn .n  Dy o . ' |n l t lon  rn  l ' ob t r lncd  ' ro rn  pп Dу l .p l . с lng  l  DУ x11. .

1  .  o .  1 ,  . . .  .  P : 1 .

R a tc r -
.nс .Form

Е l  (м ) .  м  _  l п | l n l t .  t цDJ . t

l n N

t33l

pl.clng I bу xу, t lx'.

х'-.rr' уt1oх't - уtzP*х,у, (л' n) е o

|P n|n6 у lr .n lrbltr.rу якlu.ne. ol wordt ol x. y. r 'цсn tn.l



s 1 s t l n g  o f  b a l a need  i d еn t 1 t i e s '
l d еn t 1Е i e s ,  h omo t yp l c  l d еn t l t 1 е s
he t е r o t yр J . c  l d еn t l t l e s  .

Coгo1  1  a гy  (Po l l a k  t r ь71 ; .
naсe ry  Daseo .  , .

homо t yp l c  1den t l t l e s  no t  с on t a l n l ng  ba l an сed
nn t  n оn f . A J n l n оba l a n с еd  l d en t i t 1 е s ,  a nd  f l n a l l y
r t v v  v ч . . v g

t l
I
i l
l i

r l
: l

t i]il

Not  f  . b .  sys teпs  o f  1dеn t1 t l e s1o f  s l gna tцге  ( . ,  - l ; ,  de f1n1ng  nоngro l l p  va r l е t l е s
o f  1nvегsе  sem l ! гouрs  a re  сo1 leс teo t  rn  Tab tе  1 .6 .

92 .  т l : : г  tQR  ТHЕ  F iN I тЕ  вAs I s  pкopЬктv

Suрpose  Е  l s  an  l n f l n l t е  sys te{n  o f  s .1 . .  How сan  l t  bе  de tе r rп1ned  ъ ihе the r
I

I t  1 s  f . b . ?  The r e  a r e  many  t e s t s  wp l ch  an swe r  t h l s  que s t Lon  t n  a  s e r l e s  o f
I

s pe с l a l  с a se s .  The  l d еa  f o r  a  в r eap  numbе r  o f  t he se  t е s t s  с on s l s t s  l n  t he

f o } l ow l ng .  I n  Е  t hе r e  l s  a  f l n 1 t e  pubsv s t em  Еo  w1 th  t he  р r ope r t y  t ha t  any  s y s .

t еm  x ,  c on t a l n1ng  l o  1 s  f 1n1 t е l y  baЬed , .  The  sУ s t em  Еo  ( and  t he  v a r t e t y  dе f t nе с i

b y  1 t )  l s  c a t 1ed '  h e r ed l t a r l l y  f  . b . . :  Re sц1 t s  d ' e a1 l ng  w1 th  he r еd l t a r l l y  Г . b .

sys tems and var1еt1es  are  enumегated and ana lyzеd 1n Chaрter  I I I .  Wе now as-

sцme that  the  sys tem Е 1s  sцсh that  eaсh o f  1 ts  f1n1te  subsys teшs can be ln -

с l цdеd '  l n  s ome  non  f . b .  s у s t em .  I f  1n  t he  above -men t l oned  s l t u a t l on  t he  f 1n1 t e

bas1s  proрer ty  1s  1ndцced '  by  reasons  o f  a  ' ' l oсa l l t  nature ,  thеn 1t  mцst  be  еn .

su r ed  by  s ome  ' ' g l oba l l t  p r opе r t 1e s  o f  a t l  1dеn t l t 1 e s  o f  t h e  sУ s t em  Е  on  t he

who l e .  We  p r e sen t  e xamр l е s  o f  s ц сh  p r oрe r t 1е s .

We  сa l l  t h e  l e ve l  o f  t h e  t t o гd  w  t hе  d l f f e r en сe  be tween  l . t s  l e ng th  and  t he

nцmbe r  o f  d l f f e r е n t  l e t t e r s  a рpea r l n g  1n  w . . . Thе . l e v е ]  o f  t h e  . i d еn t i t y  u  =  v  i s

the  max lmцm of  the  leve l s  о f  the  woгds  ц  and v .

Тheo г em  2 . 1  ( Vo1kov  i r в 711 .  Suppo se  t h e  s y s . t em  o f  s . 1 .  I  i s  s u r h  t h a t  t h e

leve l s  o f  a l1  1d 'ent l t l es  appеar lng  ln  l t  aтe  цn l fo rmly  boцnded.  Then Е  l s
' t

f l n l t e l y  b a s еd .  I

We note  a  very  lmpor tant  speс1a1 сase  o f  Theorem 2.1 .  An 1dеnt l ty  o f  tbе

f o rm  J t J : . . . Xo :  Х , , \ . . . . х л ' .  whe r e  т  1 s  a  pe rmu ta t l on  o f  t he  s e t  t l ,  2 ,  r . . ,  n } ,  1 s

ca l l e d  a  ре гmu ta t i on  l d ' en t l t y .  C l e a т l y ,  l h e  l e ve l  o Г  a  pe rmu taЕ1on  1dеn t l t y  l s

еoua1 to  zеro .  We therе fore  obta1n

Еaсh  s y s t em  o f  pe rmu ta t l on  1den t1 t l e s  l s  f l -

riil

I
I
I

I
I
I
I

I
I
I
i

I

I
I
I
I
I
I
i
I
I
I
I

. l  ' - l
' ' -^:; I
,.,"1

I

: : .
Thе fo l towtng tеs t  fo r  the  f ln l te  bas l s  propег ty  apрears  here  fo r  the  f j . r s t

t 1me .  We  sha l t  s a y . t ha t  a  l e t t e r  х  l s  г epea t ed  l - n  t he  wo rd  w  l f  1 t  appea r s  no

- l е s s . t h an  two  t 1mes  1n  t h e  r r s t  o f .  w '  .  :  : .  )  , :

.  
.  Т heo г em  2 . 2  ( Vo l k o v ) .  Sцpрo sе  t h e  s y s t e в  o f  s . 1 .  Е : { r r 3 - t , l ' . ,  t s  s u сh . t h a t

t n  ea ch  o f  t he  wo rd s  u , ,  v 1  no .mo re  t han  one  l e t t е r  l s  r epea t еd ' .  Then  [  1 s

f l n l t e l y  ba sed , .  -

, . . . - - . . : - - . An  e x am1nad1on  o f  . s yЬ t eшs  o f  т y pe  C , . s hows  t h a t  Theo r em ,2 . 2  с anno t . b e  e х -
:- :



t еnded  t o  s y s t ems

a r e  r eреa t еd ' .

с on s1 s t l n g  o f  1 dеnЕ l t 1 е s  t n wrrrс i r  not  more than two let tеrs

93.  тЕsтs  F0R. .т i i i . i i j t IN lТE BAs*Is  PR0PЕRТY. . .  ' - .  . .

Thе  p r oo f  o f  t h e  f a с t  t h a t  s ome  o r  t he  o t he r  e xp11с1 t l y  de s с r 1bed  1n f 1n1 t e

s y s t em  o f  s . 1 .  Е  d oe s  no t  h d ve  a  f l n l t e  b a s l s  l s  a s  a  r u l е  n o t  v e r y  d l f f l c u l t .

I n  t he  r пa Jo r 1 t y . , о . f  c a se s  1 t  l s  c a r r l е d  ou t  s yn t a c t l с a l l y  b y  means  o f  t he  ana l y s l s

o f  the  hypothet1сa1 d 'e r l va t lon  o f  an  arb l t ra ry  ldent1ty  ln  Е  f rom a f1xеd f ln l te

sub sy s t em ,  mo rе  su с с l n с t l y ,  s eman t1 ca t t y  b y  c on s t г u c t 1ng  e xamp1еs  o f  s em lg r oцps

sa t l s f y l ng  any  р r e v l ou s t y  de f l n еd  f l n 1 t e  s e t  o f  l d en t 1 t l е s  l n  Е ,  bu t  no t  l y 1ng

tn  v a r  Е . . The  s 1 t ua t i on  be comеs  i ' п , " a su r ab l y  moге . сoпp l l с a t ed  1 f  t he  s y s t em  Е

ls  not  
. "хpt tсз . t l y  

g1vеn. .  д  tyрrca l  and very  lmpor tant  e iamрle  o f  suсh non.

exp i rс t t l y  g r 'u ; : , J , iu 'u  l s  the  sys teш еq S  o f  a l l  1dеnt l t1es  o f  some semlgroup

s . . .  The f l r s t .  iЁ" t  fo r . the  1nf1n1te  bas l s  рroper ty  app} lсab le  to  th1s  case  Was

found ln  the  key  work  o f  Perk1ns  t159] ,  1n wh1сh the  most  lшpor tant  aрр l1сat1ons

o f  t he  t e s t  wе r e  l nd1ca t еd  ( s ee  5 /  be l o v l ) .  I n  o r de r  t o  f o r r nu l a t е  t h1 s  t e s t ,  we

g1vе  two  de f l n 1 t 1on s .  A  s y s t em  o f  s . 1 .  Е  l s  с a l 1 ed  с ] o s ed  w i t h  г е s pe с t  t o  с an .

с e ] . l a t i on  1 f  any  l d en t l t y  1n  Е  1 s  hoшo t yp1c  and  t hе  c ance t l a t l on  o f  a I l  o с сu r .

r en ce s  o f  s ome  }e t t e r  1n  an  a r b l t r a г y . l d ' en t t t y  l n  eq  Е  l e ad s  t o  e1 t hе r  t hе  ' ' eшp t y . '

l d ' e n t l t y  o r  a n  1den t 1 t y  1n  eq  x .  The  wo r d  w  l s  c a l l e d  an . i s o t h e г тп  w i t h  r e s pe с t

t o  Е  l f  e q  Е  doe s  no t  c on t a1n  non t r l . v l a l  1den t l t 1 t е s '  one  o f  t he  pa r t s  o f  wh1ch

1 s  w .

Тheo г em  З . 1  ( P e r k l n s  t r 5 9 ] ) .  S uppo se  t h e  s y s t еm  o f  s . 1 .  Е  1 s  s ц сh  t h a t :

1 )  x  1 s  c l o s еd  w1 t h  r e s pe с t  t o  c an с е l l a t 1 on s ;

2 )  t he  wo rd s  х y z y х  and  x z y xy  a r е  l s o t he rms  w l t h  г е spе с t  t o  [ ;

3 )  t he  s y s t em  o f  1d ' en t 1 t 1e s  A2  l s  a  c on seq l l e n cе  o f  t he  s y s t em  Е ;

ц)  the  1d 'ent1t1es  l у :y l ,  (хy) ,  - -хУ '*  a re  not  сonsequеnс6s  o f  [ .

Thеn  Е  1 s  no t  f 1n1 t e l y  ba sеd .

In  the  сourse  o f  15  years  Theorem 3.1  rema1ned '  un1que ln  1 ts  k1nd.  on ly

r e сеn t l y  we r e  two  nеw  e f f e c t l v e  t e s t s  Гo r  t he  l n f 1n1 t e  ba s l s  р r ope r t y  f ound .

The  f l r s t  o f  t h e se  appea г s  he r e  f o r  t he  f l r s t  t lme .  Wе  deno t e  t hе  s em1g rouр

(a ,  b | obo : a ,  bab :b ,  oZ : a ,  b7 : 0 )  b y  A2 .  The  s em lg r ouр  A ,  с on s i s t s  o f  5  e l еmеn t s

0 , a ,  b ,  ab ,  bo i  1 t  с an  be  t hough t  o f  a s  an  г . s .m . t .  o ve r  t hе  onе  e l еmen t  g r oup  Е  =

=  {e}  w l t h  t he  s andw l сh  ma t r l x  ( ;  )  ,  o г  a s  a  s em lg r oup  o f  2  x  2  ma t r l c e s  | / l  0 \

/0  l \  t l  0 \  /0  l \  /0  0 \ . l  . - , дL  _^^. i i . . o J l , - : :  : : ' ' : . '  
" : , . : : : : - : , ' ; . . . : . ' ;^ : - ] . : : .  

* " " .  
l \ o  o / ,

( ; ; ) '  ( ;  ; . ) '  t ; ; ] '  ( ; ; ) J  w l t h  r e spec t  t o  t he  ' ц sua l  ma t r l x  mu} t l p l l ea t1on .

Theoгem 3 .2  (Vo l kov ) .  Suрpose  S  l s  a  sem lg rouр ,  T  l s  a  subsem lg roцp  1n  S .

Furthеr '  suppose thеre ex ls t  a nat l l ra l  numbег d and a gгoup G w1th the 1dent1ty

x*=esцсh tha t
l 0
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f о r  a l !  х ( S ;

2 )  o ( v a r S \ v a r Г ;

3  )  t h e  s еm lg гouP  A ,  I 1е s  l n  t hе  v a г l е с у  v a r  S .

Then  t he  s y s t em  o f  t den t l t l e s  eq  S  l s  no t  f 1n l Ее l y  ba sеd .

Somеwhat  la tе r  thе  fo l lowtng tes t  v las  d l sсovегеd.  . In  t t s  fo rпц laс lon  thе

s еqцеn сe  o f  wo r d s  ( z n }  a г е  ц s ed  wh1ch  wa s  l n t r o dц сеd  b y  Z l n 1n  [ 29 ] *ZZ , : X , ,  Z z=

r . Е 1 . Е ; , | r , , . . ,  z n - Z а - t Х J п - t .  i . -

Тheoгeп  з .  з  (Sap1 r  t 81 ]  )  .

]. ) the vaгlеty vаr lf l  var {l -

. .  ,  2 )  eaсh  o f  thе  words  ZL ,

Then .Е  1s  no t  f1n1 te l y  based .

Nцmeгoцs  app l l ca t l ons  o f  Theoreп rs  3 .2  and  3 .3  a re  со l l е с ted  1n  55 ,  as  wе i l

as ln Chapteгs II  and.  IV be low

Foгma1 ly  spеak1ng ,  Theoreп rs  3 .1 .3 .3  a re  comрarab lе  l n  fo гсе ,1 . € . ,  f o r  any

1  -  l ,  2 ,  3  theгe  eх1s t  no  f . b .  sys tе tп  to  wh1сh  Thеoгem З . l  bц t  no t  tnе  two

o thегs  1s  aрр l l еab le .  Nevе r thе lеss ,  wе  d1s t1ngu1sh  Theoreв  3 .3 ,  w i r l оh  t s  e l so

a  teз t  f o r  the  essen t l a l  l n f l n1 te  bas1s  р rope r t y  ( see  59  be low) .

A very ef f lс lent  test  for  thе lnf1n1te bas1s proрeгty оf  systems of  lnvеrse

ldent1t1еs was foцnd by К lе1rпan ln [31].  We denotе thе sеш1gгouP (д.  l |abа,-a,  btb=

.b,  в, -F.o) .  by в2.  Thе seш1gгoцp ts .  сons ls ts  of  5 е lешеnts 0,  с '  ' .  сд. . lс  3nс i  l s  l -sо.

шorph1с to  thе 5grп lвтoЦp of  2  х  2  Ьt" l "u ,  (11 i l ,  1 ; ) '  ( ) .  G)  G0)}  
w: . ; t r  гэspеcЕ

to tbe usцal  matгtx вu l t1р l1сat1on

Theoгеm 3 .4 .  Suрposе  thе  sys teш o f  l dеn t1 t l e s  Е  (o I .  s l gna tu rэ  ( . .  * ) )  1s

such  tha t :

r)  each ident l ty  1n Е 1s sat1sf1еd

?) foг soпе lnf1n1tе set of natuгal
qцence  o f  Е .  . . -  1 . '

Then Е ls not f ln1tеly basеd...

In [3r]  пany lnteгeзt1ng aрpl lсat1onз of

vrhlсh we spёak 1n Chaрterз II and. rY.

, i ' j  . L .  rWe  no te  tha t  l n  thе  p loneeг1ng  paрeг  o f  Ma l l t sev  the  seqцеnсе  o f  woгds
{xn}  a гose  (цnder  an  en t l гe l y  d l f f e гenЕ  pгe tex t '  see  Theoгeп  19 .2  bе low) ,  f гom

wh lеh  thе  seqцеnсе  ( zn}  1s  ob ta1ned  by  the  l den t1 f l сa t l on  o f  Еwo  l e t t e г s .

Ч l l n n a s e  t h а  s  . 1 .  Е  l s  s ц с h  t h a t  :g ц у у v 9 9

0 l  l s  t oсa l l y  f l n l t е ;

7 .  {  s  я .11  1so thе rтn  wt th  resрес i  t o  Е .. .  '  . n ,

ln thе ,urntg'oup в};

nцп,bers lv l  thе systеш Е1(}4) l .s  a сonse.

th1s  theoгe lп  wеге рreзеnte<i ,

t l
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-  A  s y s t eп  o f  s . 1 .  Е  1 s  с a l l е d  i  г г е du с i  Ь . l  e  l f  n o  l d еn t l t y  o ( Е  1 s  a  с on s e .

quеnсe  o f  t he  s y s t eп  l \ { o l .  A  s y s t еп  equ1va l en t  t o  s oшe  l г r ed . ц с l b l e  sУ s t em  l s

c a l t е d  l  г г е dЦс . i b . l y  b a s ed .  C l e a r l y ,  a n y  f  l n l t е  s y s t em  l s  1 r г еdц с l b l y  b a s е с i ,

and.  thеre foг 'e  the . . l r redцс lb lе . .bas1s ,  р roреr ty .  1s .  a -  natцгa l . .genera l1zat1on o f  Еhe .

f l n 1 t е  ba s l s  p r opе г t y .  I n  t t r 1 s  c onnеc t t on ,  t hе  1 r r eduс1b l е  ba s1 s  р r oре r t y  с an

be coпрarat1ve ly  eas1Iy  рroved цndеr  fa ! г l y  bгoad assцшрt lons .  . ,

To  da t e '  t h е  r пo s t  genе r a l  t e s t  f o г  t he  1 r r edцс l b l e  ba s l s  p гoре r t y  l s  t h e

Гo l ] .owlng pгopos l t1on.  I t  l s  obta lned,  by  a  s lпр le  eoшb1nat lon  o f  гesцIЕs  o f

A l zenshta t  [4]  and iv la r tynova t5B l .

P г opos l t l o n  4 . 1 .  Еa сb  s y s t eш  . c on s1 s t l ng  o f  ba l an сed  and  0 - г edцееd  1den -

t l t l es  l s  lпeduc lb tY  based ' .  
'

Therе  eх1s t  sys teвs  not  hav lng an l г reduс lb le  bas1s .  The f l r s t  such еx-

aпp l e  was  t hе  s y s t eш  B12 .  Wе  no t e  t ha t  1n  B ] . 2  a1 ] . 1den t1 t 1е s  e x cep t  one  a r e

ba lanсed ' .  Theгeforе  1n сomb1nat1on w l th  Propos1t1on 4 .1  th l s  еxamрlе  shows that

an ln teгsес t ton o f  f .b .  and 1rгеdцc lb ly  basеd var1et1es  вay  not  be  l r rеd 'uс1b ly

based  (wh1 lе  the  1n teгseс t1on  o f  two  f .b .  va г1e t l е s  1s  a lways  f . b . ) .

сonnectlon we note thе fol low1ng

T n  l - } r l  е

Quеs t . l on  4 .1  (Sap1г ) . ;  I s  еach  va r l e t y  o f  seш1gтouрs  the  l n te r sec t l on  o f  a

f1n1te number of lrгeduс1bly based vaг1еt1es?

Other exaшрles of  systeшs w1thoцt an l r rеduс lb le bas1s aге ts}Ц and в15(p).

In  t17 ]  r t  wa l  shown tha t  the  sys teп  BB ,  сons1dered  as  a  sys tеm o f  l oen ; l -

t l e s  o f  mono lds ,  1s  no t  l r r еduc lb l y  basеd .  I t  l s  l n te гes t l ng  to  comрaге  th1s

w1th  Pтopos1 t l on  Ц . l .  The  f1 r s t  еxaпp le  o f  a  sУs tе I l l  o f  l nveгse  1den t l t 1es  (o f

s1gnatuгe ( . .  - . ) )  w1thoцt an l r redцc lb le bas1s was ргesented l .n [32] '  wheгe l t

was establlshed tkrat foг any 1nf1n1te set of natцтal nц:nbers lvl Е1(M) ls suсh a

sys tеш.  We a I so  no te  tha t  гecen t l y  l n  [36 ]  a  sys teш o f  g roup  l dеn t l t l е s  no t

hav1ng an lrrеdцсlble bas1s was сonstruсtеd'.

s5 .  тHЕ  F IN IтЕ  вAs I s  PRoPЕRтY  AND 0PЕRAт I0Ns  0vЕR  vARIЕт IЕs

S1nce the f1n1te Ъas1s propeгty 1s lпpoгtant '  and we сan say a l lpos l t lvе ' '
pгopeгty of  vaт let lеs ,  thе quest1on of  1ts  stab l . ] . l ty .w1th гesрect  to opeгat lons

oveг vartеt tes !s  natцгa l .  The рresеnсe of  such stab l I l ty  turns out  to be a
vегy tnfrеquent phenomenon, wh1ch ln turn generates the quest lon of  f lno1ng
sц f f1с l en t  сond1 t tons  under  wh1сh  s tab l l l t y  nevег the less  ho lds .  Wе  sepa ra te
Еhe statemеnts of  re latеd '  rеsu l ts  lnto two groups dерend'1ng on thе t 'ype of
oрeгat  1on .

l 2



s t rцс ted  l n  the  r97o ' s  by .  Ka rno f sk l r  a l *12 . rena1ned  unрub l i shеd  fo r  a  l ong

( l t  appеa red  on lУ  l n  the  su rvey  t r$ r1 ) fno f г . ь .  va r l e t y  va t  82  l s  thе  Jo1n
t

/

't- { ma

*
" ' l

а )  The  j o i n  o f  v a г i e t i e s .  A s  a l r e ad y  mеn t l o ned ,  t h е  l n t e r s e с t l o n  o f  two

r .  h  r l я т . l e t { e s  w l l l  o b v1ou s i y  b e  г . b .  "  F o r  t h е  J o1n  t h i s  i s  n o t  s o .  I n  [ t 5 9 ]
l . U .

1 t  was  shown  t ha t  a  sц1 t ab l е  e xamр l e  c an  еa s1 l y  be  c on s t r u с t ed  u s l ng  Theo r em

3 .1 ,  bц t  t h l s  е xamp l с i  Was  no t  pub l l s hed  t hе r e .  The  f o l l ow1ng . e хamр l е ,  c on .

f h wяr.{ э,t..1 es var t,iy, - y3itt and vаr {(хyz)2 : tу,z,, . lу'z2t'- у'х5zlt3|. Thеorems 3.2 and
t . V .

as  we l l  as  severa l  o ther  resu l t s  1ead.  to  the  d l sсovery  o f  a  la rge  nцmber  o f

pa1 r s  o f  f . b .  v a r 1e t 1e s  w l t hoц t  an  f . b .  J o t n ,  s o  t ha t  l t  b e сame  с l e a r  t ha t

s lm l la r  examples  arе  not  eхcept1ona1,  but  on the  сont rary  show some rеgu la r1 ty .

The a t tempЕ to  revea l  th1s  regu laг l ty  Iead the  seсond author  o f  th l s  survey  to

t hе  f o } l ow1ng  r e su l t ,  pub l l s hеd  he r e  f o r  t he  f l r s t  t 1me .

Theo гem 5 . 1 .  Fo r  any  f . b .  v a r 1e t y  8 ,  d1 f f e r en t  f r om  t he  g l a s s  o f  a I }  s em1 -

g r oцp s ,  t h е r e  e x l s t s  f . b .  v a г l e t l е s  Е and  9 su сh  t h a t  t h e  J o1n  $ , o f  Е and  9  l s

no t  f l n l t e l Y  ba sed .

Theo r em  5 . I  f o1 l ows  f r om  Theo r em  3 . 2 .  I t  1 t s  f o rmц l a t l on  l t  1 s  lmрos s l b l е ,

g enе r a l l y  s p ea k l n g ,  t o  r e s t r l c t  t o  o ne  f . b .  1 n  p l a с e  o f  two ' l a dd t t l o n a l l l f . b .

v a r 1e t l e s ,  s 1n сe  t he r e . e x l s t  v a г l e t l e s  8 ,  s u сh  t ha t  f o г  any  f . b .  v a r l e t У  s  t hе

Jo1n  o f  8  and  Е : 1 s  f l n 1 t e l y  ba sed .  Wе  сa l 1  t he  v a r t e t y  t s  w1 th  su сh  a  p r ope r t y

s t ab l y  f  . b . .  I t  1 s  l с novgn  t ha t  t he  v a r l e t y  o f  a I I  s eп l l a t t i с e s  t 68 ]  and  any  - .

n l l р o t еn t  v a r 1e t y  [ r 88 ]  a r e  s t ab l y  f . b . .  on  t he  o t hе r  hand ,  b y  means  o f  Thе .

o r ems  3 . 2  and  3 . з  l t  i s  po s s l b l e  t o  s how  t ha t  t he  f o } l ow1ng  va r J - е t l е s  с anno t

be  s t ab l y  f . b . :  any  v a r l e t y ,  d l f f e r en t  f r o тn  t he с l a s s  o f  a l l  s em lg r oups ,  с on -

ta1n1ng the  semlgrouр A2,  any  supегco lтшtuta t lvе  var lе ty  suсh that  thе  tn terseс .

t 1on  w1 th  va r f - 91  1 s  t Ь сa l l y  f l n l t e ,  any  v a г l e t y  gene r a t ed  by  a  non t r l v l a l

g roup o f  Г1n1te  exponent ,  any  L . t .  var le ty  сonta1n lng a  nonabe l lan  gгouр or

thе  var le ty  o f  a l l  ld 'empotеnt  seп1grouрs .  Thesе faс ts  a re  ln  par t  a t t r lbцted

to  Sap l r  and 1n par t  to  the  serond aцthoг  o f . th1s  survey

We sее that  both  the  s taЁ le  f1n l tе  bas1s  proper ty  as  wе l l  as  l t s  negat lon

d1s t l ngu l s h  1n t e r e s t 1ng  c l a s s e s  o f  f . b .  man1 fo l d s ,  wh l сh  g l v e s  1n t e r e s t  t o  t hе

f o l l ow tng .

P гob . l еm  5  . 1  .  De s с r l b е  a l 1  s t ab l y  f  . b .  v a r i е t l e s  o f  s еm lg r oups  . .

We  no t e  t ha t  f r om  r e sц l t s  o f  [ 30 ]  and  t r l+31  l t  f o l l ows  t ha t  v a r l е t l е s  o f

a l l  g r ouр s '  a l l  s em11a t t 1 с e s ,  a s  wе l l  a s  t h e  v a r 1 e t y  v a r  l , ,  a г e  s t a b l y  f . b .  L ь

v a r 1 e t 1 е so f 1n ve r s e s em i g r ouр s . Anexamp1eo f two f . b . v a r 1 е t 1 e so f g г oup s

w l t h ou t  a n  f . b .  J o t n  t s  k nown . - [ 3 5 ] .

b )  P г odu с t s  o f  v a г i e t i e s .  The  p r odu c t  o f  v a r 1 e t 1 e s  o f  s em1g r oup s  Е  and

91n  t h е  s en s е  o f  Мa l ' t s e v  l s  d eno t ed  b y  Е " . 9 .  A s  men t l o ned  r n  [ 5 5 ] ,  t h e  c l a s s

l i i
l i i
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.  Е . 9 . l s . n o t .  a lway s  a ] v a r 1 e t y ;  a nd  t h e r e f o r e  a } ong '  w1 t h - t h e 'mu l t l p l 1 c a t 1on  o  f o r '

. v a r l e t l e s  o f  s em l g r ouр s -wе  a l s o  с on s l d e г  t h o  . ' ' . l t { n ] { n э t l o n  * ,  whe r e  Е r $  1 s 1 -

t he  v a г1е t y . gene r a t ed  by  t hе  c l a s s  Е "9 .  .  The  f l r s t  e хр}1с1 t  e . х ' amp l e  s how lng

t he  l n s t a b l l l t y ' o f  t h e  p r ope r t y  l l f  . b . ' l  w1 t h  г e s рe с t  t o  t h е  mu l i l р l 1 с a t 1on  *  wa s

p r e sen t ed  hy  Sukhanov . t n .  I BB ] ' , . -whe r e . .  b y .means . o f - тhеo r t em:3 . 1 . . 1 t  1 s . s hown  t ha t . .

t h e . v a r l e t y . s 6  l s  n o t  f l n 1 t e 1 y  b a s ed  ( ' 6  l s  t h e  v a r l e t y  o f  a l l  s еm l l a t t 1 е e s ) .

I f l  i h еo геm .3 . 3  1 s . u sеd  1 t  1 s  po s s l b l е  t o  ob t a l n  an  e s sen t 1a l l y  mo re  gene r a l

rеsц1t '  namely  that  the  fo l low lng l s  1nf1n1te1y basеd:  any  procuct  E lД} ,  where

E conta lnS a  nont r l v la l  semlgroup w l th  zero  mul t lp l l ca t lon  the  var le ty ,  a l l

p e r 1od1с  s em lg r oups  o f  wh1сh  a r е  l o c a l l y  f l n l t e ,  bu t  ! B  1 s  an  Z . f .  v a r 1e t y  c on -

ta1n1ng o .  -  F roв  th l s  theoreп 1t  fo l lows that  l f  E  сonta1ns  G and the  pеr1od1с

semlgroups  ln  8  are  loсa l l y  f1n1te ,  but  l s  1s  loсa l l y  f ln1tе  and сonta lns  a  non-

t r 1 v1a l  g r oцр ,  t hen  t he  p r oduс t . E*8  1 s  a l s o  no t  f . b . .  The se  r ' e su l t s  wе r e  ob -

ta1ned.  by  Sap1r  and are  сommцnlcated heru . ' , t t r ,  h1s  k1nd '  pеrшlss ton .  F lna l l y , .

Theo r em  3 . 2  1mp l 1e s  t he  f o L l ow l ng  ana l og  o f  Theo r em  5 . 1 .

Theo г em  5 . z .  F o r  a n y  f . b .  v a r l e t y  E , d l f f e r e n t  f г om  t h e  с i a s s  o f  a l l  s em1 -
g rouрs ,  t he r е  е x1 s t  f . b .  v a r 1е t 1e s  Е  and  9  su ch  t ha t  t he  p r oduс t  ( E r Е ) l s  1 s  no t

f ln l te ly  based

Theo rеm  5 . 2  l s  a t t r 1bu t ed  t o  t he  s e cond  au tho r  o f  t h е  p r e sen t  рapе r  and  1 s

рub l l shеd here  fo r  the  f1 rs t  t1me.

The  abundanсe  o f  e xamp l e s  o f  f . b .  v a r l . е t l e s  w l t hou t  an  f . b .  р r oduc t  l e ad

L l s  to  hope that  the  fo l lovr lng  prob lem 1s  so lvab le

P г oЬ l em  5 , ? .  Dе s с r l b е  a l }  p a1 r s  ( . I ,  9 1  o f  f  . b .  v a r l е t l е s  s u ch  t h a t  t h е
va r l e t y  Е*9  t s  f 1n l t e l y  ba sed ' .

Wе nowturn  to  the  mul t lp l l сa t lon  o  .
1ng quest lon  l s  unknown.

At  present  the  ansь 'ег  to  the  fo l low-

Ques t l on  5 .1 .  Do  the re  ex1s t  f . b .  va r1e t1еs
tha t  t he  с Ia s s  Е "9  1 s  no t  an  f . b .  va r l e t y ?*

of  semlgrouрs  Е  and 9 ,  suсh

We  no t e  t ha t  1n  t he  maJo r1 t y  o f  р r е sеn t t y  known  сa se s ,  whэn  t he  Ma l | t s e v
p roduс t  l s  a  v a r 1e t y ,  t h e  f l n l t е  ba s1 s  р r ope r t y  o f  f a c t o r s  lmp l i e s  t hе  f l n l t e

*In  order  to  prevеnt  m1sцndeгs tand lng ,  we po1nt  out  that  }сзown examрles  o f
f . b .  v a r l e t l e s  o f  g r oups  l  and  D ,  t he  Мa l i t s e v  g r oup  p r oduс t  o f  wh l сh  we  d ' eno t e
ID , l s  n o t  f . b . ,  d o  no t  a n swe r  Quе s t 1on  l . I ,  s l n с e  t h e  с l a s s  I oD  w111  no t  b е
a  va r l e t ' y  1n  t h l s  c a se .  We  no t e ,  howevе r ,  t h a t  a l t hough  l g a r r p ,  t h е  ab sеnce
o f  a  f 1 n1 t e  b a s1 s  f o r  JD  1mp t t e s  t h e  a b s en сe  o f  s u ch  a  b a s l s  l o r  I l 9  a l s o .
Th1s  g l v e s  ano the r  s е r 1e s , o f  e xamр l e s  o f  f . b .  v a r 1e t l - e s  o f  s eв l g r oups  w i t hou t
an  f . b .  p r odu с t  ( l n  t h e  s en s e  o f  t h е  mu l t 1 p l 1 c a t 1on  * ) .

1  t l
a t



ba s l s  P r oPe r t Y

I t  t s  ob t a l ned

t581.

Pгopos i  t i  qn

the .  с l a s s  B .Д}  1 s

o f  t hе  р r oduс t .  The  f o l l ow l ng  r е su l t  l s  l n  t h1 s  s еn sе  t yр l с a l .

b y  a  s lmрLе  mod1 f l c a t l on  o f  a  mo rе  pa r t 1 сu l a r  r e su l Е  o f  l 4 a r t Уnova

5 . 1 . I f . B 1 s an f . b . a nd8 t s an f . b .O - r еdu сedva r l e t У , t h en

an  f . b .  v a r l e t Y .

1r
1s

Ano the r  s1m l l a r  r е sц l t  сan  bе . "x t raс tеd  f rom t r ?7 ] ,  where  l t  1 s  shown tha t

$  t s  an  Г .b .  g ro l l р  va r l Р t y  and  3  1s  an ldemрotеn t  va r l e t y ,  then  the  с l a s s  5 "3

an  f . b .  va r l e t y  ( f o r  t he  speс i a l  с a se  s :б  t h l s  was  no tеd  еa r l l e r  1n  [69 ] ) .

Fo r . l . nve r se  sem lgгoups  the  ana logous  ques t l ons  a ге  touсhed  црon  l n  [ r r5 ] .

Howеver ,  the  asse r t l on  made  t L re rе ,  tha t  f o r  any  f . b .  va r l e t y  o f  g roups  Ф  and

fo r  any  f  . b .  va r l e t y  o f  l nve r se  sem1grouрs  E  the  l v1a l ' t sev  p roduс t  s "Д  ( l n  the

с l a ss  o f  l nvе r sе  sеm1groups )  l s  f l n1 tе l y  basеd ,  l s  e r roneous .  Indееd ,  1 t  l s

easy to see that  the prod 'uct  of  two vaг1et1еs of  grouрs 1n the c lass of  lnverse

sеm1groups сo1nc1d,es wtth thе l r  produсt  1n the с lass of  groups,  and therefore

the  asse r t1on  l n  I r r5 ]  con t rad l с t s  known examрIes  o f  f . b .  va r l e t1es  o f  g rouрs

w l thou t  anг .b .  p rodцс t .  We  a l so  no te  a  геsu l t  o г  [3} ] ,  tha t  f o r  any  non t r l v l a l

va r l e t y  o f  Abе l1an  g roцрs  Фthe  p roduc t  6 r0  ( l n  thе  с l a s s  o f  l nve r sе  sem1groups )

l s  no t  f l n l t e lY  based

s6 .  NUMЕRIсAL  сHARAстЕRI sТ I с s  0 t  BAsЕs  0F  I0ЕNTIт IЕs  i -

In the l l terature var lous nцmеr lсa l  paraшеters of  basеs of  1dent l t1es of

var let1es have beеn cons1dеred,  and at tempts have been made to l ,c lass l fy  var l .

e t l e s  on  th l s  bas1s .  As  a  ru l e ,  1n  rе l a t1on  to  suсh  pa ramete r s  a I l  va r1e t1еs

o f  g roups  and  r1ngs  a re  too ' !good , ' '  wh1 le  as  ' ' poo r l l a s  des l r еd ,  a гe  foцnd  w l thoц t

d '1f f1cu}ty among var lеt les of  groupolds.  I t  l s  not  ru led oцt that  foг .  the 1n.

termedlate сase of  semlgrouрs the analysts  of  nurner lca l  charaetеr ls t1cs of  sys.

t ems  o f  1den t1 t1еs . сan  tu rn  ou t - t9 . .be  more  f ru l t f u l ,  however  a t  р resen t  l l t t l e

has.been done 1n th1s d1rect1on that  vтoцld '  a l low a Judgemеnt on th1s p.erspe.сt lve.

.  a )  The  n -bas i s  P гoPeг t y .  Suppose  n  t s  a  na tu ra l  nщпbe r .  A  va г l e t y  1 s

n .Ьased  1 f  l t  has  a  bas1s  cons1s t1ng  o f  no t  more  than  n  1den t1 t1es .  - т t  l s  we l l -

known tha t  eaсh  f . b .  va r1e ty  o f  g roups  o r  r l ngs  1s  l . based .  Fo r  va r l e t l e s  oГ

semlg roups  th1s  1s  no t  so ;  moreove r  fo r  each  n  l t  l s  no t  d1 f f1сu l t  t o  сons t rцс t

an  f . b . va r1e ty  o f  sеm lg roups  wh l сh  1s  no t  n -based .  In  сonneс t l on  w l th  th l s  the

fo] .1ow1ng annoцncement 1s veгy 1ntеrest1ng.

Theorеm 6 .1  (Ge rha rd  and  Padmanabhan  - t r zь11
тr

sat l s fy lng  thе  ldent1ty  x^ = 'х  fo r  soпe r  > 2  l s

' . . : . .  Theoru* q.1 s . lmцl tanе1us lУ .3ovеrs 
the fo l lowlng

.  . .An f  . b .  va r l e tY  o f  sem lg roups

2 -based .
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. . , . . . . i .  с o г o l 1 a г y , 1 .  ( B t r y u kov . t 1 6 ] , . .  Ge r ha r d , | т z э ]  a nd ' F ennemo r e  [ 1 2Ц ] ) ;

p o t еn i  v a r 1 e t y  1 s  2 - b a s еd ' .  
, . . ,  ' .  .

Coгo1  1  a гy  2  (Ta r sk1  t 179 ]  )  . A h l '  d n ^ l l n  f  h .  v a г l e t y  1 s  2 - b a s е d . .A r r J  Ь t  v  ц у

- . - J  ^ L  . r t ^ ь  + Ь ^ +  6  l  I  t  f  с

we c i t l - .  a  !Bдl -еo].d.  baunded]y .Ьased,  1f- .  thеre.  ex ls ts . .an. .  n.  such , that  a11.  1ts

f . b .  s uhva r l e t . 1 e s  a r e  n - ba sed .  Theo r еm  6 . t  s hows  t ha t  e a сh  C l l f f o r d  v a r l e t y

.o f  "em1groups  
l s  bounded ly  basеd.  on the  o ther  hand,  eaсh var le ty  w l th  a  f1 -

n1 t e  numbе r  o f  s ubva r1e t 1e s  w111  obv l ou s I y . ' o ё  boundеd ' } y  ba sеd .  Va r1е t l e s  o f

b o t h  t h e  г l r s t  a nd  s e с ond  t y pe  a r e  v a r l e t l e s  o f  f i n . i t e  i n d е x ,  1 . e . ,  t h e  1nd1 сe s

of  n l lpotеnсy  o f  the1r  n l lрotеnt  sеmlgгoцps  are  un l fo rmly  bounded.  Thе fo l lo tv lng

1s. thеrefore natural

Ques t i on  6 .1 . "  I s  anY  va r l e tY  o f

Ь )  Тhe  Taг sk l  i n t е гva1 .  Fo l 1ow1ng  t1?9 ] , .we  dеno te  t he  se t  o f  сa rd1na l1 -

t1es  o f  a l 1  рoss1b le  1 r reduc lb l e  bases  o f  1dеn t1 t1es  o f  the  va r l e t y  s  by  v ( s ) .

C l ea r l y ,  l f  E  1s  no t  f  . b . ,  t hen  e l the r  v ( l J ) :  Ф ,  o t  y (E ) : . {Nq}  .  The rеГo rе  l t  1 s  o f

1n te res t  t o  exaп1ne  th1s  sе t  f o r  f . b .  va r l е t1еs .  F rom thе  Ta r sk l  1n tе гpo la t1on

theo rem ( [179 ] ,  s eе  a l so  t r 8o ] )  l t  f o l l ows  tha t  f o r  an  f . b .  va r i e t y  E  t he  se t

i (в)  rs  an lnterva l  of  the set  of  natura l  nцпrbers N, , . (wl th the usual  order) .  I t

l s  no t  d ' 1 f f1cu l t  t o  seе  tha t  f o r  any  f  . b .  va r l e t y  E  o f  g rouрs  o г  r1ngs  V (8 ) :N . .

on  the  o the r  hand ,  H rNg  ( seе  [179] )  shows  tha t  f o rany  tn te rva l  / ! rY  a  va r l е tУ  o f

g roupo1ds  E , сan  bЬ  founa  suсh  tha t  v (E ) : / .

Ques t i on  6 .2 .  I s  eve гy  l n t e r va l  o f  t hе  sе t  N  r eр resen tab l e  a s  v ( s )  f o r

some su1table var1ety of  sеmlgroups 8 ?

Resu1 t s  o f  MсNut ty  [152]  and  Thеorem 6 . l  lmp lу  tha t  1 f  E  1s  an  f . b .  va r1еЕу

sa t1s fу1ng  the  1den t1 ty  xГ  =  x  fo r  some r  2  2 ,  then  e l thе r  v ( , t } ) . : rY ,  o r  v (E ) : / i / ( l l .

on the other hand. ,  f rom [152] 1t  fo l lows that  foг any suрercoпunutattve var letу

Ethе set  v(E) 1s f ln l te .  We note by resu l ts  of  Ba l ramov and lv lakhnudov [r0] ,  1f

E ls  a I -based '  s t , lperсommutat1ve var1еty of  sem1groups,  then v(s)-  { l l .  Therefore

not evеry f1n1te lnterva l  of  the set  N 1s rеpresentable as V(s)  for  some super-

сommutat lvе var lеty E.  .

Ques t i  on  6 .3  .  ! {ha . t  f  l n1 tе  l n te rva l s  o f  the  se t  N  a re  reр resеn tab le  as  v  (8 )

for  a su l tab lе supегсo]nmutat1vе varJ-ety of  semlgrouрs 3.  ?

с )  Ax . l oma t . i с  г ank .  F l n l t enes s  o f  t he  ax1omat1c  r ank  doеs  no t  l n  gene ra I
{  m n . ]  r r  f  . !  n . l  t e n q s s  o f  a  b a s l s  o Г  l d e n t l t 1 e s .  F o r  e x a m p l e ,  t h e  v a r i e t l e s  v a r  C 2t l r r н  д J

and var  DI  have aх1omat1c  rank  2  (we note  that  vaг lе t1es  o f  aх lomat l с  rank  l  a re

obv1oцs l y  f 1n l t е l y  ba sеd ) .  i i oweve г ,  f o r  L . t .  v a r 1e t 1е s ,  1n  pa г t 1 cц l a r  f o r  v a r 1 -

e t 1e s  gеnе r a t ed  by  a  f 1n1 t e  s em1g roup ,  t hе sе  p r opе r t l e s  a г е  еqu1va l en t .  The

f o l l ow l ng  1 s  d 1 s сu s s ed  1n  [ 122 ] .

Any '  ldem-

.- . :.::

f ln l te  1ndeх bounded ' l y  based?
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Ques t i o n  6 . 4  ( Еdmund s ) .  Wha t  l s  t h e  max1mum a :< i oma t l с  г a n k  o Г  f . b

e t 1е s  gene r a t ed  by  a  s em1g rouр .  o f  n  е l еmеn t s ?

It 1s known that thls

o  -  2 ,  З ,  Ц  1s  еqцa l  t o  n

For the iar lety Ц we
more than n let ters  ln еqE
mat1c rank not morе than n

varl--

maх1mцm 1s  greateг  than or  equa l  to  n  and that  fo r

L L ё l  J

deno t e  t hе  v a r l е t y  d ' e f l n еd  by  a l l  1 dеn t l t 1 e s  o f  no t

by  E (n )  .  C l e a r l y r  E ( n )  l s  с he  l е a s с ]  v a г1еЕy  o f  a х1o -

сonta1n lng E .

Que s t i o n  6 . 5 .  Doе s  t h е r e  e х1 s t  a n  Г . b .  v a r l е t y  o f  s еm l g r oцр s  E  s u сh  t h a t

for  some n thе  var le ty  E(л l  l s  not  f ln1te ly  based '?

The  cha l n  E ( . ) эE ( l ) . . . . Э . . . : ЭE ( " ) э . . .  1 s  е a ] . l e d  a  de s сеnd ' 1ng  сha1n  o f  t he  v a r l е t y
E .  I n  a  s e r i е s  o f  р ape r s  t he  d1 s t r 1bu t l on  o f  s t r l с t  l n с l u s l on s  l n  de s сеnd l ng
cha l n s . o f  v a r 1e t 1e s  o f  a1gеb r a s  o f  v a г l ou s  в1gna tu r e s  was  s t ud l еd .  I t  l s  l n .
t e r e s t l ng  t ha t  f o r  t he  c a se  o f  s еm lg r ouрs  1 t  l s  рo s s l b }e  t o  a с t цa l t y  a l t e r na t e
s t r l c t  l n с l ц s l on s  and  l d еn t l t 1 e s  l n  sц сh  сha l n s .

Тhеo r em  6 . 2  ( J on s s on ,  МсNu1 t y  a nd  Qцa с kenbц sh  [ 13ц ] ) .  F o r an y  s e t  M  o f
natцra l  nцmbers  greatеr  tha l l  2  therе  ex l s t s  a  var le ty  o f  sem1groцрs  E  suсh that

E(д): E( '+l) 1f and only 1f пс'Iуl .

The  s y s t em  o f  1den t1 t l e s  A t  p l a y s  a  k ey  г o l e  l n  t he  с on s t г u с t 1on  o f  t he
requ l red  var le ty .

сHAPтЕR  I  I

F IRsт  ЕХA l ' l P LЕs

F IN ITЕLY  AND INF INIтЕLY  BAsЕD  t IN ITЕ  sЕMIGRCIUPs

97 .

The  f l r s t  two  eХamp l e s  o f  no t  f . b .  f 1n1 t e  s еш1g roups  we гe  pub l 1 shed  by
Pеrk l .ns  rn  [ r59] .  They are  o f  s1gn1f1сant  ln teres t  both  then and '  now.

Еxamp l e  7 . 1 .  Thе  s1x - е l еmen t  s еm lg r oup  в }  : - s  no t  f 1n1 t e l y  ba sed .

I n  t 159 ]  t h1 s  f a с t  1 s  d ' е r l v ed  f r om  т t r eo r e i  3 . 1 .  A  l ' s eman t l с ' '  p r oo f  ( 1n
the  t е rm lno Iogy  o f  g з )  was  g1vеn  l n  t з 4 ] .  I t  a l s o  f o l l ows  ea s l l y  f r om  Theo r em
з .3 .

.  .  The va lцe  o f  Ехample  7 .  r  1s  above a l l  the  1argе ro1e wh lch  thе  
. sem1grouр

B .  P l aУ s  l n  t hе  s t r ц c t u г a l  t h eo r y  o f  s еm1g roups .  I t s  p r e sеnce  o г  ab sеnce  among
f a c t o r s  o f  a  g1ven  s em1g rouр  S  e s sen t l a l l y  1n f l ц enсe s  t he  s t r u c t ц r e  o f  S  ( Shev r l n
[ 101 ] ) .  I t  с a n  b е  e хр I a l n ed '  a  р o s t e r 1o r l  t h a t  Е х amp l е . 7 . t  a l s o  h o l d s . a  s 1ngu l a r
p l a сe  f r om  t he  po l n t  o f  v 1ew  o f  t he  t heo r y  o f  v a r 1е с l e s ,  s 1n се  f l r s t  1 t  ha s  a
m ln lma l  numbe r  o f  e l emеn t s  ( s eе  g10 ) ,  and '  s e cond . ,  t h e  s em16 j r oup  B}  l s . e s s en t 1a l l y
l n f l n l t е l y  b a s ed  ( s e е  s 9 ) .  . , i ; . .  . , . .  . . , -  . . .  ' : .  - . *  , ; . - . . . ' . . . '

.Wе descr1bе.  t r . "  
. " "Ъor , . J  

eхample-Ъ"oы t rэ9] . '  Supposе F  t s  
.Ь . .  

f , "A: : " . ,o lgJoop
_  L  

' - ; .  
. i : , . . : . . .  _  : . .  a - -
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ove r  t he  a l p r r a ьeГ  t x , : . y  ,  Z I  ,  I  1 s .  an  1dеa l  l n  F  с on s1 s t 1ng . o f  a l l .wo rd , s  ъ r h1ch
Ээ

a r e  no t  s ubwo rd s  o f  t h e  wo r d s  x y zУ x ,  Х z y х y ,  ( x У ) " ,  х . z ,  Q  l s  t h e  Rеe s  f a с t o r
' l -

group F ' lT .  -  : i

Е x amp i e  7 . 2 .  The  25 - e i emen t  s em l g г ouр  G  1 s  n o t  f 1 n1 t e l y  b a s ed
' ,  

. i

Th1s  е xamp l e  a l s o  f o l l ows  l пmed l a t e l y  f r om  Theo r em  3 . l .  Thе  me thods  nee ced

for  l t s .  сonst rцс t ron u""  Ьг  lndependent  1nteres t .  I t  l s  unknown how gеnera l

t h1 s  me thod  1 s .  Suрpose  1n  gеne r a l  W  l s  a  f 1n l t е  s e t  o f  wo rd s  1n  s ome  f r e е

sеmlgroup F  and T(w)  1s  an 1dеa] .  1n F  rons1s t1ng o f  a l l  words  wh1сh are  not

subwo rd s  o f  W ,  a ( i . J )  1 s  t he  Ree s  f a c t o r  g r oцp  F , / I (W) .

Que s t { on  7 . L  ( S ap l r ) .  F o r  wha t  f l n 1 t e  е o11e c t 1on s  o f  wo гd s  W  l s  t h e  s ub -

group Q(W) not  f1n1te ly  based?  Is  any  se t  w1th  th l s  p roper ty  reсuгs lve?

The  s em lg r oup  в }  r s . l n ve r s e ,  and '  t h е r e f o r e  t hе  quе s t 1on  o f  t he  f l n 1 t e  ba s l s

p r ope r t y  f o r  1 t s  l n v l r s е  1den t1 t l е s  na t u r a l l y  a r l s e s .  B y  means  o f  Thеo r em  ] .Ч
' l  

- -  ,  - - - , - - ^ - '
1n t31]  t t  was  shown that  B j  1s  not  f1n1te ly  based as  an lnverse  semlgroup e l ;hег .

5  B .  tUNDA l , t ЕNтAL  sТAтЕ} , t ЕNт s  0F  PR0вLЕ l , t s  .  FURтHЕR  ЕХA l , t P LЕ s
!

Еxamp1es  7 . 1  an6  7 . 2  wе re  рub11shed  l n  } 969  and  l n  t he  c o r r r s е  o f  12  yеa г s

t hey  r ema l nеd  t he  on l y  e xanp l e s  o f  no t  f . b .  f l n l t e  s em lg r oups .  I n  t 153 ]  N1сNu l t y

showеd how these  еxamрles  сan bе ' ' reproduced ' l  to  const ruc t  a  coцntab le  ser1es

o f  no t  f . b .  f l n 1 t e  s eп1g roups  S t ,  52 ,  Sn ,  s u ch  t ha t  . S1 . с va rS , * ,  f o r

a l l  1  =  1 , 2 ,  ( a  s lшр l e  p г oo f  o f  t h 1 s  r e s u l t  1 s  g 1 vеn  l n  t 2 0 ] ) .  Bu t  t h en

a  s e r 1е s  o f  р r 1nc1pa l l y  nеw  еxamp l e s  was  р r е sen t ed  by  Saр1 r  l n  [ 79 ] ,  whe r e  i t

wa s  shown  t ha t  t he  no t  f . b .  v a r l e t y  v a r  815 (p )  t s  gene r a t ed  by  a  f 1n1 t e  s em l -

group.  In  la tе r  years  a  grеat  nцmber  o f  new examples  has  appеarеd,  the  most

1mрor tant  o f  ъ lh l ch  are  ana lуzed be1ow.  In  add l t1on,  sеvera l  gеnera l  approaches

(Theo r ems  3 . 2  and  З . 3 )  wе re  f ound  f o r  t he  с on s t r ц с t l on  o f  no t  f . b .  f 1n l t е  s еm1 -

g roups .  Bе сauве  o f  t h l s  l t  1 s  now  po s s l b l e  t o  рo se  Еhe  f o1 l ow1ng  f undaпеn t a l

P г ob l  em  8 .  ] ' .  De s c r 1be  a l l  f . b .  f 1 n1 t e  s em1g гoup s .

The  que s t 1on  o f  de t е гm1n1ng  ne ce s sa r y  с ond l t 1on s  f o г  t he  f 1n1 t e  ba s l s  p r op -

e r t у  o f  Г 1n1 t е  s em1g roцps  l s  c l o s е l у  r е I a t ed  t o  t hе  е xamtna t l on  o f  t he  е s sеn r l a l

1n f t n1 t e  ba s1 s  p r ope г t y ;  wе  l e a ve  t h1 s  d1 s сц s s1on  t o  t he  f o l l ow l ng  s eе t t on .  t s u t

hе r e  we  сon s1de r  s u f f 1 с1en t  с ond1 t l on s .  The  p r ob l em  o f  s еek1ng  su сh  сond l t l o n s

1 s  equ l v a l en t  t o  t he  p r ob l еm  o f  f 1nd1ng  t ho se  c l a s s е s  o f  s em lg r ouрs  l n  wh1сh

eaсh  f 1n1 t e  s еm1g roup  1 s  f 1n1 t e l y  ba sеd .  A  sh1n1ng  e xamр l e  o f  s u сh  a  c l a s s ,

b y  v l r t u e  o f  t he  we l l . k nown  г e sц l t  o f  Oa t e s  and '  Powe l l  t 15B ] ,  1 s . t hе  с l a s s  o f

a I 1  g r oups .  I t  l s  t h e r e f o г е  na t u r a l  t h a t  t he  a t t еn t l on  o f  1nve s t 1ga t o r s  be

f o cu sed  f l r s t  on  t he  c l a s s e s  o f  s em lg r oups  wh1ch  a r e  1n  s ome  s en se  с l o s е  t o

g r o l l p s '  1n  рa r t l c u l a г ,  t h e  с l a s s  o f  C l l f f o r d  s em1g roups .  o ve г  a  l ong  pe r l od '
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thе  ques t1on  o f  whe the r  an  a rb l t r a ry  f1n l t e  C l1 f fo rd  sеm ig roup  was  f . b . ,  posed

ln  t 82 ]  by  t hе  f l r s t . aц tho r ,  r еma1ned  an  oрen  quеs t l on .  Vе гy  гecеn t l y  lЦashеv l t s k1

I rц8]  gave  a  nеgaЕ l ve  answer  to  th l s  quеs t1on .  The  co r respond lng  Еxamp le  B . t
L l ses  a  f l n l t e  g roup  w l th  an  1so la ted  e l ement  сons t гuс ted  l n  [ r17 ]  w1 thoц t  a
f l n l t e  bas1s  o f  l . den t1 t1еs  l n  thе  с l a s s  o f  a1 l  g roцps  w l th  an  l so l a ted  e l ement .

Еxamp le  s . i . -  Suppose  G  1s  a  Г l n1 te  g rouр  w1 th  an  l so l a t ed  e l еmеn t  g  o f

t r 17 ] .  Thе  r . s .m . t .  R  ove r  G  w l th  sandw l сh  ma t r l x  / , g )  ooes  no t  have  a  f 1n l t е
bas1s  oГ  1d 'en t l t l е s  .  

\ .  е /

Neve r t hе l е s s ,  t h е  f l n 1 t e  ba s1 s  p r opе r t y  o f  a  f 1n1 t e  C l l f f o r d  s em1g roup  с an
bе guarantеed under  su f f1с lent ly  bгoad сond1t1ons .  We reсa l l  that  a  semlgroup
1s  с a l l e d  o г t hodox  l f  t h e  s e t  o f  a1 l  1 t s  l d ' emрo ten t s  t s  a  s em1g rouр .

Тheo гem B . 1  (Ra s1n  t т в3 ; .  A  f 1n1 t e  o r t hоdoх  C l l f f o г d .  s еm lg r oup  1 s  f l n 1 t е l y
} r я  e о r l

Anothег  1mpor tant  с lass  o f  C l1 f fo rd  sem1groups  1n wh1сh a l l  f1n1te  sem1.
groцps  are  f1n1te ly  based 1s  thе  е lass  o f  сentгa l  сomple te ly  s lmp lе  semlgrouрs
(a  C l l f fo rd  semlgrouр l s  сa l l ed  сentгa . l  1 f  the  рroduct  o f  any  two o f  1 ts  1d 'em-
potеnts  l1es  1n the  сenteг  o f  the  шaхtшa l  subgrouр to  wh lсh  1 t  be longs  ) .  Th1s
f a с t ,  e v1den t l y  no t  pu t  l n  e хр l l c l t  f o rm ,  f o l l ows  еa s1 l y  f r om  r е su l t s  o f  J onе s
t r 33 ] .  Мo re  de t a l l s  on  . ba se s  o f  l d en t 1 t 1е s  f o r  c en t r a l  c omp l e t e l y  s 1mр l e  s еm l -
groups  aррear  ln  !20 .  The cеnt ra l  p roper ty  l s  a  natura l  genеra l1zat lon  o f  thе
o r t hodоx  p r ope г t y ,  and  t he r e f o r e  t t  l s  po s s1b l e  t o  t r y  t o  eХ t end  t he  r e su} t  o f
Theo r em  8 . 1  t o  t he .  с l a s s  o f  f l n l t e  c еn t r a l  C l 1 f f o гd  s eш1g rouрs .  Howеvе r ,  t h e
answеr  toeven thе  fo l low lng speе la l  сase  1s  as  yet  цnknovrn .

Quеs t i oп  B . 1  (Ra s l n ) .  Suрpose  C  l s  a  c y с l 1 c  8 r oцp  o f  р r 1me  o rd . e r ,  М  j . s  an
г . s .m . t .  o v е г  C  w l t h  s andw l с h  ma t г l x  r : : ) . ,  whe r e  с  l s  a  n on . l d en t l t y  e l emеn t  1n
с . .  I s  t h e  s em1g гoup  м l  r . ь . з  

\ . . l

Another  с lass  o f  sem1groцрs  гe1atеd '  to  grouрs  1s  thе  с lass  o f  lnvеrsе  sem1-
g rouрs .  I n  t h1 s  c l a s s  P r ob l em  9 . 1  ha s  been  сomp l e t e l y  s o l v ed .  .We  have

. .  - т h eo г em  B . 2  ( Vo t k o v  t 2 1 ] . ) .  . A  f 1 n1 t e  1n vе r s e  s em l g r ouр  S  h a s  a  f 1 n1 t e  b a s l s
o f  ldent1t1es  1 f  and on ly  1 f  the  vaг1ety  var  S  does  not  сonta1n thе  sеmlgrouр B} .

We  no t e  t ha t  t he  s t a t еmen t  ( bu t  no t  t he  p r oo f l ) . . o f  Thеo r em  8 . 2  г ema l n s  t r ue
1n thе  сase  whеn the  1nverse  sеmlgroups  aгe  сons1dеred,  as  a lgеbras  o f  s lgnaturе
( . ,  - ' ) . .  Su f f l c 1enсy  1n  t h l s  c a se  f o l l ows  f г om  t r t+31 ,  and  ne сe s s l t y ,  b y  devе l op .
1ng  an  l d e a  o f  t 3 1 ] ,  Was  г e c en t l y  p r o v ed  b y  S aр l r  t s r ] . .  T hu s ,  f o г  f l h 1 t е  l n . '
v e r s e  s еm1g гouр s  t h e  T l n l t e ne s s  o f . a  b a s t s  o f  s . 1 .  a nd  f 1 n1 t ene s s  o f  a  b a s 1 s  o f
l n vе r s e  1d ' en t 1 t l е s  t u r n  oц t  t o  bе  еqu1va l еn t  р r ope r t l e s . - . - I t  1 s  lmpo r t an t  оo '

t?

, I

i
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no t e  t ha t

equ lva lent

519  b e l ow )

f o r  a r b l . t r a г y  1nve r s e ]  s em1gгoups  t he se  p гopе r t 1e s

;  the .  сor rеspond lng examples  сan bе a l rеady found
. . .  ;

are by no means .:

among  g r ouPs  ( s eе

In  c onneс t l on  w l t h  Theo r emр .  8 . 1 .  and .  8 . 2 .  we no t е . t h e  f o l l ow l ng .

Que s t i o n  B . 2 .  . I s  
l t  t r u е  t h a t  a  f 1 n1 t e  r e gu l a г  o r t h odoх  s em tg r o r r p  S  h a s .

a  f 1n1 t e  ba s l s  o f  l t i е n t 1 t 1e s  J  f  яn r l  nn . ]  r r  r  f  д i € v a г s ?- ^  
l  

ч t . ч  v . r 4 J  д 4  g 2 ( t Y d r  \ ] ) .  
l

I f  thе answer 1s pos1t1ve,  i  wе obta1n a s lmul taneous genera l l zat1on of  Thе.
o rems  8 .1  ana  9 :2 : '  We  no tе ,  a s iwas  recen t l y  shown by  the  sеcond '  au thoг ,  tha t
a . f1n1 te . :Б r t ьodox .ёomp1e te l y  0 - s1mp le  sеm lg roup  1s  f l n1 te l y  based ' .  A t  the  same
t1mе there eх1st  not  f .b.  f1n1te cofoplete ly  0.s1mр1e semlgroups.  The f1rst
eхamp1e  o f  th1s  t ypе  was  foцnd  by  Мashev1 t sk1  1n  [1Ц8] :  1 t  1s  an  r . s .m. t .  w l th
0 ovеr a two-e lement grorrp w1th sandwlch 'дatr1х /: , ) .  Sее a1so 520.- -  - "  

\0  . / '
We  men t1on  s evе r a l  o t he r  шo re  spее1a l  r е sц l t s  r е I a t ed  w1 th  P r ob l em  E . 1 .

In  i188]  the  f ln1te  bas1s  proper ty  was  provеd for  each f1n1te  un lpotent  seml .
group.  We notе  that  1n the  sem1grouP Q o f  Еxamplе  7 .2  thеre  are  exaсt ly  сwo
ldempotеnts ,  there fore  to  s t rengthеn th1s  resц l t  by  weaken lng the  гes t r1c t1on
on the  nцпbеr  o f  1deпрotents  l s  1лrрoss1b le .  l . Iе  note  Thеorеm 3.3  eas l l y  lmр11es
that  the  semlgroup л '}  r s  not  f1n1te ly  based.  Th1s  1s  thе  f l r s t  examрle  o f  a
no t  f . b .  f l n l t e  1dempo tеn t  genе r a t ed  s еm lg r oup ;1 t  1 s  e l s o  l n t e r e s t l ng  t ha t  1n' l

A;  a l l  e lements  eхсеpt  one are  ldегnpotents .

Wе proсeed.  now to  the  exaп1nat1on o f  o ther  bas1c  s ta tеments  o f  p rob lems
re l a t ed  t o  f . b .  f l n 1 t e  s еm1g roups .  We  f 1 r s t  no t e

Que s t i o n  8 . 3 .  Doe s  t h e r e  е x1 s t  a n  a l g o r l t hm  de t е rm1n1no  f о т .  c яnh  е l n 1 t е
sem1group whether  1 t  1s  f ln l tе ly  basеd '  o r  not?

I n  o t h e r  wo r d s ,  Que s t l o n  8 . 3  с an  b e  s t a t е d .  a s :  l s  t h e  s e t  o f  a l l  f . b .  f 1 -
n1te  semlgroups  reсцrs lvе?  I t  1s  even unknoъrn whеther  th1s  se t  t s  rеcцrsJ .vе ly
enume rab l e .  Ques t 1on  8 . ]  1 s  a  s pe с1a11za t 1on  o f  a  wе l l . k nown  р r ob l em  o f  Ta r s k1
f o r  t h e  с a s e  o f  s еm l g r oup s  ( s е e  [ 1 79 , 191 ] ) :  l s  t h e  s e t  o f  a l 1  f . b .  f 1 n1 t e  a l g е .
bras  o f  somе f1xed s1gnature  recurs1 ' " ] , , r j "сent ly  MсКenz1e rеdцced the  genera l
prob lem of  Tarsk1 to  the  casе  o f  g .o , , .р i . , с lwh lсh  g1vеs  Quest1on 8 .З  рar t1cuIar
1nterеs t .  I t  1s  not  d1f f1сu l t  to  unders tand that  fo r  any  two f1n l tе  sem1groups
S and T the  cond l t ton  Г(vагS сan bе a lgor l thm1ca l l y  veг1f1ed.  Therе fore  an
a lgor l thm for  reс .ogn1t1on o f  f .b .  f1n1te  lnveгse  semlgrоups  1s  obta lnеd f rom
Thеo r em  8 . 2 .

Hov lever ,  f rom the r r lnverser r

a1gor1thm a1so rесogn1zes  f1n1te
as  a lgebras  o f  s lngature  ( . .  - ' )

ana l og  o f  Theo r em  8 . 2  t t  f o l l ows  t ha t  t h l s
tnveгse  sem1groups  wh1сh arе  f1n1te ly  basеd
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Ques t i  on

sys tem o f  s . 1 .

I n  Qце s t l o n  8 . З  wе  a r е  t n t e r е s t е d  1n  t h e  г е с оgn l : l o n  o f  f . b .  s еm1g r oup s

among  f l n l t e  s em1g roups .  The  dua l  que s t l on , . o f  t h e  po s s l b l l l t y  o f  an  a l go r l t hm1с

r е сogn t r t l on  oГ  f l n l t e  s em lg r oups  aпong  f . b .  s еm lg r ouрs , l s  no  l е s s  na t u г a l  and

was  a } so  po sed  ! v  Ta r s к1  l n  t } 79 ]  ( aga1n ,  f o r  a l g eb гe s  o f  an  a r b l t г a r y  s l gnauu rе )

I t  сan be fo rmцla ted as  fo1 lovrs .

8 . 4 .  Doe s  t he r е  e х1 s t  an  a l go r l t hm  deЕe rmtn1ng  f o г  e a ch  f l n 1 t е

Е whether  thе  var le ty  vaт  I  t s  8eneratеd '  by  a  f ln1te  sem1gгoup?

I t  1s  knovrn  that  the  quest lon  ana logоus  to  Qцest lon  8 .Ц for  gгoupo1ds  has

a  nega t 1ve  an swe r  ( I v l ц r s k l l  t 72 ] ) .  Ve r y  г e сen t l y  Dvo sk l na  ( s eе  [ r 92 ] )  an s r т e r ed

Qцes t 1on  8 .Ц  po s1 t l v e l y  f o r  t hе  с l a s s  o f  с o rшnu t a t l v е  s eш1gгouрs .

Tbе fo l towlng quest lon  has  a l so  lnsр l red .  prob le rвs  and resц l t s  ln  цn lvеrsa l

a lgebra .  In  t7з]  Iv lц rsk l l  es tab l l shed,  that  foг  any  f1хed '  s1gnaturе ' l a lmost  aI l ' '

f 1 n1 t e  a l g еb r a s  o f  t h1 s  s l gna tu r е  a r e  f l n l t e l y  ba sed ,  1 . e . ,  t h e  r a t 1o  o f  t hе

nцпber  o f  f .b .  a lgebraв o f  o rder  n  to  the  number  o f  a1I  a lgebras  o f  o rdег  n

tends  to  t  as  n  tеnds  to  ln f1n1ty .  Foг  the  case  o f  g rouрo lds  th1s  rеsu l t  was

essеnt1a1 ly  re f lned tn  [74] ,  whеrе  l t  was  found that  the  f гaс t lon  o f  a l l  n -еLе-

шent  not  f .b .  g roupo ld ' s  яmong a l l  n -e temеnt  groupo lds  1s  asy lцрtot l сa l l y  еqua1

to  , , .o .  In  сonnect1on w l th  th1s thе fo l low1ng 1s  appгopr la tе .

Que s t . l o n  8 . 5 .  Wha t  l s  t h e  ! ' lm ' l !  o f  t h e  r a t l o  o f  t h e  numbe r  o f  f . b .  s em l -

groцрs  o f  o rder  n  to  the  numbeг  o f  a t l  se rn lgгoцрs  o f  o rdег  n  as  n  tеnds  to  ln -

f ln1ty?  What  l s  the  (asyпrpto t1c)  f гac t1on o f  a l l  n .е lement  not  f .b .  seшlgroups

among al l  n-eleтnent sem1groups?

The  f o l l ow tng  que s t l on  was  men t1oned  1n  [ 82 ] ,  P r ob l еш  2 . 5 La .

Ques t l oп  8 . 6 .  Doе s  t he r e  e х1 s t  a  f l n l . t e  s еm lg гouр  w l t h  an  l n f l n l t e  1 r r е -

duс1b1e  ba s1 s  o f  l d еn t 1 t l e s ?

F1n1te seш1groups rt1.thout an 1rгed,цс1ble basls of ldentlt les are lсrown,

for  еxaшp1е t t re  f1n1te  seв1group o f  [79J  generat lng  the  varJ -e ty  var  B15(р) .

However ,  foг  the  шаJor l ty  o f  not  f .b .  f ln l tе  seшlgroups  enсoцntered ln  the  -

l l teгa turе  ( ln  par t1сuIar '  fo r  the  sеш1group в; )  t r rе  qцest lon  o f  thе  pгеsence

o f  an  l г г edцс l b l е  ba s l s  г ema . l n s  oрen . . .  - : . :  .  . . ' . . . ,  -  , ' . .

59.  . INHЕRЕNтLY INFINIтЕLY BAsЕD sЕMIGR0UP.s  .

й  z . r .  vaо1ety  l s  оa l1ed  lnhегeпt1y  ln f . l n i te ]у  Ьased  l f  еach  Z . f .  vaг le ty

сonta1n1ng 1t  has no f ln l te bas1s of  1dent1t les .  A l - ln1tе seшlgrouр ls  ca l lеd

1nheгеn t1y  l n f i п i t e ] y  based  l f  quсh  a  va r l e t y  l s  geneгa tеd  by  l t .  The  no t l on

of  an lnheгеnt ly  1nf ln1te bas1s proрerty appeared 1n t l rе рaрers of  Мцr3k11 t7ц]
.and .  Pе rk lns  t r6o1  ( see  a l so  [16 r ]  and  [ r5 r+] )  f o r  the  сase  o f  g гoupo lds ,  whегe

the f l rs t  eхamples of  essеnt la l l .y  
. ln f1n1tеty basеd groцрol .ds weге prеsentеd.

: : -  2 l



: ] :  
i " ;й ly  Sap l - г  

^s .uссеeded 
ln  descг1b lng . lnherent lу  ln f ln l te ly  based sem1-  .

]  ^  1 . ' l а r . г {n с  t hрnт . р т  s  t h l s  dе s c r l p t l on  l s  o r 1g1na l I y
gгoцps . .  The fo l low lng theorem vсh1еh сonta ln

. :
рub l l s hed  he r e .  

- '  
. .  

. . ' , .  . , .

T hеo г em9 . 1 . A ) . [ f a f l n l t e s еm1g r oup . l s l n he r en t l y 1n f 1n l t e I y ba s еd t hen

an lnherent ly .1nf1n l te ty  based subsemlgro , ,р  
" i tь  

ld 'ent1 tУ  сan be found 1n 1t .

B )  Supposе  s  1 ; .  a . f l n l t Ь  s еm lg r oцр  w1 th  l d en t l t y ,  d  1 s  t he  pe r l od  o f  S .

The sеm1group S 1s lnherеntty lnf lnlte].y based 1f. and' only 1f foг some еlement
/t  +1

с(S  and some 1dempotent  e(SсS the  e lements  eae and еa*. tе  do not  11е ln  one

res1due с lass  o f  the  max lшa l  subgroup l i "  w1th  1dent l ty  e  w1th  resрect  to  l t s

F r oшTheo r eш9 . 1a s e r 1 e so f v e г y1n t е r е s t l n g сo r o l 1 a r 1 e s f o l l o v l s . F 1 r s t

o f  a l l ,  we sha l l  lnd1catе  a  conсre te  lnhеrent ly  ln f1n1te1y basеd f1n1te  sem1-

groLlp

Co гo11a г y  1 .  T l r e  s еm lg гouэ  в |  t s  l nhe гen t l y  1n f 1n1 t e l y  ba sed .

Thus, eaсh f lnlte sеmlgтоup S suсh tbat Bl(varS, does not havе a f1n1tе

basts of 1d.ent1t1es; ln рart lсцlar, for any f ln1te sеm1gгoup S thе semlgrouр

sxs}  1s  not  f ln1te ly  based ' .  We obta ln  the  fo l low lng rеsц l t  wh1ch сharaс ter -

l z e s  t h e ' r e l a t 1 v e  d , 1 s t r 1 bц t 1onn  o f ' t h е  c l a Ь s е s  f . b .  a nd  no t  г . b .  f 1 n1 t е  s em1 -

grouрs

Co гo l l a г y  2 .  Еa ch  f l n l t e  s eш1g rouр  1 s  1д rbеdded  l n  a  no t  f . b .  f l n l t e  s em1 -

group*"  Not  every  f ln1te  semlgгoup 1s  lпbedded ln  an f .b .  f1n1te  semlgroup.

By  comb1n1ng Coro l laгy  1  w l th  resц l tЪ o f  t}o l ] ,  we obta1n the  fo l low lng

nесe s sa r y  с ond , 1 t 1on  f o r  t he  f l n l t e  ba s l s  р r ope r t y  o f  a  f l n l t e  s еm lg r oup .

f  .b .  f1n1tе  seпr lg roup.  Then for  any  ldem.

a sеm1la t t1ce  o f  Aтch lmеdean semlgrouрs .

. 3  wе  no t e ,  f l n a l l y ,  t h a t  Theo r em  9 . 1  obv t oц s l y

Coro . l1aгy  4 .  There  ex1s ts  a l l  a lgor l thп wh1ch for  eaсh f1n1tе  sem1group

dеteгв lnes  l f  1 t  l s  lnherеnt ly  ln f ln l te ly  based oг  not .

Theoreш 9 . l  гevea ls  the  1ntг lns1c  s t гuc tцre  o f  lnherent ly  1nf ln1te ly  based

sеmlgroups .  Sap l r  гecеnt ty  obta lnеd a  charaс te tLzaЕ lon o f  such sem1gгouрs  1n

the language o f  ldеnt1t1es .

Coгo ] l a г y  3 .  Suppose  S  l s  an

potent  e of  S the semlgroup еSe ls

In сonnect lon w1th Quest1on 8

lmpl les

rThls  resu l t  was
f rom Pгopos l t1on  l I . 2

proved ear l l е r  by  thе  second author ;  l t  fo l lows . lп Iт lеd la te}y

o r  f r om  Theo r em  22 . L ,
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Тheo г em  9 . 2 .  A  f t n t t е  s еm l g r ouр  S  l s  l n h e r еn t l y  J . n f l n t t е l y  b a s еo  1 Г  and

n n . l  r r  . l  f  e я о h  n f  t h е  w o r d sv r t д J

.  
Z ,= х1 ,  22= Хt .Е*Et  ,  . . .  ,  Zn='  / ,o - ,хnZ,n-1  , . . . .

l s  an  1 so t he rm  r e l a t t v е  t o  eq  s .

Sц f f 1 с l en cУ  o f  t hе  с ond ' 1Е l on  o f  Theo r em  9 . 2  f o l l ows  1mmеd1a t eLy  f r om  The -

o r em  3 . 3 .  I n  t h1 s  с onnеc t t on ,  on l y  t he  f a с t  t h a t  t he  v a r l е t y  v a r  S  1 s  l o с a } l y

f 1 n1 t e  1 s  e s s e i r t l a l ,  1 . e . ,  t h е  с ond l t l o n  o f  Thеo r em  9 . 2  w1 l l  b e  a  s u f f 1 c l e nЕ

cond l t l o n  f o r  t he  1nhе r en t l y  1n f l n1 t e  ba s i s  р r oрe r t y  f o r  any  L , f .  v a r l e t y .  How .

еvе r ,  l n  t hе  р r oo f  o f  ne сe s s l t y  t he  f a c t  t h a t  t he  c l a s s  9  o f  a l 1  g r ouрs  1n  va г  S

l s  a n  f . b .  v a r 1 e t y  1 s  u s ed  ( t r r t s  f o l l ows  f r om  r e s u l t s  o f  [ r 3 9 ]  a nd  t r э в ] ) .

Thank s  t o  t h1 s ,  f r om  t he  s y s t em .  o f  l d en t 1 t 1e s  eq  S  1 t  l s  po s s l b l e  t o  e х t r a с t  '

a  f 1n1 t e .  s ub sy s t em  Е  sц ch  t ha t  t he  c l a s s  o f  a l l  g r ouрs  l n  v a r  Е  с o1nс1des  w l t h

$ .  I f  now Z* = w l s  a  nont r1v1a l  ldеnt l ty  sa t1s f1еd 1n S ,  then the  varJ .e ty

vаrЕf l  var |Zo-,g|

1 s  f 1n1 t е l y  ba sed ,  c on t a l n s  S  and  by  a  г e sц l t  o f  t 81 ]  1 s  L . t .

I t  1s  not  d l f f1cu l t  to  цndeгs tand that  ln  the  argument  рresentеd l t  l s

essent la l  on ly  that  loсa l  f1n1teness  o f  the  var1ety  9  сan be guaranteed by  lm-

po s1ng  a  f 1n1 t е  numbe r  o f  1den t1 t l e s .  Thus ,  t he  quе s t l on  o f  whe the г  ea сh  i n -

h c r . c n t . l v  l n f l n t t g l y  ba sed  va г l е t y  o f  s еш lg r o r r р s  s a t 1 s f 1e s  t hе  с ond1 t1on  o f  Thе -д . 9 t  9 ^ . v  * r ,

o rem9 .2  l s . equ t va1en t  t o  quе s t 1on ,  we l l . k nown  1n  t he  t hеo r y  o f  v a r l е t 1e s  o f

g r ouрs ,  o f  whe the r  e a ch  Z . f .  v a r 1e t y  o f  g г oups  1 s  c on t a l ned  1n  an  f . b . 1 . f .  v a r l .

е t y  o f  g r ouрs .  Th1 s  l a t t е r  que s t 1on  c an  a l s o  be  f o гmu l a t еd  a s  f o l l ows .

Ques t i  on  9 .1 .
a и n r l n с  o
с 5 t  v ч у 9  .

Do thеre  ex1s t  lnhеrеnt ly  ln f ln l tе ly  based vaг le t les  o f

'  F r om  r е su1 t s  o f  Ko s t r l k l n  t 43 ]  l t  f o l l ows  t ha t  t he  с l a s s  R ,  o f  a l l  L . t .

gгoups  o f  p r1mе ехponent  p  fo rm a  var te ty .  The quest lon  o f  1 ts  f1n l te  bas1s

p r oрe r t y ,  шen t t oned  l n  [ 7 5 ] , . P r ob l em  Ц ,  l s  o pеn  цp  t o  t h e  p r е s еn t .  I t  1 s  n o t

d1f f1cц l t  to  vеr l fy  that  1 f  -  яP  dоes  not  havе a  f ln l te  bas1s  o f  ldеnt l t1es  then

1t  neсessar l l y  w111 be an tnhere-nt ly  1nf ln1te ty  based var lе ty .  .

F rom Zorn ' s  lemma 1t  еas1 ly  fo l lows that  theгe  eх1s t  m1n1mal  lnherent ly

1nf ln l te ly  based vaг1еt les  and that  eaсh lnherent ly  ln f ln l te ly  basеd vaг1ety

conta lns  a  mln lma l  such var1ety .  We shat l  1nd1сate  one such var le ty .  Suppose

Z-х ,х"х ,х ,х rх l rх r . . .  l s  an  1 i r f ln1tе  seqr renсe .w1th 1n l t la} '1nterva l  be1ng the  words

Z t ,  Z z , . . . ,  Z n , . . ,  
. T he  

s e t  o f  a l 1  е I emen t s  o f  a  f г e e  s em1g r ouр  o f  c oun t ab l e - . r a n k

F . .wh l еh  a r e  no t  sцbwo rd s  o f  t he .  s eqL l еn сe  Z .  f o гms  an  1dea l  т ( 7 ' \  J n  Е '  т he
0 . 1  . - -  - . : : . '

va r l e t y  3 ,  g enе r a t ed  by  t he  Ree s  f a с t o г  g r ouр  F , ' / T (Z )  w1 t l  a l s o  bЬ  a  m ln lma l
a
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l n he r еn t l y  1n f 1n1 t e l y .  b a sed  va r l е t y . . '  l ' l o r eove г ,  . 1 s .  1 t .  1 s  no t  d l f f l с ц I t ,  t o  s eе ,

l t  w l 1 l  b e  t he  sma I l e s t .  v a r l е t y  s a t l s f У l ng  t he  c ond l t l o n  o f  Theo r em  9 . 2 .  The r e .

f o r e  t he  que s t l on  o f  whe the r  t he r e  . 1 s  a  v a r l e t y  $  wh t ch  l s  t h e ' sma l l e s t  among

a l t  t nhe r en t l y  1n f l n l t e l y  ba sed -  v a r 1e t 1e s  o f  s еmtg roups  l s  equ1va l en t  t o  Ques -

t 1on  9 . 1 .  The  va r l e t У  з  1 s  no t  genе r a t ed  by  a  f l n 1 t e  s em lg r oup .  I t  1 s  na tц r l a l

to  . t ry  to  f lnd  mln lma l  lnherent ly  ln f ln l te1y  based.  var le t1еs  gеnerated by  a  f1 .

n l t Ь  s em i$ гoup .  An "examp l e  o f  s u ch  a  v a r 1е t y  l s  t h e  v a r 1е t y . , a r  в } .  I , l o r eove r ,

l n  a  v e r y  b r oad  с l a s s  o f  v a r l e t l е s  t h l s  v a r 1е t y  t s  t hе  sma l l e s i ,  a s  t hе  f o l l ow -

1ng resu l t  o f  Sapt r ,  pub l l shed,  o r lg lna l l y  here ,  shows '  .

' . . . :  Theo гeп  9 . 3 .  Suppose  S  1 s  a  f l n l t e  s eш1g roup  su сh  t t r a t  e l l  i t s  s ubg roups

arе  n11potent . .  Then S  l s  lnherent ly  ln f ln l te ly .  based 1 f  and on ly  l f  8 l (varS .

.  
цowever . ,  therg  a l so  ex1s t  essent la l l y  1nf1n1te ly  based sев1groups  о f  S  suсh

that дlevаrS. The coггespond' lng example was found by Saplr; 1t ls qu1tе сom.

p11cated,  and '  we w l l l  not  reproduce l t  hеre .  The fo l Iowlng netura l l y  a r1ses .

P гob1em 9 . 1 .  De s с r t bе  a l l  l n he r en t I y  1n f l n1 t e l y  ba sеd  va r l e t l e s  wh1сh  a r e

mln lma l  among those geneгated by  f ln l te  sеm1groups .

510.  sЕ i , t IGR0UPs шIТ i l  A  s l . , . lALL  шuмввк oг  ЕLЕ l . iЕNтs

The sma}1 numbеr  o f  e lements  1n the  not  f .b .  semlgroup в}  focusеs  a t tent lon

on thе  f1n1te  bas1s  prob lеm foг  semlgroups  o f  o rdеr  <5.  Th1s  prob lem was men-

t l o ned . ,  1 n  p a r t 1 сu l a г ,  1 n  [Ц4 J  ( P r ob l е r п  2 . 1ц  d ' )  a nd  1n  t 8 2 ]  ( ? r ob l e r п  r . 6 3 ) .  I t s

сomple te  so lu t lon  oсcup1ed around f1 f teen years  and requ l red  s1gn1f1сant  е f fo r ts

wе note  that  ( to  w1th ln  l somorph lsm or  ant l l somorph1sm) therе  are  18 three-

e lemеnt  ,  l ' 26  foцr -e lement  and 1t60 f l ve .e lеment  sem1groups  (see  fo r  examр1e

t r з 5 ] ) .  T he  r e s u l t  o f  t h e s e  e f f o r t s  l s

Тheo г em  10 . 1 .  Е a ch  s em l g r oup  o f  o r d е r  n o t  e x c eed1ng  5  l s  f l n l t e l y  b a s ed .

The  h l s t o r y  o f  t h e  p r oo f  o f  Theo r еm  10 . l  l s  t h e  f o11ow1n3 .  The  c a sе . o f

two.е lement  sem1groups  1s  t r1v1a l  and fur thermore  1s  сovered by  the  genera l

r e su l t  o f  L yndon  [ rЦ7 ]  on  t hе  f l n 1 t е  ba s1 s  p r ope r t У  o f  anу  two -e l еmen t  a }gеb гa .

The f ln l te  bas1s  propеr ty  o f  th ree-e lement  semlgrouрs  Was pгovеd by  Perk lns  1n

t 159 ] .  Hе r e  t he  f o l 1ow1ng  s em1g ro l l p  r ha r a с t e r l s t l c  t s  u sed :  t hе r e  e х1 s t  a  no t

f . b .  t h r еe - e1emen t  g гouрo l d  (Muг s k l 1  t 70 ] ) .  The  f 1n1 t e  ba s1 s  p r opе r t y  o f  f oц r -

e l еmen t  s emtg roups  was  annoцnced  by  Bo l ' b o t  [ 1 ? ] ,  Ka rno f s k y  [ 137 ]  ano  P l emrпons

t 166 ] ,  and  t he  f 1 r s t  р r oo f  was  рub I1 shed  l n  [ r 8 ] . *  The r e  1 s  ano the r  р r oo f  l n

x I n  t 1 з ? ]  t h e r e  l s  a n  ou t l 1 ne  o f  a  p r oo f ,  b u t  a s  с o r r e е t l y  n o t еd . l n  | L 227 '
the  argument  1n [ r37]  does  not  go  through for  a l l  four .e leп iеnt  semlgroups .

^ l r
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LТ227 ;  we  no t e  t h a t  1 n  [ l 2 2 ]  b a s е s  o Г  l d en t i t l e s  a r е  е xp l l с l t l У  d е s с r 1bеd  f o r

a1 l  s em j - g r oups  oГ  o r de r  s 4 .  Ba se s  o f  l d еn t l t 1 е s  o Г  a l l  f ou r - e l еmen t  noneoпunu -

t a t l . v е  non l dеmpo tеn t  . s em lg r oups  wе rе  р r e sen t еd  (w l t hoц t  p гoo f  )  t n  t B5  ]  .  ' ' S t ц rm ' '

f l v e - e l emen t  s еm lg r oups  We rе  1n t r oduced  by  Еdmunds  ! n  I r 2 r ] ,  whe r е  t he  f l n l t e

ba s1 s  р r oре r t y .was  p r ovеd  f o r  f l v e - e l e r nenЕ  s em lg r oups  w l t h  z e : ' o  and  1den t1 t y .

T1shchеnko I rB2]  ana l .yzed the  сase  o f  f1ve-e lеment  mono1ds .  The f1ve-е lement

s em lg r ouрs  A2  and .B , ,  wh1ch  p t a y  an  е speс l a l l y  lmpo r t an t  г o l е  bo t h  l n  t he  s t r u c -

t u r a l  t h eo r y  o f  s em1g roцрs  a s  wе l l  a s  1n  t he  t heo r y  o f  s еm lg r ouр  va r 1e t l e s ,  h ad

bееn  o f t en  еn сo l r n t e r ed  еa r l l е r .  F 1n l t ene s s  o f  a  ba s l s  o f  l d en t 1 t l е s  o f  t h e se

sеm lg r oups  was  e s t ab l l s hed  by  T r a kh tman  l n  t 9ц ]  and  t 95 ]  r e sрe с t l v е l y  ( f l o r  de -

t a 1 l s  s e е  S20  b е l ow ) .  The s e  r е sц l t s  o рened  t h е  way  t o  t h e  р r oo f  o f  Е hе  f l n 1 t e

'bas1s  рroрer ty  fo r  an  arb l t ra rУ  f1ve-e lеment  semlgroup,  wh lеh Was announсed ln

t 9 6 ]  ( s e e  a l s o  t r 8 u ] 1 .  The  с omp l e t е  t e х t  o f  t h l s  p r oo f  h a s  n o t  y е t  b een  рub .

l l s hed

The  d1 f f l c u l t 1 е s  a r 1 s1ng  l n  t he  p r oo f  o f  Theo r em  10 . l  a r е  no t  on l y  t e еh .

n1сa l  but  a l so  o f  a  fцndamеnta l  nature .  In  рar t l сu la r ,  there  do not  еx1s t  any

genera l  сond1t lons  fo r  the  f1n1te  bas l s  proper ty  wh1сh woц1d a l low us  to  rер la rе
' |manua l . '  w l th  ' ' aцtomat1c ' '  a rguments .  Th1s  с1rсщnstance 1s  sharp ly  dеmonst ra ted

by  t he  f o l l ow l ng .

Тheo г em  10 . 2 .  F o r  e a сh  n  z  5  t h e  v a r l e t y  8 o ' g еnе r a t еd  b y  a l l  n . е l еmеnЕ

sem lg r oups  doe s  no t  have  a  f l n l t e  ba s l s  o f  l d en t l t l e s .

Theo r em  }0 . 2  was  ob t a l ned  by  t he  s е сond  au tho г  and  l s  o r 1g1na l l y  рub l l s hed

he r e .  I t  f o l 1ows  f r om  Theo r em  3 . 2  ( f o . r  n  >  5  Thеo гem ] . З  c an  be  app l l е d ) .  B y

сomрa r l ng  Theo r em  lO . 1  and  Thеo r em  l 0 . 2  ( f o r  n  =  5 ) ,  Wе  s ee  t ha t  wh l l e  l d еn t l .

t1еs  o f  each separate ly  taken f l ve .е lemеnt  semlgroup havе a  f ln l te  bas ts ,  the

se t  o f  a1 l  l d en t 1 t l e s  f o r  a l l  t h е se  s еш lg r oups  1 s  no t  f t n1 t e l y  ba sed .  I t  l s

po s s1b l e  t o  p r o ve  t ha t  a l s o  f o r  n  >  5  t he  v a r 1e t y  gеnе гa t ed  by  a l l  f . b . . n - е l emen t

sеm1groups  1s  not  f1n1te ly  based.  Wе a l so  note  that  the  var1et1es  8:  and E .  a re

f 1n1 t е l y  ba sed  ( f o r  t he  f l r s t  t h l s  1 s  obv t ou s ,  and  f o r  t he  s e сond  t h1 s  was  г е -

сent ly  shovrn  by  Dvosk1na) .  .We formula te

Que s t i o п  10 . 1 .  Doe s  t h ё  v a r l e t y  s .  h a ve  a  f l n l t e  b a s l s  o f  l d en t l t l e s ?

11.  T l - lЕ  сLAss  0 t  F INITЕ F INIтЕLY вAsЕD sЕ} t IGR0UPs
A l lD  sЕ l ' l IGR0UP.ТHЕ0RЕТIсAL  с0 i i s тRuстI0Ns

Wе deno t e  t he  с1a s s  o f  a l l  f l n l t e  f . b .  s em1g rouрs  b y  FFB .  The  behav1o r  o f

the  с lass  FFB ln  re la t lon  to  var lous  opeгat1ons  over  sеm1grouрs  and sem1gгoup.

t heo r e t 1 с  с on s t r u c t 1ons  1 s  na t u r a l l y  1n t e r е s t l ng .  I t  t u r n s  oц t  t ha t  t hе  c l a s s

FFB ln  th l s  sense l s  h1gh ly  l r regu la r .  The cor respond lng resu l t s  a re  sцшnaт lzеd

as  fo l lows
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Thеo г eп  11 . 1 .  The  c l a s s

and  f a с t o r  s em lg r ouрs ,  d1 r е с t

t a t 1 ve  bund l е s .

F FB  1 s  no t  c l o s ed  w l t h  r e sрe с t  t o  s ub sem1g roцрs

p roduc t s ,  . 1dea t .  e x t en s1ons ,  1е f t  ,  r 1gh t  and  commu-

t h e  f o l l ow l ng  r u l e s  ( b e l ow  s ( S ' ,  / ( S ) :  i n  S

or lg lna l  mu l t lP l l ca t1on,

1 " (s, с): (ls, с), (с' s) . (|' a): (с, sl, с),

(с, 0 . (s, с): (с, ls, с)

We  p r e sen t  e xamp}es  p гov l ng  Theo r em  11 . l ,  bu t  f l r s t  wе  de s с r l b е  a  c on s t r u c .

t 1 on  u s ed  f o r  t h e s e . e х amp1e s

а )  Thе  с on s t r u с t i o n .  S upрo sе  s  } 9 .  a n  a r b . l t r a r y  s em1g r oup ,  с  a nd  0  a r e

s ymbo I s  no t  l y l ng  l n  S .  We  con s1dе r  t hе  s e t

,  T(S)-SU{сt  хS lUS 'x  {a l  U(" l  Хs 'Х  tс lUt0}

and on 1t  wе def lne  an oрerat lon  by

the operat ton o  сo1nс1des  w l th  the

(с. s) . 1_ (с, sQ,

rema1n1ng products are equa} to 0.  I t  1s easy to vеr l fy  that  thе oрera.

l s  a s soc1a t1ve .  Fu r the r ,  sцpрose  W 1s  an  a rb l t r a ry  se t  o f  words '  W(S)  1s

of  a l l  va] .uеs of  words 1n S und'er  subst l tut1on of  e lеmеnts of  S for

.  Wе  deno te  thе  Rеes  f aс to r  g гoцp  by  T ( s ) / I ,  where
I

I- |a| Х ty(.') х tсlU {0l.

The  con s t г u с t l on  o f  t he  s еm1gгouр  T (S ,  W)  was  p r e sen t еd  by ;Sap1 r .  Thе  f o l t ow l ng

s t a t e s  a  f цndamen ta l  p r oрe г t y  o f  T (S ,  W) ,  pub l 1 shеd  o r 1g l na1 l y  hе r e .

P г opo s l t i o n  11 . 1 .  S upрo se  F  1 s  a  f r e e  s em1g r ouр  o f  с oun t ab l е  r a n k  l n  t h e

va r1е t y  v a r  S ,  W  1 s  a  s e t  o f  wo rd s  sц с ' h  t ha t  W(F )  /  v ( F )  f o r  any  f 1n1 t e  s e t  o f

wo rd s  V .  Then  t he  s em lg r oup  T (S ,  W)  doе s  no t  have  a  f l n t t e  ba s l s  o f  1den t l t l е s .

B y  v a r у l ng  s  and  W  1n  t hе  de s с r i b ed  con s t г u с t l on ,  1 t  l s  po s s1b l e  t o  ob t a l n

еxamp l e s  o Г  no t  f . b .  s em lg r oups  ( l n c l ud l ng  f l n 1 t е )  w1 th  l n t е r e s t 1ng  р r ope r t i е s

f o r  t he  t heo r y  o f  v a r 1е t 1е s .  O the r  app l 1 сa t l on s  o f  t h1 s  с on s t r u c t l on  appea r  l n

E18 .

b )  Sub s еm i g г oup s  and  f a с t o г  s em i g г oup s .  The  f 1 r s t  e х amр Iе  o f  a  f l n l t e

f . b .  s em lg r oup  hav1ng  a  no t  f . b .  s ub sem1g roup  and  a  no t  г . b .  Г a c t o r  s em ig r oup

was  f ound  by  Sap l r .  We  p r e sen t  t h l s  e xamр l e .  Suрpose  P . and  q  a r e  d l s t i n с  odd
{ <

n r . " lmes .  К  аn r l  L  a r e  nonabe l l a n  g r oups  o f  o r de r s  p J  and  q ,  r e sрe c t 1 ve l y .  Fu r t hе r ,
у д  

д . l д Е  9  
,

s r rppose Wo l s  thе  sе t  o f  a l l  words  o f  the  fo rm

[*{, yfl ... [хf ' Уil'

and Wo l s  the  se t  o f  a l l  words  o f  the  fo r rn

[{' yl] ...|4' у'rl,
'*

z o

and al l

t l o n  o

t hе  s e t

l e t t e r s



Where [х 'y ] :хec . |уPc- |ху .  Wе сonstoer  the  sеmlgroups  Г . ( / (Х  L , |Yo)  and,  г (Кх  L , |Vq) .  F rom
P ropos t . t 1on  11 . l  1 t  f o l } ows  t ha t  bo t h  t hе se  s em1g roups  a r е  no t  f 1n1 t е l y  ba sеd ' ,
b ц t  l t  1 s  p o s s l b l e  t o . v e r 1 f y  t h a t  t h е1 r  0 - d1 r e е с  J o l n  h a s  a  f l n l . t е  b a s l s  o Г
1den t1 t 1е s .  C l e a r l y ,  howevе r ,  t h е  O .d l r e е t  J o l n  o f  t h е  two  s em lg r oups  S  and '  T
ha s  an  1dea l  l s omo гph l с  t o  S . s цеh .  t h a t  t h e  Rее s . f a c t о r  s em1g r oup .w1Еh  r е s ре сЕ .  .

t o  1 t  l s  l s omo rph l c . ' t o  T .  Thцs ,  wе  ob t a l n  t ha t  t hе  с l e s s  F FB  1 s  no t  e vеn  с l o s еd
w1 th  г е sрeс t  t o  t a k1ng  l d еa l s  and  Ree s  f a с t o r  s еm1g rouрs .

с )  D i г e с t  p г odu с t s .  I d e a1  e x t en s i o n s .  The  f l r s t  e х amр l e  o f  a  n o t  r . b .
f l n l t e  s em1g roup  wh1сh  1 s  a  d1 r e c t  р r oduс t  o f  f . b .  s em lg r ouрs  Was  сon s t r u c t ed '
b y  Sap1 r  b y  means  o f  t he  с on s t r ц c t l on  11 . l a .  Ano the r  e хamр l e  f o l l ows  f r om  The .
o r em  L0 . 2 :  t he  d1 r е с t  p r oduс t  o f  a l 1  f l v e . е l еmеn t  s em1g roups  l s  no t  f l n l t e l y
ba sеd .  B y  u s l ng  Thеo r em  3 . 2  l t  1 s  no t  с omр1 t сa t ed  t o  ded ' u се  t he  f o t l ow l ng  mo re
genеra l  asser t1on,  obta1ned by  thе  seсond,  author  and or1g1na l l y  рub l1shed here .

P г opo s i t i o n  11 . 2 .  F o r  a n y  f . b .  s em1g r oup  S  t h е r e  e х1 s t  f . b .  f l n 1 t е  s en1 -
groups  T  and U sцch that  the  d l rec t  р roduсt  S  х  T  x  U l s  not  f ln l te ly  baseс i .

As  T  wе сan take  the  semlgroup A2,  and '  as  U an arb l t гa ry  f ln1tе  grouр not
1ytng ln  var  S .  Henсe 1 t  fo l lows that  fo r  any  nont r l v1a l  f ln l te  group G the
sem lg r oup  A ,  x  G  1 s  no t  f 1n l t е l y  ba sed ' .  I t  1 s  е a s y  t o  s ee  t ha t  t he  g . d l r e с t

Jo1n o f  the  sem1groups  A2 and GU 1s  equat lona l l y  equ1va lent  to  A ,  у  G,  and therе-
f o r e  a l s o  doе s  no t  have  a  f 1n1 t e  ba s1 s  o f  1den t1 t 1e s .  Thus ,  t h1 s  e xamp l e  shows
tha t  t he  с l a s s  F FB  l s  a l s o  no t  с l o s ed  r+1 th  r e sрe с t  t o  1dea l  e x t en s l on s .

d )  Bund . l e s .  Е х amp1e  / . 2  s hows  t h a t  t h e r e  e х1 s t s  a  f 1 n1 t e  f . b .  s eпп t g г oup
S sцсh that  the  sеm1grou 'p  s l  1s  not  f1n1te ly  based.  Thцs  the  c lass  FFB l s  not
c losed w1th rеspect  to  commцtat1ve bund ' les ,  and '  шorеovеr  r . l1 th  гespеct  to  oгd lna1
s lu t rs .  For  compar1son we note that  fo r  any  f .b .  semlgroup S  the  sеm1grouр ob-
t a1nеd  by  ad Jo l n1ng  z e r o  t o  S  I s  a l s o  f . b .  Th1 s  f o l 1ows  f r om  r е su l t s  o f  I 4e1 ' n1k
t68] .  The fo l low1ng гema1ns opеn

Ques t i on  1 i . 1 .  I s  t he r e  an  f . ь .  r r . , t t e  s eш lg r ouр  wh1ch  1 s  a  с omml l t a t l v e
bund lе  o f  a  сomпцtat1ve semtgroup?

I f  t h е  an swe r  t u r n s  ou t  t o  be  рo s1 t 1ve ,  1 t  wou i d  be  рo s s l b l e  t o  s 1gn1 f l -
с an t l y  s ho г t en  t hе  p r oo f  o f  Theo r em  10 . 1 .

S1nce  t hе r e  e x1 s t s  a  no t  f . b .  f 1n1 t e  с omp l е t е l y  s 1лр l e  s em1g roup  ( s ee  Ех .
amp l е  8 . l )  wh1сh  с an  bе  сon s1de r ed '  e1 t he r  a s  a  l e f t  bцnd l e  o f  r 1gh t  g гoцps  o г
a s  a  r t gh t  bцnd l e  o f  l e f t  g r oцрs ,  t he  с1a s s  o f  F FB  1 s  a } so  no t  е l o s ed  w1 th  r e -
spect  to  fo rmat lon  o f  le f t  and r lght  bund les .

Theo r еm  11 . 1  shows  t ha t  t he  с l a s s  F FB  1 s  no t  c l o s ed '  w1 t . h  r е spe с t  t o  t hе

l
I

;

2T



oрerators  H o f .  tak ing homomorph lс .

t a k l ng  f l n l t e  d l r e c t  p r oduс t s , : ,  B f

low lng natura l l y  a r l sеs

lmages ,  S  o f  t a k l ng  sub sеm15 rouрs ,  P .  o f

o f  tak lng f ln1tе  bund lеs  and so  on. ' :  The fo l -

^ . .^ . } {  ̂ я
U  ц с  D  U  t v l r  .

o f  t he  c l a s s  F FB  co l n с l d e

e s sen t l a l l Y  f l n l t e l Y  ba sed?

Prob . l еm l . l . . - 1 . ' - -De . s ' c .ч ib9 . th .e  
с . l 9 s .u res .9 f  . the  с l a s s  FFB  w1th  rеspee t  to  the

opera to r s  H ,  S ,  P f ;  B f  and '  the l r  comb lna t l ons

In  pa r t l еu l ч  we  no tе . t he " fo l l ow1ng  сonc ге tе

Ques t i on  I l . ?  ( Sap1 r ) '  Does  t he  HSP t - c l o su re

w1th the c}ass of  f ln1te seп1groups whlсh are not

' -  F rom resu l t s  o f  g9  l t  fo l lows that  the  la t te r c1ass  1 s  HSP . - с l o sed .

. ,  
сHAPTЕR  I I I

s12 .  тЕсHNIQUЕs

HЕRЕDtтдк t t . v  t I t l I тЕLY  BAsЕD YARIЕТI  Еs

Any nontr tv la l  syntaсt lс  proof  of  the hered1tary f1n l te bas ls  propertу for

somе or other var lety 1s based '  1n the end on onе of  two с l rсцmstanсes:  f1rst '

on the ex1stenсe of  somе stanoaтd l1st  for  e lements of  a f reе sеmlgroup ln l t  '

I
and.  sесond,  on the  рoss lb1 l1 ty  o f  su l tab}у  comple te ly  prеordеr lng  thesе  s tandard

l l s t s . r  I t  was  reсent ly  not l cеd that  these  arguments  сan be usеd ln  a  fo rm

sц l t ab l e  f o r  t hе  app}1ca t 1on  o f  a  s cheme .  Wе  p r e sen t  one  o f  t hе  po s s1b l е  v a r l -

an t s  o f  s u ch  a  s chеme .

sцрposЬ  E  l s  a  v a r l e t У  o f  s em1g roups ,  B  1 s  a  c omp1e t e1y  l n va r t an t  с ong rйenсe

on a  f ree  sem1grouр o f  сountab le  rank  F '  сor respond1ng to  E .  We sha l l  saУ tha f

E  a с i r л l t s  a  f i n e  s . t а nda гd  f o гm  l f  t h е г e  e x l s t  a  s ub s e t  ц с . F . ,  a  r е } a t l o n  s  o n

M and a  re la t lon

hI* : {(,J '  o) €уx lvt|u 1o|

su ch  t ha t :

a ) t h е l n t е r s e c t 1 ono fMw1 thanyB - c l a s s l s n onemр t y ;

b  )  ( Iу t ,  <\  1s  a  comp}etety  ordеred se t  ;

с )  ( / и* ,  s )  t s  a  с omр}e t е l y  p r eo rde r ed  s e t ;

d)  1 f  (ш,  1) \ '  ( z ,  qс . l v l "  and (ш '  т ) ( (z ,  l ) ,  then there  ex1s ts  o( tУ|  suсh

and the  pa1r  (z ,  w)  I les  1n thе  comple tе ly  lnvar la r r t  сon8гuencе on

by  t he  pa l r  ( ц ,  v )  and  B .

t h a tw<  z

F ,  Bene r a t ed

each
back
t h e

Б" "a t1  t ha t  a  p reo rdе rеd  se t  l s  сa} l ed  сomр]e te1y  р reo гdегeс i  l f  l n  l t

s t r1c t l y  dес rea . s l ng  сha1n  and  eaсh  an t l сha ln  a re . f l n l t e .  Th1s  no t1on  goes

to  H1gman  t r 30 ] ,  and  s t a r t r n ! ; 1 ; ;  с "йБ"  I l 20 ]  was  sцcces s fu l l y  u sеd  l n

theo ry  o f  va r te i i e s  f o r  the  р iooг  o f  the  } rе геd1 ta ry  f l n l t e  bas l s  p rope r t y .
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P гoрo s . i t . i o n  1 2 . 1 .  I f  t h е  v a r i е t y  E  a dm l t s  a  f l n e  s t a nda r d  f o rm ,  t h en  a l l

l t s  s цb va r l e t l е s  a r e  f 1 n l t e l y  b a s еd  l n s l d e  E ;  l n  р a r t 1 сu1a r ,  l . f  E  1 s  i t s e i f

f l n l t e l y  ba sed ,  t hеn  E  l s  an  he гed ' l t a r l l y  f . b .  v a r l еЕy .

Va r l oц s  mod ' 1 f 1 ca t 1ons  o f  P r oрo s1 t 1on  12 . 1  apреa r  1n  t r s 91  and  t r 7ц ] .  onе

t ypе  o f  r e f o rm  was  сon t a1ned  l n  [ 159 ]  (we  have  l . n  m1nd  t hе  s o . с a l l е d  ( р ,  q ) -

b l o с k  a r gumen t  app l l e d  t hе f е ) .  We  no t e ,  howeve r ,  t h a t  on l y  t he  s e l e с t l on  l ' l n

рц r e  f o rm ' '  o f .  a s s ё г t l on s  s 1m1 l a r  t o  P гoрos l t l o n  12 . 1  gave  t he  po s s1b l l 1 t y  o f

p r ov l ng  a  mo re  l a bo r - с on sum lng  r e sц l t s  on  he r ed1 t a г1 l y  f . b .  v a r l e t 1е s .  I n  o r de r

t o  demons t r a t e  t he  mе thods  o f  app l 1 сa t 1on  o f  Е r oрo s l t l o n  12 . l ,  we  sha l l  s how

how l t  . l s  цsеd to  prove the  fo l low lng we l1 .knowт l  resu l t .

P г opos . i  t i  o n  12 . 2 .  The  va r l e t y  o f  a l l  с ommuta t 1ve  s e r n l g r oups  Ч  l s  he r еd l -

t a r l l y  f . b .

Suppose  A  1 s  t hе  s е t  o f  a l l  wo гd s  o f  t he  f o r r u  ш=х | r . . . х : r ,  whe r e  Е1 l . . . t  с л !  a г e

nonnega t l v e  l n t ege r s ,  a t  l e a s t  one  o f  wh l сh  1 s  po s t 1 l v e .  C l e a r l y ,  t h e  l n t e r -

sеc t lon  o f  A  w1th eaсh с lass  o f  the  comple te ly  1nvar1ant  congrцence с  сor re-

spond l ng  t o  A  1 s  nonешp t y ,  1 . € . ,  с ond ' 1 t l on  a )  l s  s a t l - s f l е d .  W1 th  ea ch  wo rd  ц

o f  t he  l nd l с a t ed  f o rm  wе  a s so c t a t еd  t hе  vе с t 6 j  e . \ Pц : ( z l , . . . ,  с ' ) ,  and  we  s e t  v  3  u

1 f  е хp  v  s  e xp  u  1n the  l e х1 cog гaph l с  s en se .  The  r e l a t t on  s  l s  a  t o t a l  o r de г

on  A ,  t hu s  с ond1 t1on  b )  1 s  s a t 1 s f 1ed . .  I f  ( ц ' o ) ,  ( z ,  t \ ( Аa ,  whe r e  0Хp4 : ( z . ,  . . . ,  с - ) ,
e" \p  z :  (F r ,  . . . ,  Рo) .  ,  then we sеt  (д ,  о) ! (z ,  l ) ,  l f  therе  еx1s ts  a  rпonotonе 1nJec t lon

ф  o f  t h e  s e t  N  l n t o  1 t s e1 f  s ц сh  t h a t , . 6 , { Р7<о  f o r  a l l  1  =  l ,  . . .  '  n .  B y  [ r з 0 ]
( . 4 " , 9  1 s  a  с omр l е сe1y  p r eo rde r еd  s e t '  с on seq l l ' e n t l y  с ond1 t1on  с )  1 s  s a t 1 s f l e d ' .
Supposе (u '  o)4(z ,  t )  and ф 1s  the  сor respond lng lnJeс t lon .  We сons1d 'e r  thе  wor<i

Y =,r ir . . . .r),

wheгe  l t -  Р t -с , ,  1 f  i  -Y( j )  foг  somе 1 ,  and '  1 . ,  = B .  o therw1se,  and thе  end.omor .
^  u  O ^

ph lsm ф of  the  seшlgrouP Fш d 'e f lned by  the  ru1e 9(хr ) - ;611 foг  a l1  Ё €Л i .  Then
1t 1s easy to ver l fy that as the woгd w 1n cond' l t lon d') wе сan take a tтord' 1n

j -" A1y1ng1n t hе s аmес - с 1a s s a s t h ewo rd i t " ) y . ] j . . i - .

P r оnns { t {on  12 . 2  was  t he  f l r s t  r e sц l t  on  t hе  he r ed l t a r y  f l n 1 t e  ba s l s  p r op -
e r t y  f o r  v a r l . е t l е s  o f  s eш . l t г oups .  I t  Was  p r ovеd  by  Pe r k1ns  t r 59 ] ,  ano  l ndеpen -
d ' en t l y  b y  t he  f 1 г s i  au t ho r  ( рцb l l s hed  l n  1966 ) .  Th1 s  r e su l t  s e r ved ,  a s  a  s t a r t -
1ng potnt  fo r  a l l  lnves t1gat lons  1n th1s  d1гeс t1on.

s13 . .vARIЕтIЕs  DЕt INЕD Bт  0NЕ IDЕ1{тIТY
. A11  

1nvе s t 1ga t 1on  on  he геd1 t a r l l y  f . b .  v a r t e t l e s  o f  s em lg r oups  1 s
t hе  end  on  t he  s o l ц t l on  o f  t he  f o l l ow l ng  gеne r a l  р r ob l em .

я  {  m д r l

l n

. . . ,
P г ob l  em  1 з . 1 f ьDesс r 1be  a I l  h e r ed l t a r l l y

z Э

va г l e t 1 е s .



A  , , s t r l е t e r , l  f o rm  o f  P r ob1em 13 . t  1 s  t he  Гo l l ow l ng .

Qu . e s t i o n  i . . , .  Doe s  t h e r e  . i t s t  a n  a }go r 1 t hm  wh1сh  f o r  e a ch . f l n 1 t e  s y s t eш l

o f s . 1 . Еde t e rm l ne swhe t he r t h е . v a r 1 e t y v a r x l s h e r ed l t a r l t y f . b . ?

.  We note  that  fo r  var1et1eЪ.of  groupo lds  the  answеr  to  the  ana logous  q l lеs -

t l on  l s  nega t J - v е  ( i { u r s k l l .  t 72 ]  )  . .

The  g r ea t e s t  p r og r e s s  t owa rd '  t h e  J o i u t 1on  o f  P r ob l em  13 . t  h a s  been  a сh1eved

' fo r  
var1еt les  de f1ned by  one 1dеnt1ty .  A  fundamenta l  overv levт  o f  hered1tar1 ly

:  f . b .  v a r l е t l e s  t n  t h1 s  с 1a s s  was  f l r s t  g l v en  by  L yaр1n  L527 . -  Name l y , 1n  [ 52 )

1t ,  was  proved t t ra t  oveг  a  g1vеn f ln l te  a lphabet  there  ex l s t s  on lУ  a  f ln1te  num-

beг  o f  ba lanсеd 1dеnt1t lеs  such that  eaсh o f  them g1vеs  an hered1tar l l y  f .b .

.  v a r l e t y .  Th1 s  r e sц1 t  was  made  сonс r e t e  b y  Po l l a k  1n  t r 6 s ] ,  whe r e  12 , s е r l e s  o f

ldent1t les  were  foцnd wh1оh conta lned.  a l l  1d 'ent1t les  de f1n1ng hered1tar1 ly  f .b .

var1et les .  Fцr ther  progress  was  agh leved '  by  Po l lak  1n t170] .  In  order  to  сoш-

- . pa с t t y  s t a t e  t h1 s  r e su l t ,  we  l n t r oduce  t he  r е l a t l on ;  on  t hе  f r e e  s em lg r ouP  Fш '

se t t J .ng ц:  v  1 f  and.  on ly  1 f  ц  l s  obta lnеd f ro rn  v  by  some (one- to-one)  гenцm-

be r l ng  o f  l e t t e r s .

Theo  гem

ta r l l y  f .  b  .

sa t -1s f  1ed :

1) ! = XУzх.,o : . t i  o r  v l с e  v e r s a  ( 1 . e .  l  o=ху z х |  I t= i . ) з

? )  u=X t . . . х ' - L у х r у х |+ l  . . . Х , o ,  Ф* , r ! . r ! l  . . . . r i " ,  Е1  ; . . .  l . o € t l , 2 } ,  o r  v 1 сe  vе r s a1

3 )ц : x y x61y : x } x !

ц )  u ;  x l . . . х n  o r  v  =  x l . . . х n .

I n  a  с e r t a1n  s en se  Theo r em  13 . l  l s  un lmp rovab l e ,  s 1n ce  ea ch  o f  t he  с l a s s e s

of  1dеnt1t1es  namеd 1n 1t  conta1ns  1dent1t1es  aс tua l l y  de f ln1ng hered l ta r l l y

f . b .  v a г1e t 1e s  and  no t  l y 1ng  1n  t he  r ema l n1ng  с l a s s е s .  Fo r  1 t s  p r oo f  t he  no t

f . b .  s y s t ems  o f  s " 1 .  A5  and  B3 -B7 .Ь r e  u sed .  I f  t h e  1den t1 t y  u  =  v  de f l n е s  a

he r ed ' 1 t a r l l y  f . b .  v a r l e t y , 1 t  пu s t  be  app l 1 сab l е  t o  s ome  l d en t l t y  o f  e a ch  o f

the  sys tems ,  s1nce o therwlse  one o f  thе  vaг1et1es  vаг  [ r  -  ? l  Г lvаr  Aб,  . . .  '  vaг  [ш :  о}  f l  vаr .

wou l d  be  no t  f . b .  Henсе  t hе  с onc l u s l on  l s  d e r l v ed  f r om  t he  s t r u с t u r e  o f  t he

wo rd s  ц  and  v .  A  Гu r t he r  ana l y s l s  o f  t d en t 1 t l e s  s a t l s f y 1ng  t he  с ond1 t1ons  o f

Theo r em  13 . l  a ррea r s  l n  Po l l a k  I I 69 , L72 , I . | з 1 .  The se  r e su l t s  a г e  sцmrпa r l z ed

l n  Tab t e  13 . 1 .  F r om  t h l s  t ab l e  l t  1 s  e v1dеn t  t ha t  t he  l d en t l t l e s  s a t l s f У l ng

сond l t l o n s 1 ) o r 2 ) o f Theo r em13 . l a nd ' d e f l n 1nghe r ed l t a r 1 l y f . b . v a r l е t l e s

adm1 t  a  с omp l e t е  dе s c r 1p t 1on .  Fo r  1den t l t 1 e s  s a t 1 s f y l ng  3 )  s u сh  a  de s с r 1p t l on

l s  obta lnеd on ly  undеr  the  ad 'd1t1ona l  homotyp1r  ass r rmpt lon .  The most  d l f f l cц l t

1з .1  (Po l l a k  t l 70 ] ) .  т f

var lety of  serп lgrorrps,  then

the 1d 'ent1ty u = v def lnes an herеdl .  !

one of  thе fo l lowlng сond1t1ons 1s

? n



Form ot  ldcn i l t y

в - х у ' - t | o = х '

I ' : х | . . .  х h - f хh !Х2a1  , . .  х a l

' o=х i | , . . х , : ,

в- хух

Ц-Х| . . .Хл

Tab  l е  13 .  r

AIw.у t

2l

( r l  ц .  v  | ! .  D . | . n с . o  | d . n t l t у . n d
t l th r l  th .  ' I r , t  o I  | . t t  | . t t rв  o '  th .
woto!  u .nd Y . r i  d l ' t lnс t

{D)  ц .  v  | r .л  Цno. l .nсc( t  Id ln t I ty .
r n 6  I t

t j  .  J l  . . .  . r l - l  ухEух  t+.  .*  хm'
tn  an

o 1h х| ... хt-tfхitt+t ... хп ,
0 t' .r1 ... .rд-..'];'i*r*. ... .r, лr ) l

( . l  ц  . :  l r .  homotyptс  |d .n t l l y  .пd
o - J у .  h ,  l < 2 i

(D l  u .  v  | t .  h . t . ro typ|с  Id .n t | ty
not,t.t|' '|.d ln пontrlvl. l 9rouD .пo
o * ц Ф '  o a Ф ц  ' o r r n у t V

u . v l l. n.t.roty9lс lo.ntttу not
l.tldl.с |n nontr|Y|.| 9roupt

Wncn Y . r  |ц  -  a l .  l t  not  h . r .o I t . . l l y  ' .b .

Navat

( . l  u  r  v  | ! .  b . l .nс .o  ld .n t l ty .  !h .
w o l d l  ц . n d  Y  J t . r t  w | t h  t h . 9 m .  l . t .
l . . . n d . n с  w | t h  t h .  g m .  I . t t . .

(D}  ц  t  Y  | . .п  |d .n t | tу  o '  tn .  'o rm

х|  - .  хb- |ухhух^+l  . . .  . rп  r

. .a l  . . .  хд-1 fх iхд11 . . . .16

or  l !  dц . | .  m > l

( . }  u  .  v  l ! .  nomotyp|с  |d .n t t tу  .п6
пo l

o = :rt ' ,1, ,< 2;
( b l v r u w o r v . w u

кnown !9 . r . t . . x .mp l .{

ca se  t o  dе s с r l b e  a r e  l d еn t t t r e s  w1 th  cond1 t1on  ц ) .  Th1 s  с a se  1 s  a t
d1f f l сц l t  to  v1sua11ze ,  s1nсe the  aссumцla ted examрlеs  havе not  yet
8еnera1 pat tеI ln .  The poss1b111ty  fo r  fцr ther  рrogress  herе  d .eреnds
an swe r  t o  Qцe s t 1on  8 . 1 .

i ,
S l n се  a  с omр l е t е  d ' e s с r 1р t l on  o г  1 с i en t 1 t 1e s  de f 1n1ng  hе r ed1 t a r 11y  f . b .  v a r l .e t l e s  d oe s  no t  y e t  e x 1 s t '  l t  1 s  o f  1 n t е r e s t  t o  o b t a1n  s u ch  d ' e s c r l p t l o n s ; ; " i * . - _

ce r t a l n  1mpoг t an t  c I a s s e s  o f  l d еn t 1 t 1e s .  I n  pa r t 1 сu1a r ,  1n  t r z ц ]  ba l an cеdldent l t l es  w l th  th1s  рroper ty  were  d 'esс r tbed '

.  т h eo г em  13 . 2  ( P o l l a k  a nd  Vo l k o v . [ 1 7Ц ] ) .  д  b a l a n c ed  1den t l t у  d е f 1ne s  ahered l ta r l l y  f 'b .  var le ty  1 f  and on ly  1 f  1 ts . r lght  and le f r  par ts  s ta r t  o r  endwl th  d1f fe rent  le t te rs ,  and 1t  has  е1thег  the  foгш,  J t&. . .  l в :Х l . J , ' . . . jЕ ,o r  the  foгm
.al ... .1-ly'rd/.тr+ l ... J. : {. ... J1l-r р2х,. ... X,- ' - . . .-. .,

wnеre  o  1 s  a  pe rmuta t l on  o f  t he  se t  t l ,  2 , . . . . ,  п } .
The oцt l lne of  the proof  of  Theorеm 13.2 ls  the fo l low1ng. We ca1l  a word,s imp l е  1 f ,  eaсh  l е t t e r  aррea r s  1n  1 t  no t  morb  than  one  t 1me ,  and  quas i s imp1е  1 fsome let ter  appеars two t1mes and the rema1n1ng l 'e t ter  not  nore than one t lme.In  1dеn t1 t1es  sa t1s f y1ng  one  o f  the  сond1 t1ons  1 ) -Ц)  o f  Theo . " '  r з . i ,  o . , "  o ,the  s l des  1s  e1 the r  a  s1mр le  word  o r . . a  qцas1s1mр le  word ' . . ,Wu ca1 l  an  l denE1 tys1mp lе  (quas1s1пp1e)  l f  bo th  s1dеs  havе  s1пp1Ь  (q . - .u ' " r . tmp le )  words .  . , I t  

1 s

n T r a q a h i
Е .  ч v 9 . . v

rеvea lес i  a

on  t hе

? ' r



r oпpa r a t l v e } y  s tmp l e  t o  dе s r r l b e  s 1mp l e  l d en t l t 1 е s  de f l n1ng  he r еd1 t a r l l y  f . b .

v a r l е t 1е s ;  t h1 s  Was  d ' one  by  A l z en sh t a t  r n  [ 5 ] .  I n  t r 7ц ]  an  ana l ogous  p r ob l em

was solved for quaslstmple ldёЪtlt les. If u oi ' .::"i.1.i:у1:,":::i:*:i":":
Was  so . L veo  I '  O I .  Чц4D tо+r l r уд=  o r  qua s l s lmр l e .

o f . t h е  с ond l t 1 onЁ  r ) .Ц )  o f  Theo r eп r  } 3 . 1 ,  t h en  1 t  l s  s 1mр l e

The r е f o г eThеo r em . L з . 2 f o 11ows f r om the r e su1 t s ' 1 еn t 1on - еd ;

Ano t he r tmpo r t an t c l a s s f o rw r , t е r , l tm l gh t b еhopеd t ha t t h ep r ob l emo f

de s i r l b l ng  l d еn t 1 t 1e s  de f l n l ng  he r ed ' l t a r l l y  Г . b .  v a r 1e t l e s  l n  1 t  с an  be  mo re

ea s . l l y s o l v ed t b an t hegene r a l с a s e l s t h е с l a s s o f s . 1 . n o t s a t l s f l e d1nnon -

t r lv la l  grouрs.  We formu}atе

va r l e t l e s  dе f 1ned  by  one  l d en t l t y
{ . h

It ls now unknovrn

ta r l l Y  f . b .

varlеty var t ly -.ry} is hered1-

$14.  PЕR l , tUтAт l0N AND QUAsIPЕR l .1UTAт10N vARIЕТIЕs

An 1dent1ty of the form .Jсr.. .хr- lyхrУJr+t.. . . t .-х,. . . . .r1r-r lхt. . . .хN 
ls ca}led a

qua s i Pe гmu ta t i on .  A  qua s l pe rшu ta t 1on  ( pe r вu t a t 1on )  v a r l e t y  l s  a  v a r l e t y  s a t l s -

fy1ng a  quas lperшuat lon  (nont r1v la1  pеrйuta t1on)  ldеnt1ty"  The bas1c  ro1е o f

p e гmu t a t 1onandqua s l p e rmu t a t l o n va r 1 e t 1 e s t nque s t l o n s o f t h ehe r eo l t a r y f l -

n l t е b a s1 sр r opе г t y 1 s e v l d еn t f r o тnTheo r еm13 . 2 . P e rm l l t a t l o n l d en t 1 t 1 e shave

l ong  beеn  s t ud l еd  ( s ee  | 5 , : : 67 , 175 ] ) .  
. } l oweve r  t he  no t l on  o f  qua s l pe rmu ta t 1on

1dent1ty  l s  recent ,  but  1 t  has  pгoven to ,be  a  f ru l t fu l  gеneta lLzatLon o f  permu-

t a t on1den t 1 t y .Many1mpo r t an t r e sц l t s onрe rmua t 1onva r 1е t l e s ha ve r e c en t 1У

been  su c ce s s Гu l l y  е x t endеd  t o  s u1 t ab l е  c l a s s е s  o f  qua s l pe rmu ta t l on  v a r l e t 1е s ,

a ndone сaneхpe с t t h a two г t с t n t h l s d l r e c t t o nw111 con t l n цe .

Ques t . l oп  1з .2

a re  no t  sa t l s f l ed

Wе note  that  as

. What heredltar l lу

ln  nont r tv la l  g rouPs?

х,... х,у2zх,*,

1s  wе l l . knovm ( see

. . .  х , :  х | . . .  х3 'у .х |+t  . . .X ' , .

f o г  examp le  I r 59 ] ) ,

bas l s  P r oPe r t Y  o f  Pe rmu ta t l on

proved that  a  per1od1с  рerml l ta -

ana logous  faс t  was  proved for

1c+eу- .{ухe | I !  In  oгoer  to  foгmu-

t he sе  r e su l t s ,  we  con s l de r  t he

(r)
(2 )

each nontr lv la l  Permu-

whеther ,  fo r  exaтпp le '

The f l r s t  resu l t  on  the  heredt ta ry  f ln l te

va r l e t t e s  was  ob t a l ned  l n  [ } 59 ] ,  whe r е  1 t  was

t l on  v a r l e t y  1 s  he r ed l t a r l l y  f ' b '  I n  [ f 9 ]  an

permutat lon  var le t1es  sa t1s fy1ng the  1dеnt l ty

la te  the  "quas lpermutat lonr r  genera l l za t lon  o f

1dent  1 t  1е  s

х | ... х tу. х |+t ... ХzF Ffу+t :  J l  . . .  X,У2X,+t

*In [19] a forrna l ly  s tгongеr

ment l oned  1n  i 185] ,  i n  pе rmuta t1on
an  l dеn t l t y  o f  th1s  fo гm.

'У .  =  х ' , y  
"a "  

lmposed ,  bu t  as

the 1dent l ty  xp+qУ = xрyxq lmрl les
ldent l tY x

var let  1e s



Еa t l - on  1dеn t1 с y  lmp11es  en  l d en t l t y  o Г  t hе  f o rm  х | , . . х r у z х |+ r . . . Х т : J l  . . . х FУх ,+ t . . . Х z ' .
T hе r e f o r е  l n  e a ch  p е rmu t a t l o n  v a r l е t y  ( r )  a nd  ( 2 )  a r e  s a t l s f l e d  f o r  s ц l t a b l е  r .

Тhеo г eп  14 . 1  ( P o t l a k  a nd  Vo l k o v  { 17Ц ] ) .  I f  a  qua s l р e rmu t a t 1on  v a r l e t y
s a t 1 s f l . e s  a t  l е a s t  one  o f  t hе  1den t1 t l е s  ( r )  and  ( 2 )  and  a t  l е a s t  one  o f  t hе
ldеnt1t1еs  ;c : ;y+с 

" , " '6  
. f+q:?у f ,  thеn 1t  1s  herеd l taг l l y  f1n1te ly  basеd ' .

Е ven  t hoЦgh  t he  l d en t l t l e s  ( 1 )  and  ( 2 )  aрpea r  s рe c l a l l z еd ' ,  t h ey  a r е  ц sеd '
v e r y  o f t en  l n  qua s l ре rmц ta t 1on  va г1е t l e s .  Thцs ,  1 f  1n  t he  1dеn t1 t y

1mр l 1e s  an  l d en t l t y  o f  t h e  f o rm  ( 1 )

bц t  k  l  L ,  t h en  l t  lmр l l e s  an  1den t1 t y

hand ,  a s  e xamp l e s  s how ,  l t  1 s  lmpos -

1n  Theo r em  1Ц  . . l .  Theo r еm  14 . I  1 s

gl - 9lr - vur t,, ... Хr - 0},
-  ; :  - - .

t h е  r e su l t s  o f  t l s s ]  t h a t  f o r  any  he гed1 t a r 1 l y  f . b .
1 s  a l s o  he r ed1 t a r 1 l y  f . b .  . S l n cе  no  p r oрe r  v a r 1 - e t y
, we have the fol l .owlng fundamental ly 1.mportant resцlt.

I

I
l r .
L

i i
l i' 1 , .

' t ,
i  r i  ,
! . ! i . r

I ' l l
; . i l r

!' l ' r
t ;
I

3З

.Еl ... .q.ly.Еryjt+ t ... X. : X|, ... х(-vуzх& ... l-

the  pеrmutat1on o  1s  nont r1v1a l ,  then 1 . t
o r  t h e  dua l  t o  ( 1 ) ,  a nd  1 f  o  l s  t r l v t a l ,

o f  t h e  f o rm  ( 2 )  f r om  t r zц ] .  0n  t he  o t he r

s lb le  to  remove thе  add1t1ona l  сond1t1ons

р roved  by  means  o f  P r opo s1 t 1on  12 . l .

when
-

wе obta1n w1th rеgard .  to
var le ty  .  1 t  s  J  o ln  w1th  9?д

conta lns  a l l  var le t1еs  g t .

s15.  0 .RЕDuсЕD vARIЕTIЕs . 0. l . i ЕRЕDIтARILY  t .B .  vARIЕт iЕs

A fundaшenta l  ro le  o f  0 - redцсed var le t1es  among a l1  var le t ies  o f  sеmlgror rps
1s  eхp la lned by  the  fac t  that  the  сomрle te ly  lnvar lant  сongruenсes  oГ  a  f гee
sеm1g roup  сo r r e spond1ng  t o  t hеm a r e  Ree s  с ong ruenсe s .  Bе caцse  o f  t h1 s ,  0 - r е .
dцсеd vaт1еt1es  have many l tp1easant ' '  p roper t l -es  typ1сa l  o f  сongruеnсе-modu laг
var le t1еs  and not  ln  genera l  t гue  fo r  var1et1еs  o f  sem1grouрs .  Wе рresent  one
such рroрer ty  re la tеd to  the  hered l ta ry  f1n1te  bas1s  proрer ty  anс i  not  mеnt ioned
ea r l l e r , 1n  t he  l 1 t e r a t u r e .  Th1 s  e xamp l e  was  d , 1 s сovе r ed  by  t he  s e сond  au tho r .

P г 0рo s i t i o n  15 . 1 .  S uppo se  8  and9 t  a r e  h e r ed l t a r 1 l y  f . b .  v a r l e t t е s ,  a nd  9 t
ts  a  0 . rеd 'цсed var le ty .  Then the  Jo ln  o f  the  var le t les  8  and 91 1s  hered1taг l l y
f  . b .  1 f  a nd  on l y  1 f  1 t  1 s  f  . b .

That  the  ana log o f  P ropos l t lon  15 . r  fo r  aгb1t rary  hered l ta r l l y  f .b .  var l -
e t1es  1s  fa l sе  l s  we l l - lозown:  the  jo1n o f  var1еt1еs  o f  a1 l  сommutat1ve sеm1-
gтoups andal l  rectangulaг bцnd.les 1s equal to vai|хуa-.gуt| and ls not hered'1.
t a r l l y  f . b .  P r opo s1 t 1on  15 . 1  shows  t ha t  е a сh  advanсe  1n  t hе  ana l y s l s  o f  O - r е -
dцсed  he r ed1 t a г l l y  f . b .  v a r t e t 1e s  e s s en t 1a l l y  e x t ends  t he  е l a s s  o f  knov rn  hе r e -
r l { f a n { . l l r  f  Ь  r ' ^ й { ^ ь { ^ -  т -цд ,C r .Дд J  д .U .  v a r l е t l e s .  I n  pa r t l с ц l a r ,  b y  apрLy l ng  t h1 s  t o  t he  s lmp l e s t  c a sе '



.  P г oрo s i t i o n  L 5 . 2 .  Thе r e  doe s  no t  е x l s t  a  maх lma l
. l

ba r 1 l y  f . b .  v a r i e t l e s .  .

' .i.
var1еtУ  among hеred l .

. .  М  e x t еn s {ve  c l a s s  o f  he r ed l t a r l l y  f . b .  O . г eduсed  va r l e t 1e s  1 s  1nd1сa t ed

1n  t 1 87 ] .  '  F o r  a n y  k .  ! r  d eno t e s  t h e  v a r 1 e t y  d e f t n ed  b у  a l l . p o s s l b l e  1 den t l t 1 е s

o f  t he  f o rm  w  =  0 ,  whe r е  t he  l e vе l  ( s ee  92 )  o f  t h e  wo rd  w  1 s  no t  l е s s  t han  k .

I t  1 s  с l e a r  t ha t  g r .  p l a y s  t hе  s ame  r o l e  1n .  r e l a t l on  t o  t he  l e ve l  a s  . 9 l .  р l aУ s

1n re la t lon  to  the  lеngth ,  and tьЬ ' t  9 iлC8r

Тheo г еm  15 . 1  ( Vo t k o v  t 1 s 7 ] ) :  * "  v a : l e t y  g .  1 ;  h e r ed l t a r l l y  г . b .

We note  that  ln  t r86]  r t  was  s r ,own t r ,a t  1 f  gn l s  an  f .b .  var1ety  сonta ln-

1ng var{ l - l i ,  ; ry -Ух| ,  then the  Jo ln  o f  m 
т9 

8r  w1 l r  a l so  be  f  .b .  i i ence  by

P ropos1 t 1on  15 . I  1 t  f o l l ows  t ha t  1 f  1П .1 s  a  he r еd1 t a r 1 l y  f . b .  v a r 1e t y  с on t a l n -

1ng vаrp i : . l i '  
"y -y . r t '  

then the ' Jo1n o f  1I l  and '  8 r  w11} a l so  be  hered l ta r l l y  f  .b .

Foг  o-гeducеd.  vaг1et1es ,  a long w l th  her :еd1tar t : .y  r .ь .  var le t1es  t t  1s

na tu r a1  t o  c on s1de r  O -he r еd1 t a r l l y  f . b .  v a r l e t l e s ,  1 . ё . ,  v a r l e t 1e s  s uеh  t ha t

a l 1  o - r eduсеd  subva r1e t l e s  a г е  f . b .  Th l s  gene r a l l z a t 1on  o f  t hе  he r ed l t a r y

f1n1te  bas1s  ргopеr ty  was  ln t гod 'uсЪо (и  d l f fe rent  te rms)  ln  t168] ,  where  a}1

g-hered1tar1 ly  f .b .  vaг1et1es  def lned by  one or  two 1dent1t les  rцere  desсr lbed.

r  Тhеo r em  15 . 2 .  ( P o l } a k  t r 6 831 .  т i е  r a en t 1 t 1 e s  u  =  v  =  0  d ' e f l n e  e  o - h e r ed l -

t a r l l y  f . b .  v a r l e t y  o f  s em1g roups  1 f  and  on l y  l f  one  oГ  t he  f o l } ow l ng  сond1 t1ons ,

o r  t he1 r  dua l s ,  l s  s a t 1 s f 1еd :

1 )  u :  x , . . . x k  o r '  =  Х1 . . . * k j

? ) u=xyxo r v ; x y x ;

3)  u=ух. . . .Xь l ,  o*хtу|хF| . . . z{ i l { t  o r  v1ce  versa ,  1 . € .  '  |L=х|у|х t \ , . . . zFzУfz ,  o -
= УХt.. .;ry);

4 )  ц=X l L t t о  l s  a  s ubwo rd  o f  @:х2у , . . . у ё '  o r  v l с е  v e r s a ;

5)  t I ,=хуzх|  o=iу , . . . уF tz  or  o=#ztz ,  oг  v1ce  versa;

6 )  u=х | . . . х | - | у хbухh+ t . . .  l '  ,  0 * . r i ' х , ъ . . . х } ,  t l  l  . . . r  с " (  ( 1 ,  2 }  o r  v 1 сe  ve r s a ;

7  )  u  = ухJх2 . . .X1 ,  1= zх i l  , . . ' i , уz '  G1 l  . . .  r  э ,  (  { t '  2}  or  v1се  versa;

B )  u=ХУ . r z .  o=ух , , t . . . х i ' у ,  ? 1  r  . . . G1  € 1 1 , ' 2 }  Ц  Z | : 1  f o г  s omе  k ,  o r  v l с e  v e r s a .

F гom t he  de s с r 1p t 1on  o f  0 . he r ed1 t a r l 1 y  f . b .  v a r 1е t 1e s  de f 1ned  bу  one  l d en -

t 1 t y  ( s e е  c ond l t l o n s  1 )  a nd  2 )  o f  Theo r em  15 . 2 ) ,  l t  f o l l ows  t h a t  t h e s e  v a r i е t l e s

a r e  1n  f a c t  he r ed l t a r y  f . b .  F o r  v a r 1e t l e s  de f 1ned  by  two  l d en t 1 t l е s  t h1 s  l s

no t  s o :  t he r e  е1x s t s  a  v a r 1e t y  v l 1 t h  a  ba s1 s  o Г  1den t1 t l e s  s a t l s f y 1ng  сond1 t l on

ц )  and  wh l сh  1 s  O -hе r ed , 1 t a r 1 l y  f . b .  bu t  no t  hе r ed l t a r l t y  f . b .  ( Po l l a k ,  1985

l e t t e r  t o  t h e  au t ho r s ) .

3ц



s16 .  сL IFF0RD vARIЕTIЕs

Fo r  a  C11 f  f o . r d  v a r l е t y  g  we  d . eno t e  1 t s  l a r gе s t  g r ouр  subva r l e t y ,  1 .  e .  ,  t h е
subva r l e t y  с on s1 s t l ng  o f  a l 1  8 r oцps  o f  t he  v a г1е t y  8 ,  b y  Ф ( s ) .  P r ope r t l e s  o f
E  1n  many  ( bu t  f a r  f r om  a}1 )  с a sе s  a r e  de t е rm lnеd '  b y  р r oрe г t 1e s  o f  Ф (8 ) , and  l t
1s  natura l  to  s tudy thеm ' 'mod,u . ] .o  groups .  ' '  Suсh an aррroach 1s  one o f  the  de .
v e l opmen t s  mеn t1oned  1n  t he  l n t r oduc t l on  o f  с t э t r ne с t l on s  bе twеen  t hе  t heo r l e s
o f  v a r l e t l e s  o f  s em lg r ouрs  and '  8 r oups .  Thе  be s t  v a r l an t  f o r  t h l s  aрp roa сh  1 s
t he  сomp l e t e  r еd ' u c t l on  t o  g r oцps .  Su сh  a  r edцс t 1on  was  su с ce s s f u l 1 y  с a r r 1ed
oц t  l . n  t 7B ]  f o r  t hе  p r ob l еm  o f  d ' e s c r l b l лg  he r ed ' l t a r l l y  f . b .  C l 1 f f o r d  v a r l е t 1е s
1n  t he  1mpo r t an t  s pe с l a l  c a sе  o f  o r t hod ' o x  s em lg r oцps  ( s ee  q8 ) .

Тheo г em  16 . 1

1s  hеred1tar l1y  f

The l lm l t lng

ls thе long known

of  aI1  ldеmpotеnt

(Ras l n  t 78 l ) .  The  va r i e t y  I  o f
.b .  1 f  and  on1y  l f  t he  vaг l e t y  6

or thodoх C11f ford  semlgrouрs
(E ) . 1 s  hе r ed l t a r 1 l y  f  . b .

spес1a l  сase  o f  th1s  theo rem,  when  the  va r l е t y  Ф(E)  1s  t r1v1a1 ,
assе r t ton  ( see  Co ro1 la гy  l  o f  Theorem 6 .1 )  Еha t  the  va r1е ty
sem1groups  1s  hе red1 ta r1 l y  f . b .

Thе or thodox сond1t1on
eх1 s t s  a  f l n 1 t e  с omр l e t e t y

t 1 e s  ( s e e  Е x amp l e  B . 1 ) .  I t
Ф (var  R)  = var  н ,  where  H

he гed1 t a r 1 l y  f . b .  v a r 1e t y .

A na tц ra1  gеnera l l za t1on  o f  the  o r thodox  р rope r t y  1s  сen t ra l1 t y  ( seе  g8) .
I t  l s  цnknovгn whether T l rеoгеm 16. l  сan be eХtended to var1et1еs сons1st1ng of
сеn t r a l  C l l f f o rd  sem1gтoups ,1 . e . ,  t he  answu . , t o  t hе  f o l l ow1ng  quеs t1on  1s  цn -
known.

1n Theoгеm 16.1  сannot  bе  removеd.  Indeed ' ,  there
s lmp le  semlgroup R w1thoцt  a  f ln l te  bas1s  o f  1dent1 .

1 s  еa s l 1 y  v e г1 f l е d  ( s ee  f o r  е xaшр l e  t 1З9 ] )  t r r a t
, 1 s  a  nax1mя l  s ubg roup  l n  R .  B y  i r 5 s ]  v a r  H  1 s  an

Ques t i on  16 .1 .  A rе
sem1groups suсh that  a11

t h e r e  he r ed l t a r 1 l y  f . b .  v a r l е t t е s  o f  c en t r a l  C l 1 f f o г с i
1 t s  g r oup  va т l е t l e s  a r e  f . b . ?

Ques t l on  B . I ,  and  a l so
г ] 6 q . . l  \  { m n l r r  + ьь - ч J J l  + . ! у L J  v д l 8 t  f o r

t h1s  quеs t1on  1s  pos1 -

lj'
l l '

ll;
l  1 Е ;

llrl
Itrt
l i i

ilil
liil
ilil

Wе sha l l  lnd lca tе  the  re1at1on o f  th1s  quest lon  to
t ba t  t he  r e sц l t s  o f  J one s  t 13 з ]  ( o r  Pe t r 1 сh  and  Re l l l y
var le t tes  o f  complе te ly  s lл rp le  seпr1grouрs  the  anБwеr  to
t l v e .

Thеo гem L6 . 2 .  The  va r 1е t y  E  o f  c en t r a l  с omp1e t e l y  s 1mp l e  s em1g roups  l . s
h e r еd1 t a r 1 l y  f . b . 1 f  a nd  on l y  1 f  Ф ( s )  1 s  a  h e r ed l t a r l l y  f . b .  v a r l e t y . .

C o г o11а r y  ( t 6 z 1 )  . .  Е a c r r  v a r l е t y  o f  с omp l е t е t y  s 1ш rp l e  s em1g гoup s  l+1 t h  : .
Abе l lan  max lma l  subsemlgroцрs  1s  heгеd1taг1 ly  f  . .b .

.  
Thе  р r oo f  s  o f  Theo r eп r s  16 . 1  and  16 . 2 . . a г e  ba sed  on  t he  ana l y s l s  

. o f  
t h е  

.
:

s t ruс tцrе  o f  thе  la t t1се  o f  var le t les  o f  o r thodox C l l f foгd  and сent ra l  com.



I...r i' n - :  
1

l :  I, ' : l

' i 1p t е t e t y  s 1mрIе  s em lg r ouрs  r е sрe с t l v e } y .

j t  v le  сons1d 'e r  C l l f fo rd  semlgrouрs  as

Theorem 16.2  re rna lns  t rue ,  wh l J .e  the  t ru th

l n  t h l s  s l t u a t l on .

. :  .  .  Que s t i o n  16 . 2 .  A r е  t h e r e .  h е r ed l t a r l l y  f . b .  v a г l e t 1 e s  o f  o r t h odoх  C l 1 f f o r d

sem lg r oups  ( o f  s l gna tu r e  ( . .  - , ) )  s ц сh  t ha t  a l l  g r ouр  subva . r ' l е t 1е s  a r е  f  . b . ?

Wе  a l s o  no t e  t ha t  he r ed1 t a r l l y  f . b .  v a r 1е t l e s  o f  1nve r s e  s em lg r ouрs a F e

d.esсr1bed l 'п todu lo  groups ' '  1n  t31] .

Тheo г em  16 . з .  .  т r , "  h e r еd1 t a r 1 l y  f . b .  v a r 1 е t 1 e s

eхhaцs t ed  by  v a r 1e t 1e s  o f  t he  f o rm  Ф . € vФ  and '  v а r 81v s .

f . b .  v a r l e t y  o f  g r oup s .

s17 .  s INGULARIтIЕs  0F  ТHЕ sТRUстURЕ 0F  sЕ} . t iGR0UPs
IN HЕRЕDIтARILY  F INIтЕLY BAsЕD vARIЕтIЕs

.  . r .  _ . . : .  
. . 4 .  :

a lgеbras  o f  s1gnature  ( . '  - | ) '  then

o f  Thеo r еm  16 . l  l s  o реn  t o  quе s t l o n

of 1nvеrsе sem1groups are

where  Ф .1s  a  he red1 ta r l 1у

The hered1tary  f1n1te  bas l s  proper ty  has  a  syntac t1с  charaс ter ,  l t  1s  е lеar

a  pr loг l  howеvеr  thaЁ 1t  вus t  have soшe 1nf1uence on the  s t ruс tuтe  o f  sem1groups

1n the  var1et1es  sa t1s fy1ng 1 , t .  Unt11 very  гecent ly  th l s  asресt  wя. , s  comp}еte lУ

unana lyzed.  Aс tua l l y ,  the  f1 rs t  eхample  сonta1n1ng a  proper ty  fo l low lng f rom

the hered1tary  f1n1te  bas1s  proper ty  f rom thе po1nt  o f  v1ew of  the  s t ruс tura l

t h eo r y  o f  s eш1g roцps  was  pub l 1 shed  r e cen t l y  l n  t 23 ] .  F o r  an  a гb l t г a r y  s em1 -

g roцp  s  Е ( s )  dеnoЕes  t he  s e t  o f  a I I  l t s  l d empo tеn t s ,  Reg (S )  t ь е  s е t  o f  a . l l  j - t s

r egu l a r  e l eшen t s ,  G r ( S )  t hе  цn1on  o f  a1 I  l t s  s ubg гouрs ,  l 4 ( s )  t he  un1bn  oГ  a l 1

1ts  sцbпono1ds .  We note  that

Е (.') с ог (Л = кeg (s), G' (.у) с /и(.9)'

where  l n  genе ra l  a l l  t hese  1nc lus1ons  сan  be  s t r l с t  and  nоne  o f  thеse  se t s  1s
nесessaг1 l y  a  subsem1group .

Theoгem 17 .1  (Vo l kov  and  Sap1r  t2З ] ) .  Supposе  3  l s  a  suрe rcommuta t l vе

he red l t a r l l y  f . b .  va r1e ty ,  S  l s  an  a rb l t r a ry  sеm1group  1n  E .  Then:

1 )  Е ( s ) ,  Reg (S ) ,  G r (S ) ,  М( s )  a rе  subsem lg гoцps  l n  S ;

2 )  R "g ( s )  =  Gг ( s ) ; .

3 )  l ' l ( s )  sa t1s f1es  e l the r  the  1dеn t1 ty  *2y  =  xyx  o г  the  l d ' en t1 ty  xyх  =  Уx2 .

By  comb ln1ng  Thеorem 17 .1  w1th  va r l oцs  rеsu l t s  f rom thе  s t ruc tu ra l  theo ry
o f  se rп1groups ,1 t  1s  poss1b le  to  ex t raс t  d l ve гse  consеqцеnces  f rom 1 t  wh1ch
character lze thе st ruсture of  semlgroups of  some oг other lmpoгtant  types 1n
hered l t a r1 l y  f . b .  supeгсo l т rmцta t1ve  va r l e t1es .  Thus ,  f o r  еxamp1е ,  by  us1ng
resu l t s  o f  Shev r ln  I r00 ]  we  ob ta ln  1mmed1a te ty  tha t  eaсh  quas lpe r1od1с  sem1.

J o



g ro \ r р  t n  sц сh  a  v a r i e t y  l s  a  s еm l }a t t l е e  o f  A r сh lmedean  s еm l t r oup s ,  and  f r om  a

r e su l Е  o f  Ra s t n  | L7 т )  wе  d , еdцсе  t haЕ  r egu l a r  s еm lg r oups  l n  s uрe r сo rnmu ta .U l v е

he r ed l t a r l l y  f . b .  v a r l e t 1е s  a r e  е t t he r  l e f t  r egu l a r  o r  r l gh t  r egu l a r  bund l e s

o f  Abe t l an  g r oцрs '  е t c .  We  no t e  a1 so  t ha t  a  r a t he r  цnехрес t еd  f a с t  f o l l ows

f r om  Еhе  t heo r e rn :  1n  a . ' s upе r сoпmu ta t 1vе  hе r ed l t a r t l y .  f  . b :  v a r l е t y  a l l . g r ouрs

mus t  be  Abe l l a n .  We  г e сa l l  t h a t  a  v a r l e t y  de f l n ed  by  onе  o f  t he  1dеn t1 i 1e s , " - :

х , у - х у \ х у х -  у i , l s  h e r ed l t a r 1 l y  f . b .  ( s е е  513 ) .  The г е f o r e  f r om  Theo г em  17 . l

l t  l s  a 1 so  рo s s l b1e  t o  e x t r a r t  a  nе се s sa r y  and  sц f f l с 1en t  с ond1 t1on  f o r  a  non .

pe r1od1c  mono l d  ( nonpe r1od ' 1 с  r egu l a r  s em1gгoup ,  e t с . )  t o  gene r a t е  a  hе гed1 .

t a r l l y  f . b .  v a r l е t y .

Ques t i on  ] ' 7 . ] . .  Wha t  a r e  nе се s sa r y  and  su f f l с l e n t  с ond l t l o n s  f o r  a  non .

pe r l od l с  s em lg r oup  s  =  s2  t o  gene r a t e  a  he r еd1 t a r l l y  f . b .  v a r l e t y ?

I t  1 s  po s s1b l e  t o  s how  t ha t  t hе  p r e sеnсe  o f  1dеn t1 t l e s  o f  t h е  f o rm  Ёу -*у*

o r  х у х : y f  1 s  no t  a  ne сe s sa r y  с ond l t l o n  1n  t h l s  с a se .

Another  semant l c  propеr ty  o f  the  hered l ta ry  f ln l te  bas l s  proрer ty  l s  o r1 .

g lna l l y  pub l1shеd herе .

Theo г еm  17 . 2  ( S ap l r ) .  S uppo se  E  l s  a  h е г ed1 t a r l 1 y  f . b .  v a r l е t y  o f  s еm1 -

grouрs .  Thеn a l l  nu l l  sem1grouрs  1n E  are  loсa l l y  f ln l te .  I r .  fu r thermore

e l ther  E  l s  a  s r rperсommцtat lvе  var lе ty  oг  еach gro l lр  ln  E  l s  loсa l l y  f ln l te ,

then a l l  реr1od lс  seшlgroups  ln  E  are  loca l l y  f ln l te .

g 18 .  L I i l I T  \ / AR i ЕТ I Е s

A  no t  f . b .  v a т l e t y  l s  с a1 l ed  a  l 1п r 1 t  v a r l e t y  l f  e a сh  o f  l t s  р r oрe : ' s ub -

va т l e t l e s  1 s  f l n 1 t e l y  ba sed .  B y  Zo гn ' s  l emma  ea сh  no t  f . b .  v a r l e t y  c оn t a l n s

soвe l1ml t  subvar le ty .  Henсe 1 t  fo l lows that  a  var lе ty  o f  sem1gгoups  1s  bегe .

d1tar1 ly  f .b .  1 f  and on ly  l f  1 t  does  not  сonta1n 11m1t  subvar le t lеs .  By  de .

sс r1b lng the  11п1t  var le t les  we thцs  obta1n a  dеscr lp t1on o f  hered1tar l l y  f .b .

var le t1es .  Th ls  шakes  с lear  thе  lшpoгtanсe (and d1f f1cu l ty )  o f  the  fo t low lng

prob lem ' ,

Desсr lUe a l l  l lm1t  var le t les  o f  seш1groups .Pгob . l em 18 .1 .

The  f1 r s t  exр l1с l t . examр lе  o f  a  t1m1t  va r1е ty  was  p resen ted  1n  t rB5] .

Еxamp le  18 . l .  The  vaт1e t y  va r  C3  l s  a . 11m1t  va r l е t y

Up to thе рresеnt
even sцpeгcommцtat1ve
ques t  ton .

therе  ex l s t  permutat1on t lm l t  var le t les  d1f fe rеntQues t i on  t в . r .

th1s eхample rema1ns un1quе among the permцtat lon and

va r l е t 1e s .  I n  с onneс t 1on  w1 th  t h l s  wе  po sе  t he  f o l l ow l ng

t :

l ' '
i ;  t
1 i l
: i

l',: , 1 : r
i ' i "
; i  { i r

i l: '
l l i
: t , i
i l j i
lГlli lr l
i lr l
ill
ilil
ltit
Пl l

Пll

I

a )  Do



f r om va r  C3?  b )

not  perrпutat1on?

A  se r l e s  o f

Do there  ех1s t  suрer rommцtat1vе l1m1t  var l -е t les  wh1ch are

. ,
11п1 t  v a r l е t l e s .  was  с on s t r u с t еd  1n  | 791

. . . . . ,  . Е x amp l e  1 8 , 2 .  F о r  e a сh  э lmp l e . o dd . p  t h е  v a r l е t f  v a r  B r 5 ( p } .  1 s  a  l lm1 t  ,  .

var le ty

A t  f l r s t  g l an се ,  be tweеn  t . h е  v a r 1е t 1e s  o f  Е xamp l е s  t 8 . l  a no  l B . 2  t he r e  1 s

l l t t1e  1n сoйon and the .  cоnst ruс t1ons  fo1 low f rom d l f feгent  a rguments .  Thе

r ema r k  o f  Sap l r  t h a t  t hey  с an  a l l  b е  ob t a l ned  by  means  o f  t he  с on s t r u c t l on  11 . l a

l s  t h e r e f o r e  цnexpес t ed .  Мo rе  p r е c1 se l y ,  e a ch  o f  t he se  v a r l e t 1e s  1 s  gene r a t ed

Py ^ semlgroup т(s ,  W) f roш th1s  сonst ruс t1on foг  a  su1tab le  subgrouр S  and

sеt  o f  words  Ш.  Thus ,  1n oгder  to  obta1n the  vaг1ety  var  CЗ ,  as  S  wе take  an

1nf1nl.te сyсl1с sem1group and as W we take thе set of words t*n l  p 1s a pr1rne

number} .  The var1ety  B15(p)  1s  obta lned '  f гorn  S  a  nonabe l1an group o f  o rder  p3

and W the se t  o f  a l I  words  o f  the  fo rm Iх . ,  y , J [ ,ъ '  yJ . . . [ 'o '  yJ ,  whеre  [* 'yJ : . f - | f - |ху .

The  сon s t г u с t 1on  11 . l a  a l s o  1eads  t o  new  eхamp l e s  o f  l lm1 t  v a r 1e t 1e s .

я n

. l n
д l l

l ^

Еxaшp le  18 .3 .  Suppose  d  l .  
"  

р r1mе numbеr ,  G  1s  a  g гoцp  o f  o rde r  p ,  S  1s

r . s .ш . t .  ove r  G  w l th  sandw lс t r  na t г1x  ( ] , ) ,  
" r , " "e  

g  1s  a  non1den t1 tу  e1еmеnt

G ,  W l s  the  sе t  o f  a l l  words  o f  thе  fo rш r ,d . . . 4 .  Then  the  va r1e ty  va rT (S ,  W)

a l ln l t  var lety.

Еxamples t8.2 ana r8.3 show 1n part1сuIar  that  the set  of  nongrouр l lmj . t

var let1es of  sеmlgroups 1s 1nf ln1te.  I ts  сard1na11ty ls  цn iсзown.

Ques t i on  IB .2 .  I s  t he  se t  o f  l 1m1 t  va r l e t1es  o f  sem lg гouрs  сoun tab l e ?

Fo r  сomр lе tenеss  we  ment1on  tha t  no  eхp l1c1 t  examp les  o f  t lm1t  ve r l e t l е s
of  groups nor the card lna l l ty  of  the set  of  suсh var1еt1es ls  now known. The
co r resрond ' l ng  quеs t1ons  wегe  no ted  1n  [ЦЦ] ,  P rob lem ц .ц6 .  Bu t  nongroup  l 1m1t
va r l e t1es  o f  1nvе r se  sem lg roups  was  comp le te l y  desc r1bed  1n  t31 ] .

Theoгeп  1B .1 .  The  on l y  nongroup  l 1m1t  va r1e ty  o f  l nve r se  sem lg roups  l s
1

var  B i .

сHAPтЕR Iv .  IDЕNтIТIЕs  0F  sЕ l ' 1 IGR0UPs  0F  sЕvЕRAL ТYPЕs

As fo l lows f rom what  was  ment1oned ln  the  ln t roduсt1on,  an  lmpor tant  d1 .

r e c t 1on  1 s  t he  ana l y s l s  o f  1dеn t1 t 1e s  o f  s em lg r ouрs  o f  s oпe  o r  o t he r  c onс r e t e

t ype s  wh1ch  p l a y  an  e s sen t 1a l  r o l e  1n  t hе  t heo r y  o f  s em lg r oups .  Fo r  a  f 1 хеd

type 0  fundamenta l  p rob lems are  Гormula ted here:

e xp l a l n  unde r  wha t  c ond1 t1ons  t he  t ypё  o  ha s  non t r 1 v l a l  s . 1 . ;

f l n d  a  ba s1 s  o f  l d en t 1 t l е s  f o r  a  g l v en  ( a r b l t r a г y  o r  d l s t l ngu l s hed  by

L )

2)
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some  г ea sonab l e  Ее s t  )  s em ig r cuр  o f  t y pe  0  o r  с ha r a с t е г1 ze  t he  s y s t em
l t s  l d еn t 1 t 1 e s ;

з )  dе s с r l b e  t ho se  s em1g roups  o f  t y pe  O  wh1сh  havе  a  f 1n1 t e  ba s1 s
t l t l e s .

I t  l s  цnd 'е rs tood that  ln  sрес1f1с  s1tuat lons  o t r le r  add. l t lona l
may  a r l s e ;  on  t he  o t hе r  hand '  no t  a11  t h г eе  1nd l с a t еd  р r ob l еms  w111
l . n t e r e s t  f o r  е a ch  t yре  0 .  Th1 s  сhap t e r  s u r vеy s  г e su l Е s  г e l a t еd '  t o .

l ems  l n  с onneо t l on  w1 th  t he  f o l l ow1ng  t ype s  o f  s em lg r ouрs :  8 r o L l р s ,  r
s e тn1g rouрs '  s em lg r ouрs  o f  t r an s f o rma t l on s ,  and  s eve r a l  o t hе r s .  I t
t h a t  open  que s t 1ons  no t ed  l n  t h l s  c haр t e r  a r е  a s  a  r u l e  s pe с1a l 1 za t
p r ob l ems  1 ) - 3 )  f o r  t he  c o r r e sрond l ng  с a se s .

S19 .  GROUPS

o f  a l l

o f  l d e n -

п t t р q f . l n n q

be  o f

t he se  p r o . о -

. s .m . t . ,  f . d .

1s  natura l

1on s  o f  t hе

In  t h1 s  s e с t l on  wе  a r e  с onсe rned  w1 th  s . 1 .  o f  g г oups .  We  no t e  t ha t  t he
cons ldera t lon  o f  such 1dent1t1es ,  wh lch  1s  a  natura l  par t  o f  oцr  program,  l s
a l s o  o f  e s s en t l a l  l n t e r e s t  f r om  t he  po l n t  o f  v l ew  o f  t hе  t heo r y  o f  v a r 1е t l e s
o f  g r ouр s .  Thu s ,  o u r  a t t e n t l o n  w1 l l  f o с ц s  on  1den t l t 1 e s  o f  s i g na t u r е  ( . ) ,
wh1 le  a t  the  same t1mе we w111 constant ly  enсoцntеr  var le t les  o f  g rouрs  ( ln
the  s lgnature  ( . '  - . )  

)  wh1сh are  not  neсessar1 ly  var le t les  o f  s lgnaturе  ( . )  ,
t . e . ,  v a r 1e t 1e s  o f  s em lg r oups .  I n  o r de r  t o  s e t  o f f  t h1 s  с l r с ц тn s t an r e  we  w1 l l
d еno t е  v a r l e t 1e s  o f  g r oups  1n  bo l d ' f a с е  t ype .

a )  The  e x l s t en ce  o f  non t r l v 1a l  s . 1 .  I n  I i / t a l ' t s е v  [ 5ц ] ,  t h e  f 1 r s t  p aрe r
devo t ed  t o  s : 1 .  6 f  l , g r oups ,  l t  wa s  d l s с ove r ed '  t h a t  wh1 l е  ea сh  n11po t en t  g r oup
has  a  (nont r l v1a l )  

" . ,1 . ,  
foг  a  f reе  шetabe l1an groцp o f  гank 2  th1s  d1d not

ocсцr .  The fo1 low1ng genera l  quest lon  natuтa1 ly  aг1ses .

Ques t i on  19 . 1 .  Wh1c  8 тoцps  ( o r ,  wha t  1 s  t he  s a l пo ,  v r h l c h  v a r l e t l e s  o f
g r oups )  s a t l s f y  a  non t r l v l a J -  s . 1 . ?

An obv1ous  ехample  o f  a  var1еty  o f  g roups  w1th an s .1 .  1s  the  var le ty  B , ,
o f  a l l  8 roцps  o f  exponent  n  l  0 .  Мoreover ,  1 . t  1s  с lеaг  that  1 f  the  var leсy
o f  g r oup s  !  s a t l s f  l е s  a n  s . 1 .  t h en  t h l s  l s  t r ц e  a l s o  f o r  t h e  v a r l е t y  VB ' , .  A s
a l ready ment1oned,  ln  t54]  1 t  was  shown that  eaсh n1 lpotent  vaг le ty  N has  an
S . 1 . ,  c on sеquеn t l y  s u ch  an  {d . еn t 1 t y  l s  a1 so  s a t 1 s f 1ed '  l n  any  va r 1е t y  o f  t h е
foгm NB, ' .  I t  tu rns  oцt  that  1n a .  b road с lass  o f  var1et1es  o f  g roцps  there  arе
no othег  var le t1es  r . .1 th  an s .1 .  The var1ety  o f  g roups  ts  сa l led  an SC.vaг le ty
1 f  t t  1s  сonta lned ln  ,a  product  o f  some nцmber  o f  var1еt1es  o f  so lvaъ iе  groups

-and var1et1es  generated by  a  f1n1tе  group. .  Wе.denote  thе  var1еty  o f  
" i r -дьur1u. ,. 8 r oup s  b y  A  and '  t h e  v a r l е t y .  o f  a 1 l  Abе i r a . ,  g ' . o . l p s  o f  е xрonen t , ' ,  o  o ; ; . . - ; ; ;

anwse r t o  Ques t 1on  19 . 1  1n  t he  с l a s s  o f  SC - va r l е t 1е s  1 s  g l v en  ь y  t r r e - г o r r t " r . , g .
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Theoгem 19 .1 , .  .

( r )  Y  sa t { s f , l e s

(2) VСNBn f 'or

comb lna t 1on  o f  known ' r е su l t s .  Thus ,  t he

t he  1mp) . 1 сa t l on  ( 3 )  *  ( 2 . )  was  p r oved  1n

we note  that  thе  var1ety  AoA сonta lns  an

For an SO.var1еty.  of  groups V tьe Гo l low}ng ":e -  
equ1valent  :

a  non t r Lv l a l  s . 1 .  ;  :  -

some n1 lрo ten t  vaг l e t y  N ;.,

I з ) f o rnop r1mep1s theva r1e t yA ,Acon ta l ned1nY .
.  Theorеm 19. l  t ras not  been publ lshеd ear l ler  but  1s obta lned by a s1mрle

lmрI l сa t1on  (2 )  *  (1 )  was  a rguеd  above ,

t r 29 ] .  I n  o rde r  t o  e s t ab l l sh  ( t )  *  ( з )

l n te r Iac lng  o f  a  сyc l l c  g roup  o f  o rde r

p wl th  an ln f ln l te  cyc l l с  g roцp.  Be lyaеv

1ntеr1ac1ng conta lns  a  f ree  subsеmlgroцp

no  non t r l v l a l  s . 1 .  1n  ADA .

Froп Zoc,nl s leшmа 1t ls еasy to deduсe that еaсh varlety of groups w1thoцt

an s .1.  conta lns a ш1n1mal  subvar lety w1th the samе propertУ.  Theorem 19.1

shows that  ln  рaгt1cuIar  thе var1et les AoA are sцсh п1nlmal  var1et1еs wl thout

S .1 . ,  o r  a s  wе  w1 l l  s ay ,  va r1е t1еs  a ]mos l  s a t l s f y l ng  s . 1 .  o the r  examp le s  o f

var1et1es a1шost  sat1sfy1ng s .1.  are цn} iззown. In th1s сonnесt lon the fo l lwolng

1s  f ru l t f u l .

Ques t ' l on  19 .2 .  A re  t be

hauв ted  by . the  va r l е t1es  AoA

I f  thе  answеr  t ' o  ques t l on  19 .2  were  pos1 t1ve ,

lar ,  that  еaсh n-Еng\gгoup sat1sf1es a nontr1v1al

d l s сussed  by  Sh1гshov  [ r03 ] ,  where  l t  was  g1ven  the

andse sek l n  I f l ]  s howed  t ha t  t h l s

o f  rank  2 ,  and еonsеqueцt ly  thеre  are

va r l e t l e s  o f  g r oups  a lmos t  s a t l s f y l ng  an  s ' 1 '  e x -

f o r  a l l  p o s s l b }e  p г1me  p?

we  wou l d  ob t a l n ,  1n  Pa r t l c u -

s . 1 .  Th l s  c on J e c t u r e  wa s

fo l low lng moгe сonсrе tе  fo r rn .

Que s t . i  o n  19 . 3  ( Sh1 r s hov ) .  S uрpo se  u |=ху |  o L - у х ,  . . . i  Цп+ |=L |m lm t  Фm+L=:0п | ! в .  f t
r

t j  t rue  that  fo r  each natцra l  number  n  an m сan be foцnd sцсh that  each n-Еnge l

group sat l s f les  the  ldent l ty  u ,  = u .?

In  [103]  1 t  was  shown that  2-Еngte  groцps  sa t1s fy  the  1dent1tУ  u ,  = Y2,  and

3-Еnge1 groups  sa t l s fy  the  ldent l tу  *3  = ' з .

b )  S em i g г oup  Ьa s е s  o f  g г ouP  j d en t i t i e s .

P г opo s i t i o n  19 . 1 .  I f  a  v a r l e t y  o f  g r oup s  s a t l s f l e s  a n  s . 1 .  t h en  1 t  c an

be  d е f 1ned  b y  a  b a s1 s  o f  s . 1 .

P r opo s1 t 1on  19 . 1  was  f l r s t  pub t l s hed  1n  [ rЦЦ]  a s  a  с o r o l l a r y  o f  Thеo r еm  2

1n  t ha t  рape r .  } l owеve r ,  a s  men t1oned  l n  [ t з 1 ] ,  t h1 s  t heo r em  l s  f a l s е .  The

t r u t h  o f  P г opos t t l on  19 . 1  was  b y  t he  s ame  t o ken  р l a ced  1n  doub t .  Nevе r t he}e s s ,

a  mod l f l c a t 1on  o f  t he  a r gumen t  t n  [ 1ЦЦ]  p r ove s  t h1 s  р r oрo s l t 1on .  I n  e s s еnсe

P ropos t t l on  19 . l  means  t ha t  1 f  V  1 s  a  v a r l e t y  o f  g r oups  su ch  t ha t  t he  v a r l e t y

ц0



o f  s em16 roups  E  gene r a t еd  by  l t  1 s  d i f f e r еn t  f r om  t hе  с l a s s  o f  a l l  s em ig r оups ,

t hen  t he  c l a s s  o f  a l l  g r oЦps  1n  ц  c o l n c l d e s  w1 th  Y .

We  sha l l  n ow . l nd l с a t e  a  с onс r е t e  ba s1 s  f o г  s ome  lmpo г t an t  v a г l е t 1e s  hav l ng

a  b a s l s  o f  s . 1 .  S uppo se

Xo= Х,  Yo= у i : . .  i  Хn+r  = X ,?n*,Yo,  Yв+t= Ynzot ,Xo i

Theo г em  Lg . 2  (Мa l t t s e v  t 5 4 ]  ) .  T he  l d ' е n t l t v  Х , '  =  Y . ,  d е f l n e s  t h e  v a r l е t y  N . ,
o f  a l1  n-dеgree n l lpotent  groups  ln  the  с lass  o f  a1] .  g roups

An lndeрendent  (bцt  la tег)  s1m1laг  sеm1group bas l s  fo r  thе  var lе ty  Nn was

Xi = ху, y'1= ух; ... i Jiа+r = Х^zo{^ , /o+t = y'ozХo: ...

Th1 s  ba s l s  was  r ed l s c ove r ed  l n  [ 4B1 ,  whe re  1 t  was  a1 so  a s sе r t ed  t ha t  l t  h a s  a
mln1mal  number  o f  le t te r  among a l l  seш1group bases  o f  the  var1еty  N. ' .  The
la t tе r  asser t lon  1s  t rue ,  however ,  on ly  fo r  n  s  2 .  Indeed,  l t  1s  knovгn (seе

|T51 , 3ц . з3 )  t ha t  f o г  n  >  2  t he  v a r l е t y  N , '  c an  d ' e f 1ne  a  g гoup  l d en t l t y  o vе r  n
l e t t е r s ,  b u t  f r om  t h е  a l g o г l t hm  o f  t h e  p r oo f  t h е  P r opo s1 t l o n  19 . l  1 Е  l s . p o s s l b l e
to  see  that  fo r  the  t rans1t1on to  a  semlgroup bas1s  o f  1dеnt1t1es  we d 'o  not
need  t o  u se  add l t l o na l  l e t t e r s .

the  var1еty  o f  a l l  2 -ЕngеI  gгoups  1s  def lnеd

the var lе ty  o f  a l l  3 -Еnge l  g roups  1s  def lned

. Ey,*уiу : уЁуху1х' ху2хуху.ёу : уiу2Ёу2х. !

by
by

In t10з] 1t  was shown that
the 1dent1ty xyax = Ух<у, and
the ldent l t les

rn [r0Ц] sh1rshov found a sem1group
he сa l1еd n1lрotеnt  rл1th respесt  to
semlgrouр bases of  ldеnt1t les wеrе

)
ba s1 s  f o r  t he  v a r l е t y  o f  a l l  g r oups ,  wh1сh
a  f 1 хed  p r o се s s l dn  o f  r e a l  . . йb " . " .  I n  tЦ7 ]

d .еsсr lbed '  fo r  еach vaт lе ty  o f  2 -oegreе n1 l -
potent groцps

с )  Тhe  f . l n i t e  Ьas i s  p гope r t y  o f  s . i .  o f  g roups .  Suрpose  V  l s  a  va г1e t y  o f
g roцрs ,  E  1s  the  va r l e t y  o f  seп1gтouрs  genera ted  by  1 t .  We  sha l1  say  tha t  

" . , .o f  Y  a rе  f1n1 te ty  based . -  1 f  E  1s  an  f  . b .  va r l e t y .  The  fo l l ow1ng  na tuтa l l y  a r l ses .

Ques t i on  19 .4 . .  Fo r  wh1ch  va r1e t1es  o . f  g rouрs  a re  l he l r  s . 1 .  f l n1 te l y  ь ) seoz

Clear ly ,  Quest1on 19.Ц 1s mеan1ngfu l  on1у for  var let lеs of  gror , lрs sat1s.
fy1ng a nont . r1v1al  s .1.  bцt  not  for  thosе wh1сh arе var1et1es of  sеrп lgrouрs.

. .  The  f1 r s t  examp le  o f  an  f . b .  va r1е ty  o f  g roups  such  tha t  the  s .1 .  do  no t  havе
- . . a  f l n1 tе  base  

"u " -p*" "eйea  
by  I sbe11  l n  t r з r ] :  the - . va r l e t y  de f1ned  by  the. i ) 2

1dent1ty  х .У .  = У .х . .  } Iowevеr  th1s  example  Was rеd l scovered.  . lndeрendent ly  1n
I r 09 ] . ( s ee  a l s o  [ r 12 ] ) ,  whe r е  t he  s amе  Va r l e t y  a r o se  f r om  en t1 r е l y  d ' l f f е r en t

q1
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a rgumen t s ,  ' n ame l y  a s  Еhe  va r 1е t y  gene r a t ed  bу . t he -  g r oup '

o f  l a t e r  ana l ogous  е xamp l е s  was  f oцnd  1n  t ц9 ]  and  t 80 ] .

very  par t1сu}ar . . ' сesеs  o f  the  fo l low1ng genera l  гeЬut t  o f

pub I l s hed  hе r е .

( a ;  b l ab2a :11 . - - :  A  s e r l e s

l iowever  they  a l l  a rе

Sap1 r ,  o r l S l n a l l Y '

Theoгem 19 .3 .  Suppose  the  va r l e t y  o f  g roups  Y  l s  сon ta1ned

va r l е t y  Nn  fo г  soгде  n  o r  l n  the  va r l e t y  AL  fo r  some L . f .  va r1e ty

t r re  s . r .  o r  , r , "  vaз l e t y  T  a re  Г1n1 te ty  based ;  T r ren  V  l s  e1 thе r

a f ln l te exPo.r"n i '

Obv lous}y  eaсh  Abe l1an  va r1e ty  o f  g roups  genera tes  an  f . b .  va r i e t y  o f

sem lg roups . Fu r tbe rшore ,eachva r l e t yo fg roupso f f 1n1 teeхponеn tva r1 -
ety of  semlgro l rps,  and therefore the quest lon of  the f1n1te bas ls  property of

1ts  s . l - .  1s equ1valent  to the quest lon of  the f1n1te bas1s propеrty for  l ts

8roцр 1dent1t1еs.  Thus 1f  we cons1der that  each subvar1ety of  the var1etУ N, '

l s  f 1n1 te l у  based  ( see  L751 ,  зц .1ц) ,  wе  sеe  tha t  Theorem 19 .3  g1ves  a  comp lе te

so lut lon to Qцest lon 19.  Ц for  n l lpotent  .var1et les 
of  groups and.  answers t t r l s

quеst1on ! ,modulo groupsп for  subvar let1es of  var1et lеs of  thе form AL" I t  would

be very teшrpt lng io tгy to extend'  th ls  theorem,to sцbvar let1es of  var1et1es of

the foгш N, .Bц,  s lnсe by Theoreш 19.1 th1s wou16 g1ve a so lцt1on to Quest1on 19.Ц

ln the.с lass of  SC-var let1es ' lmod'u lo gгoups. ' '  We, .  forшulate th1s as.  the fo l lowing
_ l

Ques t i on  19 .5  (Sap l r ) .  I s  1 t  t r ue  tha t  еaсh  subva r l e t y  o f  t hе  va r1e t y

suсh  tha t  l t s  s .1 .  a re  f1n1 te l y  based '  1s  e1 the r  Abe l l an  o r .has  f l n l t e  eхpo .

RЕЕs  sЕ} i IGR0UPs  0F  t ' 1AтRIx  тYPЕ

a )R . s .m . t . oYe г ana гb i t г a г y s еm i g rC I up . B y сon s t r u c t l o n r . s .m . t ; a r e

desсr1bed by  сomple te ly  s l r rp le  and comple te ly  O-s l rnр le  semlgroups .  Henсe the

p rob l e тn  o f  de f 1n l ng  w1 th  r e spe с t  t o  1den t1 t 1e s  o f  t he  s em1g rouр  S  and

ma t r 1 xP1dеn t 1 t 1 е so f t h e s еm1g r oupМ(S ; I , A , P ) a сqu l r e s a sрe с1a l L r r -
gency .  Here  we show a  method '  found by  Sukhanov 1n [88]  fo r  const ruс t lng  the

s e t  o f  a l l  l . d en t 1 t l e s  s a t 1 s f y ed  1n  a 1 l  p o s s 1b }е  r . s .m . t .  o v e r  S  w1 t h  r e s рe с t

t o  t h e  s e t  е q  s

Suppose  Е  l s  an  a r b l t r a r y  s . 1 .  B y  means  o f  t he  f o } }ow1ng  p гo сеdu re  we

con s t r u c t  t h e  l o еn t l t l e s  u ( Е )  w1 t h  r e s pe c t  t o  [ .

S t ep  1 .  Reлove  f r om  Е  a l l  l d ' e n t l t l e s  sц ch  t ha t  t he  f i r s t  o r  l a s t  l e t t e r s

o f  the  r tght  ano le f t  s1des  do not  еo1nс1еde,  and a t l  1dent l ' t1es  surh  that  thе

l eng th  o f  a t  l e e s t  one  o f  t he  s l d e s  l s  e ven .  The  s e t  o f  r ema1n1ng  1den t l t 1 е s

1s  denoted by  Е . '  .

e 1 t hе r  l n  t he

L ,  a nd  s uppo sе

Abe l lan  or  has

N.,Bк
nent ?

q  20 .
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S t еp  2 .  S uppo sе  ц  =  v  l s  a n  l d еn t l t y  1 n  [ l ,  a nd  L ' ( L 2 )  l s  t h е  s е t  o Г  a t l

l е t t е r S  wh1еh  a ] ' e  еn coцn t e г ed  l n  an  odd  ( r е spе с t l v е l y  е vеn )  numbег  oГ  р l a с е s
1n  u  o r  v .  We  r emove  f r om  Е '  a l l  l d en t l t 1 е s  L l .  =  v  f o r  wh1сh  L ' Г ] , L t f g ,  and  we

dеno t е  t he  s е t  o f  r emq1n1ng  1den t1 t 1e s  b y .  Е2 .

S t ep  з .  S uppo se  ц  =  v  1 s  a n . l d en t . l Е y  L n  Е , , . z  1 s  a  l е t t e r  n o t  a pрea r l n g
1n the  word uv .  We rеmovе f rom Е,  a l l  1dent1t1es  L l  _  v  suеh that  there  еx1s t

two ocсurгences  or  Ъ.omе le t te r  х  in  tne  word '  цzv  1n an evеn nцmber  o f  p laсеs

wh1сh  t he  nе l ghbo r s  on  t hе  r 1gh t  o r  l е f t  o f  t h e  l е t t e r  a t  t h e  f l r s t  o с сЦт r enсe
o f  x  a r e  d l f f е r en t  f r om  t hе  сo r r e sрond1ng  nе l ghbo r s  o f  t h e  l e t t е r  a t  1 t s  s e сond
oсc l l r renсe .  The se t  o f  rema ln lng ld 'ent l t l еs  1s  denoЕеd by  Ез

S t ep  4 .  Fo r  е a ch  l d en t l t y  l l  =  v  1n  Е , ,  r еmove  a l l  o с сц r r en сe s  o f  l e t - r , е r s
wh1сh  1n  ц  o r  v  o c сЦ r  a t  e ven  numbe r  o f  p l a c е s .  The  s е t  ob t a l ned  1 s  p (Е ) .

P г opo s i t i o n  20 . I  ( Su khanov  t 8B ] ) .  The  s e t  o f  a l l  l d en t 1 t 1 e s  s a t 1 s f 1 ed  l n
a l 1  рo s s1b l e  r . s .m . t .  o ve r  a  g1ven  s em1g roup  s  с o1nс1d . e s  w l t h  t he  s е t  о f  l d en -
t l t l e s  u ( eq  S ) .

Ь )  Comp . l e t e 1 y  s imp1е  s еm i g г ouP s .  Е a сh  с omр l e t e l y  s lmр l e  s em1g r ouр  1 s  1 s o .
mo rph l с  t o  s ome  r . s .m . t .  o ve r  a  g r oup .  Th1s  shows  a  р r 1o r1  t ha t  t hе  ana l y s l s
o f  ldent t t1es  o f  сomp1etе ly  s1пrp le  sеm1groцрs  сannot  bypass  the  сons1derat1on
o f  1dеn t1 t 1e s  o f  8 r oups  ( ano thе r  e хh1b1 t1on  o f  t hе  o f t en  с1 t ed  r e l a t 1on  bеЕween
the theor les  o f  var le t les  o f  semlgroups  and groups) .  As  l s  knovrn ,  fo r  the
r ep гe sen t a t l on  o f  a  c omp l e t e l y  s lmp l е  s em lg r oup  l n  t he  f o rm  o f  an  r . s .m . t .  t h e
sandw t сh  ma t r l x  c an  be  a s sцmed  t o  be  no гma l i z ed ,  1 . 8 . ,  c on t a l n l ng  1n  s ome  сo l цmn
and some row on ly  e lеments  equa l  to  thе  1d.ent1ty  o f  the  s t ruс tura l  g roup.

/  Supрose u = v ts  an 1dent1ty.
neсеssa ry  fo r  1 t  t o  be  sa t1s f1ed  1n

Thе 1dеnt1ty  L l  = v  1s  sa t1s f1еd '  1n  the  group G.

( с z1 .  I f  t hе  вe t  I  ( r e speс t1vе l y  Д )  l s  no t . a  s l ng l e ton ,
( гespeс t1vе ty  l a s t )  l e t t e r s  o f  the  woгds  ц  and ,  v  сo1nc1d 'е .

'  -  .  Supрose t  and w aге  words .  .  
We

word t  1n  the  word w as  a .sцbword by
P a  s1пrр le r  neсеssary  cond '1 t1on for
semtgrouр t4(G;I ,  A '  P)  was  found '  tn

Thе fo1 low1ng two cond1t lons  are  obv1ous ly

t h е  s em l g тoup  М (G ; I ,  A ,  Р )  "

. . , .

then the  f l r s t

denote  the  numbeг  o f  oссur rences  o f  the
1 . (w ) .  : F o r  t h е  c a s е  o f  a  n o г r n a1 l z ed  ma t г l х

s a t l s f a c t l on  o f  t he  l d en t l t y  ц  = . ,  v .  1n  t he
t 631 .  . The  cond l t l o n  l s  t h e  f o l l ow l ng .

(c3) .
o f  I еng th  2

ho l d s .

I f  bo t h  t hе  s e t s  T  and  A  a r e  no t  s l ng l e t on s ,  t h en  f o r  e a сh  wo rd  t
and for  each e lement  a  o t  thе  matг lx  P  ln  G the  ldent l ty  ' в I{o0-в , l {o '

We  no t e  t ha t  l f  we  do  no t  r equ l r e  t ha t  P  Ьe  no rma l 1 zеd ,  t hen  ( с З )  с ea se s

Цз



t o  be  ne сe s sa r y  l n  gene гa1 .  I n  t he  gеne r a l  с a sе  еo . nd l t l o n s  ( с r 1 . . ( C3 )  a r e  no t .

s u f f l c l е n t .  I n deed ' ,  c on s l d е r  t h ё  r . s .m . t .  o v е r  t h e  a 1 t e r n a t 1ng  g r oup  o г  Г oц r t h

ordeг  w l th  san; ; ; ; ; : - ; t r1x  1 .  i , i ,1  1 , i - J  
(e  l . s  thе  ldent l ty  o f  the  gгoup) .  Thеn as

1 s  ea s i 1 y  v e r 1 f i e d ,  t he  1d ' еn t i l y . t J y ' * t 6 ; з : ( я ) 6  s a t 1 s f l e s  c ond1 t l on s  ( с r ) - ( c з )  l n

r u r a t r on  t o  t h l s  s еm lg r ouр ,  bu ! . t he . . 1dеn t . l t y  l s  no t  s a t l s f l e d  1n  t he  s em lg r oup

( l o r e х amp l е ,when . r . ( e ; 2 , L ) , z : ( e ; 3 , 1 ) , i : l - ( e ; 1 , 2 ) ) .

0n  t he  o t he r  hand ,  a  d ' l г e c t  c ompu ta t l on  shows  t ha t  l f  с ond l t l o n s  ( c } ) - ( с 3 )  a r e

sa t 1 s f l e d  Гo r  t he  1den t1 t y  w l t h  r e sре r t  t o  t he  s eп l g r oup  l . l (G ; I ,  A ,  P )  s u сh  t ha t

e l emen t s o f t h e ( no t nе c е s s a r l l y n o rma l 1 z ed ) s andw l с hma t r l x P l l e 1n t he c en t е r

; ; .  ;  ( no t . ne сe s sa r l t y  a  g r oup ! ) ,  t h еn  t k r l s  1d ' en t l t y  l s  t r uе  l n  I 4 (G ; I ,  ^ ,  P ) .

We t'herefore obtaln ttre followJ.ng

P гoрos i t i o n  20 . 2  ( I v t a shev l t s k l 1  t 63 ] ) .  I n  o r d , e г  t ha t  t he  1den t1 t y  u  =  v

.be  t rue  ln  the  sеmlgтoup t . l (G; I ,  ^,  P) ,  whеrе  P  1s  a  norma l l zed matr l x  over  the

cen t e r  o f  t h e  g r oup  G ,  1 t  1 s  ne сe s sa r у  and  sц f f i с l e n t  t ha t  с ond l t l o n s  ( о1 ) - ( c 3 )

bе  s a t 1 s f 1еd .

/  

"u  
note  that  the  semlgroup I ( (G; I ,  A ,  P)  suсh that  the  е lemеnts  o f  P  l1e

1n the  center  o f  G 1s  a  cent ra l  C l l f fo rd  seш1groцp 1n the  sense o f  !8 ,  and

сonverse ly ,  1 f  thе  cent ra l  comple te ly  s1шple  semlgroup 1s  l somorph lc  to  thе

r . s .m . t .  o vе r  t he  g r oup  G  w1 th  no r вa l l z ed  s andw l ch  ma t r l х  P ,  t h en  t he  е l еmene t s

o f  P  w l l t  b e  c en t r a l  l n  G .  F r om  P ropos l t l o n  20 ' 2  l t  f o l l ows  ea s l l y  t h a t  i f

t h е e }е тnen t s o f t h eno rma l l z e d ' s andw l с h r na t r l x 11е1n t he с en t e rCo f t h eg r ouр

G thеn
var lvI(ol I,  ц P)-Y8Гo v var fu|(C; L ц P).

Th1s  redцces  the  prob lem of  anaIyz lng  1dent1t1es  o f  cent ra l  сomplе te}y  s lmp le

semlgrouрs  to  t l re  ana logoцs  prob lems for  groups  and for  сomplе te ly  s lmp le  sеm1-

groups  over  Abe}1an grouрs .  The }at te r  prob leш was сons1dеred by  For tunatov

[99 ] ,  l , l a shev l t s k1 l  L 62 , 6З ] , ,  Ra s1n  | I 77 , 176 ] ,  and  K1m and  Roush  [ 1ц0 ] .  I n  o r de r

to  сompact ly  desсr1be the  сor respond lng resu l t s ,  we 1nt roduсe nota t1on.  We

denote  the  suргemцm of  thе  ord 'e rs  o f  е lements  o f  the  matг1х  P  (o f  thе  grouр G)

b ye xpP ( e xpG )1 f s u chanцmbe r е x1 s t s , a ndby z e r oo t he rw1 se .

тhe  mos t  с omp l e t e  de s с r l p t l on  o f  ba sе s  o f  1dеn t1 t l e s  o f  c omp l e t e l y  s imp l e

semlgroups  over  Abе l lan  groups  ex1s ts  ln  the  ' 'C l l f foгd ' ' l  s1gnature  ( . .  ] l ) .  For

сonven lence ,  fo r  an  arb l t ra ry  e lement  x  o f  the  C}1f ford  semlgroup we set  *0  =

=  x х . , .

T hеo г em  20 . 1  ( Ra s l n  i ? 7 , 1 ? 6 ] ) .  S uppo se  G  l s  a n  Abe l l a n  g r oup ,  I  a nd  A  a r e

nons1ng l e t on  s e t s ,  P  l s  a  no rma l l - z ed  A  х  l .ma t r l x  o ve r  G ,  € Х P  G  =  n ,  eХP  P  =  m ,

цц



Wnеre  n  and  m  a r e  nonnega t l v е  1n t e sе г s .  Then  t hе  l d еn t 1 t y  ( х у ) l | х - х ,  i ' у x - х у х z i  ( х oуnY -=  ( х y ) n  f o гm"  a  b a s l s  o f  1 den t 1 t l е s  1 n  t h e  s e r n l g r oup  IЧ (G ; I ,  A ,  P ) .
I f  t h e  numbе r  n  1 s  d l f f e r en t  f r om  zе r o ,  t hen  t he  l nd . l с a t еd  l d еn t l t l е s  с anbe  сon s l de r еd  a . s  o r d l na r y  s . 1 .  o f  t h е  s i gna tu r e  ( . )  Thеo r em  20 . l  r еma l n s  t r цеa1 so  1n  t h t s  с a s е ,  1 . € . ,  t h е s е  1den t 1 t l е s  f o rm  a  b a s l s  f o r  s . 1 .  o f  t h e  s em1 -g roцp  I ' I (G ; I ,  A ,  P ) .  Howevе r  t he  с a se  when  е xp  G  =  0  nеed ' s  a  s eрa r a t e  t r e a tmеn if o r  t h l s  s l gna tu r е .  I f  е хp  p  =  o ,  t hen  t he  an swe r  1 s  g1ven  by  t he  f o l l оw1ng
Тheo г eп  20 . 2  ( К1m  and  Rou sh  t rЦo ; 1 .  A  b a s1 s  o f  l d ' e n t l t l e s  o f  t h e  s em1 -g roup  I , l (G ;  I ,  A ,  P ) ,  whe r e  G  1 s  an  Abe l 1an  g r ouр ,  P  1 s  a  no rma11zed '  ma t r 1 x  o ve rG  and  e хp  P  =  0 ,  1 s  f o rmed '  b y  t he  1dеn t l t 1 e s

,ЕJz2хzзу :.С3!zуtZ)l, хzf хziу :.азухz|у. ЕJz#У a х!zфz1!l
мflхУ : хNXZ1! t хZ1\X : хz,xZ|х| lz,х - a2'f .

exр  G  =  0  and ,  exp  P  l  o  r ema lns  opеn  eхcеp t  f o r  t he  t r1v1a ] -( 1 . е . ,  w h e n  t h e  с o r r е s p o n d 1 n g  с o m р l e t e l y  s e r п l g r o u p  1 s  a

We sha l l  n ow  show  how  1 t  1 s  po s s1b1e  t o  f 1nd '  b a se s  o f  1den t1 t 1е s  o f  с en -t гa l  comple te ly  s1mp1e sem1groups .  Supрose G 1s  a  groцp, ; ; : ; ; ; ; : . " ;1s a bas1s of 1dеnt1t1еs of the group G..  Ёrnс".*. . i  =_;: i - lo"_:#i? i . , ' ; . , ;т
pos s1b l e  t o  a s sцme  t ha t  1n  t he  l 1 s t  o f  t h е
рowers of 1etteгs, t.e., 1n othеr woгds 

". ;:.:"}-i l i ,""::;,:. ';"o:;-t, i l"
a rb1 t r a r y  l е t t e r  х  and  t o  ea< .  Y

sцbst1tцt1ng thе word *П"xП ;:"T:,- i";; ,:";:: i -:;" .:: .:"; . .w} 
obta1nеd by

r  " - - -  "Y .
Тheoгem 20 .  з .  Suppose  {@ l_e l тe г  1 s  a  bas1s  o f  1den t l t 1еs  o f  t hе  g roup  G ,I  and A arе nons lng leton sеts ,  P 1s a normаl1zed A x l -matr1x ovеr the cеntеro f  the  g roup  G ,  е . тpo :  n+a ,  ехpР :4 .  Thеn  the  1den t1 t tes

ч: l (т €Ч ,  (лy)"х  :х ,  ( !у \^_ (лy)o '  . {уoх:хуo;"
f o rшaba s1 so f i d . e n t 1 t 1 e s o f t h e s em1gтoup I , I (G i I ' A , P ) .

.  TheorеI l l  20 .3  t s  obta lned by  a  s1nр le  сoшb1nat1on o f  гesu l t s  o f  }4ashеv1tsk11[ 67 ]  a no  J one s  t 1 33 ]  ( o r  P e t г 1 сh  and  Re1 l 1 y  i r 6 531 .  .ь - -  J  J  !  .

с )  Comp le te . l y  
у / ' ,mP]е  seп ig l " oup ,  r v f t h  a с i j o i neс i  z e гo . -

The s1mples t  type o f  сomрlе te ly  0-s1пtр1e sem1gгouрs  1s  the  semlgrouр oгt hе  f o rm  S0 ,  whe rе  S  l s  a  с omp l e t e l y  s 1mp l е  s em1g ro ' o . -  F r om  r е sц l t s  o f  Ме1 ' n1kt 6в ;  1 t  f o l l ows  t ha t  v a r So - va гSv6 ,  whe re  6  1 s  t hе  v a r 1e t y  o f  a1 ] .  s em11a t t 1 се s .
.  

r n  t he  l anguage  o f  1dеn t* t 1e s  t h1 s  mea . , ,  t i u t  ; ;  ; . . . " . , , " . s  p r е с l s e i y  o f  a l 1homo t yp1c  1den t1 t 1e s  1n  еq  S .  I n  [ 68 ]  l i  
" . ,  

s hown  how  a  ba s1 s  o f  l d en t 1 t 1e so f  t hе  v a r t e t y  s v6  1 s  с on s t r u c t еd  f r om  a  ba s1 s  o f  1den t1 t 1е s  o f  an  a i b l t r a r y. _ l  . . _  r  :  . _ . .  . . . 1 . . , . _ _ - ;  . . , . . ) -  , . . - . :

The сasе  whеn
сasе when ехp P  = 1
squa r e  g r oцp ) .
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n : . ! . . : - - I : . . . . ' ' ^ ; . ' - . - 1 : : . . i . . - - - ' ; , - : . - . ' ; т . ] : . . - : . . ' . - . . < - ' . .
heterotyp1c  var le ty  8 .  However  1n thе  par t1сu le r  сase  when 8  1s

сomp l e t ё l y  s lmр l e  s e rц1g rouРS r . 3  mo rе  e I egan t  с on s t r u c t l on  g1ven

Тheoгeп  20 .4  (T rakh tman  [9 ! , 95 ] ) .

form a bas ls

We note
ln B) form a
sa t l s f l ed  l n

a  . v a r l e t y
l . r r r  P о ] . т {  a Ьv J

' i ]  '

n f

1n

t r6z1  сan  be  used .
a- . .

с ! )  R . s . n . t .  r v i t h  9 .  *The  sem iE гoups  ̂ 2  and  Bz . .  I n  wha t  f o l l ows  we  w111

сons tdе r  comp le te l y  0 - s1mp1е  semlg roups  such  tha t  ze ro  1s  no t  adJo1nеd .  The

lеas t  poss lb lq  number  o f  е l e rnеn t s  l n  a  comp le tе l у  0 - s1mp le  sem1group  w lЕh  th1s .
p rope r t y  1s  f1ve .  To .w l th ln  1somorph1sm thе re  ex1s t  two  f1vе -e l ement  comр1e te l y

0.Ь1mp1е sеm1gгoups w1th d lv lsors of  zеro,  1n part1сu lar  the semlgrouрs A,  and

в i  ( see  g3) .  Bases  o f  1den t1 t1es  o f  thеsе  se rn lg гoups  a гe  oesc r l bed  by  the

Гo11ow1ng

A ]  l T } r e  l r i р n t { { : , l р st ъ  I

l - f, tУX _ qу.хУх, хухzх - хz.tУХ

form a bas1s of  1dent1t1es of  the sеmlgrouP Aэ.  в)  The 1dent1t1es

.f : l, XlX - xуху& .fуz _ у?t

o f  l d еn t 1 t 1е s  o f  t he  s em lg r ouр  B z .

that  еar t le r  1n [26]  1 t  was  proved that  the  1d 'ent l t1" ,  
,1nt*oduced

bas l s  1n  t he  s e t  o f  a l l  l d en t l t l e s  o f  no t  mo re  t han  two  l e t t e r s
- i

ё

The fol lowlng сha raс tе r l zes  the  sys tem o f  e l l  l den t l t l e s  o f  the  sem lg roup
^2 .

P г opo s i t i o n  20 . 3  ( I v l a s he v1 t s k 11  t 6 3 ] ) .  T he  l d en t l t y  u  =  v  l s  s a t l s f l e d  1n
the semlgrouэ  A ,  1 f  and on ly  l f  the  words  ц  and v  have the  same f1rs t  le t tе rs ,
the  same las t  le t te rs  and sa t l s fy  the  cond l t lon

(о t t 1 . .  The  wo rd , s  ц  and  v  have  t hе  s ame  s е t  o f  s цbwo rd s  o f  l е ng th  2 .

The desсr1pt1on o f  a11 1dent1t1es  o f  the  seпr1group B ,  can be extгac ted
f r om  r e su l t s  o f  [ 6Ц ] ;  howеve r  1 t  1 s  cumbe r some  and  w111  no t  be  done  he r e .

Thе  s em1g roup  B , 1 s  t n ve r s e .  Ba se s  o f  l t s  t n vе r s e  l d en t l t l e s  We re  f ound
by K le lman ln  t r l31 ,  where  the  fo l low lng gеnera l  rеsu l t  was  proved ' .

Theoгеm 20 .  5 .  Suppose  u .
1 -

s a t l s f l е d  l n  B i .  and  v .  =  v^  1 s. '  L  <

=  Ц э  l s  a n  1 d е n t l t у  s a t l s f  1 e d  l .  R  } r r t f  n n t .
z . t - * * . . " 2 . t v v

an  l d en t l t y  s a t l s f l e d  1n  B ,  bu t  no t  s a t l s f l e d

t he  l d en t l t l e s  u l  =  *2 ,  v I  =  12  f o rm  a  ba s l s

sem1grouр Bz.

F rom Theo r em  20 . 5  1 s  f o l l ows  1n  pa r t 1 cц1a г  t ha t  t he  1dеn t1 t 1е s  l n  a s s e r t 1on
в )  o f  Theo r em  20 .Ц  w1 t l  a l s o  bе  a  ba s l s  f o r  l n vе r s e  l d en t 1 t 1е s  o f  t he  s еm1g roup
p2 .  Among  o t h е r s ,  t h 1 s  f a е t  1 s  v e r y  e s s en t 1 a1  f o r  t h e  p г oo f  o f  Theo r em  20 . ц .

1n any nont r l v la l  g roup.  Then

o f  1nve r s e  1den t1 t 1e s  f o г  t he

ц6
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Ano t he r ,  e v t d en t l y  t h e  s imр l e s t ,  b a s l s  f o und  l n  t r t+31  c onq l s t s  o f  t h e  onе

1dent 1ty ху.r-t - хyх-l.

I t  wa s  v e r y  r е сen t l y  f ound  t ha t  v a r  B , l s  a  p r oрe r  s ubva r i e t y  1n  va r  A ,

(Кa rno f s k1  t r 3 s ] ) .  Th1 s  c l e a r l y  f o l l ows  Г гom a  сomрa r l s on  o f  a s s e r t 1on s  A ) .

a nd  B )  o f  Theo г em  20 . 4 .

e )  B , . s em i g r . o up s .  Wе  с a l l  a  c omp l e t e t y  0 . s lmр l е  s em l g r oup  a  B , . s em1g r oup

1f  l t  сonta1ns  d1v1sors  o f  
. . z .e ro  

bцt  does  not  сonta ln  subsеmlgroups  l somoгрh lс

t o  A , .  ( I n  [ 6Ц ]  su ch  s еm lg r ouрs  we ге  сon s l de r еd  unde r  t hе  namе  ' ' s em1g roups  o f

t ype  7 .  ' '  )  A  A  x  l -ma t r 1 х  P  o ve r  a  g r oцp  w1 th  z e r o  l s  c a l l e d  с e l l - d l agona l  1 f

t h e  s e t s  д  a nd  I  с an  b e  d1 v1ded  1n t o  nonemp t y  s ub s е t S  Д r ' . . . ,  Д t '  I , , . . . , . / .  r e s рe c .

t 1 ve l y  s o  t ha t  f o r  a l l  r € ^ - ,  i € I o ,  whе r e  m*п ,  Pц_0 .  The  sцbma t r 1 ce s  o f  P  f o rmed

by 1ntersec t lon  o f  rows w1th nцmbers  ln  A .  and co lцпns  w l th  nцmbers  ln  I '  a rе

ca l led  сe l l s  o f  P .  C lеar ly ,  the  semlgrouр z} to(o;  / ,  д ,  P)  w l l l  be  a  B . . sem1gгoup

l f  and on ly  l f  P  l s  a  се l l -d1agona l  mat r1х  sцсh that  the  сe l l s  do  not  conta1n

z e r o s .  An  r . s .m . t .  o v е r  G  w1 t h  t h e s e  с е l l s  a s  s andw l с h  ma t r l с е s  a r e  с omp l е t e } y

s lmp l e  s em1g roups ,  and  1n  t ho se  еa se s  when  a  de sе r 1р t 1on  o f  l d en t 1 t 1e s  o f  с om .

р le tе ly  s lmp le  sеmlgrouрs  1s  known the  1dent1t les  o f  B , . sеmlgro l lрs  a re  desсг1bed

ln  a  s1m1lar  fo r rn .  For  the  case  when nonzero  e lemеnts  o f  P  l1e  1n thе  сеnter

o f  G  sц с t r  a  d , e s с г l p t 1on  1 s  g1ven  1n  [ 6Ц ] .

The most  1mрor tant  c lass  o f  B ' . sem1groups  fo r  thе  theory  o f  semlgro l lрs

сons l s ts  o f  Bгandt  semlgroцps ,  1 .e . ,  semlgгoups  o f  the  fo rm l /P(o ,  L  t :  ь ) .  whеre

A  1 s  t hе  I  х  I l d en t l t y  r пa t г 1 x .  F r om  [26 ]  o r  t r t+3 i  1 t  f o l l ows  t ha t  t he  v a r l e t y
genеrated by  an arb l t raгy  Brandt  semtgroup w1th d1v1sors  o f  zеro  over  the  groцр

n
G -  с o l n с l d e s  w l t h  v a r ( i v va rB ' .  Wе  dea l  w1 th  t he  que s t l on  o f  a  ba s1 s  o f  1den t l t 1 e s
for  th1s  var le ty .  By  d)  wе need to  сons lder  on ly  the  сase  when thе  grouр G 1s
nont r l v ta l .

Brandt seп1gгoups aгe lnverse sem1groups, morеover they aтe
0-s1mp1e 1nvеrse semlgroups.  A bas1s of  1nverse 1d 'ent1t lеs of  an
Brandt sem1group was foцnd rn [1Ц3], wherе the fol low1ng general

р rovеd .

.  т heo гem 20 . 6 .  Supрose  B  1 s  a  B г and t  s em lg r ouр  w l t h - d1v1 so r s  o f  z е r o  o ve r
t he  g r oup  G .  I f  t h e . 1d ' en t 1 t y  w '  =  w ,  1 s  s a t l s f 1 еd  1n  B  bu t  no t  r n  в } ,  and  t he
co l lес t1on o f  1dеnt1t1es  (с . l -o1)16г  l s  sa t l s f lеd  tn  B ,  and '  de f1nes  the  var le ty
va r  G  1n  t he  с l a s s  o f  g r oups ,  t hen

.  
. ' ' - : , .  

, ' . .  j  .  : . 1 . , . - .  -  : , . . v а r 8 -  v a . { t l l  - g , ,  a | - o , ( т е I ) } .  - .  '  . . ' l : .  ,  . -  '  , . : .

F rom Thеo r em  20 . 6  l . t  f o l l ows  l n  pa r t l с ц l a r  t h a t  1 f  t h е  s y s t em  o f  1d ' en t 1 t 1ё s
(ст .с )16т  fo rms a  bas1s]o f  ldent l . t l .es  o f  the  group G,  thеn thе  fo l low lng 1s  a
ba s l s  o f  l d en t l t l e s  f o r  t he  s em lg r oup  B :

сomp le te l y

arbltrary
resцl t  wes

.. цT
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(#,r-r)(;rlх-r)-r.- Gух-')(хyх-r1-r, o]-сl,(тeг). .

o f  s . 1 .  o r  t he  v a r l . e t y  v a r ovvа i 8 '  1n  t he  c a se  when  е xp  G  /  0

. . Theo г em20 . 7 (Vo r k o v t 21 ] ) . S uррo seB l s aB r and t s еm1g r oupw1 thd l v l s o r s
o f  z e r o  o ve r  t hе  g r oup  G  and  e xр  G .  =  n  {  - . 0 ,  1 .  .  I f  t h e  s е t  o f  l d en t l t l е s  { t u , : e } . I 61 ,

whе re  w -  a r е  s em lg r oup  wo rd s ,  f o rms  a  ba s1 s  o f  1dеn t1 t 1e s  o f  G ,  t hеn  t he  f o l -

l ow l ng  i s  a  ь a s t s  o f  l d en t 1 t 1e s  f o г  t hе  s em lg r oup  B :

.  . - : .  4 : . , - (т €Ц '  l - . | ' ' ,  {уn: 'Уn .{ ,  хух: ( ry)n* 'х .

A  bas1s  o f  s .1 .  o f  thе  var1ety  varovvaгB,  fo r  eхp G = 0  l s  unknown evеn ln

thе  s1шples t  speс1a l  case ,  when G 1s  an 1nf1n l te  cyс l l c  g roup.  Wе formula te

the сor respond lng quest lon

Wha t l s a ba s l s o f l d en t l t l e s o f t h eB r and t s em l g r oupw l t h

an 1 .n f ln l te  cYc l1c  grouP?
Ques t i  on  20 .1 .

d1v1sors of  zеro over

f )  A2 - s еm ig гoups .  A  с omp}e t e l y  0 - s lmр l e  s e r n1g rouр  con t a l n l ng  a  s ub semt -

g r oup  l s omo rph1c  t o  A , 1 s ' c a l l e d  an  A , . s em1g roup .  C1ea r } y ,  е a ch  l d еn t 1 t y  u  =  v

sat1s f1еd 1n an л ' , . seй1group JуI"p;  / ,  , tЪ1.  sa t1s f1es  the  сond1t1ons  (с1) ,  (с2)  and

( сц ) .  Howevе r  ( с 3 )  1n  t he  gene r a l  с a se  1 s  no t  ne сe s sa r y  e vеn  f o r  a  no rma l l z ed

ma t r l x  P . .  I f  t h е  ma t r 1 х  P  1 s  l o c a l l y  s t anda rd ,  1 . e . ,  1 f  f o r  any  i € l  l ( r t  s u сh

tha t  pu*o , t he r e  e x1 s t  i  ( /  . and  p ( . 6 .  s u сh  t ha t  Pц -Pg :P* ! : e  ( е  1 s  t hе  l d en t i t y

1n  G ) ,  t h en  c ond1 t 1on  ( с з )  1 s  n eее s s a r y .  I n  t h 1 s  с a s е  t h e  1den t 1 t 1 e s  o f  r . s .m . t .

w1th  0  and '  vg l th  cent ra l  sandw1ch matr l сes  were  desr r1beo by  Iv iashev1tsk l1  ln

t 65 ] :  t he  1den t1 t y  u  =  v  l s  s a t 1 s f 1еd  l n  t he  A , - s em lg r oup  l Y f  p i  / ,  ̂ ,  P )  w1 th  l o c a l -

1y  s tandard  matr l x  P  ovеr  the  сenter  o f  G 1 f  and onty  l f  l t  sa t1s f1es  cond1t lons

( с1 ) - ( о l 1 .  We  no t e  t ha t  no t  e ve r y  с omp l e t е l y  0 - s lmP l e  A , . s еm1g roup  1 s  l s omo r -

рh1c  t o  an  r . s .m . t .  w l t h  0  w1 th  a  l o с a l l y  s t anda rd  s and r т1 сh  ma t г l х .  I n  t 65 ]

a  c ond1 t1on  was  р r e sen t ed  wh1ch  1 s  a  weaken l ng  o f  ( c 3 )  and  wh1сh  l s  ne сe s sa r y

for  the  ldent l ty  u  = v  to  be  sa t l s f ted  1n a  g lven Ar -semlgro l lp '  l i owever '  as

shown  1n  t he  s amе  pape r ,  t h1 s  с ond . 1 t 1on  t oge the r  w l t h  ( с 1 ) ,  ( о z1  and  (Cц )  1 s

no t  l n  gene r a l  s u f Г1 с1en t . e ven  f o r  s em lg r oups  w l t h  Abe1 i an  max lma l  s em lg r oцps .

Thцs  the  fo l low lng remalns  unso lved.

P r ob . l e п  20 . 1 .  Dе s c r l b e  t h e  s e t  o f  a l l  1 d еn t l t l e s  o f  a n  a r b l t r a r У  с omp l е t е l y

O.s1mple  semlgroup over  a  nont r1v la l  Abе11an group.

We  p r o cееd  t o  an  e xam1na t1on  o f  ba se s  o f  1den t1 t l e s  o f  A , - s em lg r oups .  He r e

t he  f o l } ow l ng  genе гa ]  r e su l t  ho l d s ,  o r l g l n a t l y  pub l l s hed  he r e .

Тheo г em  20 . 8  ( Vo l k o v ) .  S uрpo se  G  1 s  a  g r oup  o f  f l n 1 t е  e хponеn t ,  S  1 s  a n

цB



г . s .m . t .  W l t h  0  a nd  w l t h
t he  nonze ro  e l emen t "  o г
no t  havе  a  f 1n1 t е  bа s l s

s andw l сh  ma t r l x  P ,  } i  1 s  a
P . If /l ( vаг S, and o фvat ll,
o f  l d еn t 1 t 1 e s .

s ubg roup  l n  G  gеne r a t еd  by
t hen  t hе  s еm13 roup  S  doе s

1 s  ob t a1ned  by  an  app l 1 сa t 1on  o f  Theo r еm  з . 2

I f  ( 1n  t he  no t a t 1on  o f  Theo r еm  20 . 8 )  t he  ma t г1х  P  1 s  no гma l l z ed  and '  О ( va rH
then  t he  que s t l on  o f  f 1n1 t ene s s  o f  a  ba s l s  o f  1den t1 t 1e s  f o r  S  s t l l l  г ema l n s
oрen  e ven  unde r  t he  a s sumр t1on  t ha t  S  1 s  f 1n1 t e  (w1 th  t he  еХсер t1on  o f  t he  c a sеwhen the  group C 1s  t r1v1a l :  1n  th1s  сase  S  1s  еquat lona l l y  equ1va lent  to  A ,and  1 s  t h e г e f o r е  f 1 n1 t e l y  b a s ed ) .  We  d1 s t 1ngu1 sh  t h e  c a s е  whеn  G  =  ! I , 1 . 8 . ,
when the  8roцp G 1s  generatеd '  by  the  nonzero  е lemеnts  o f  the  mat r1х  P .  As  1sknovrn ,  fo r  a  comple te1y 0-s1mplе  sem1group S  r^ l1 th  norma l t zed .  sandwlch matr l x
the  g1ven сond1t1on l s  equ1va lent  to  the  faс t  that  S  1s  gеneraЕed by  the  se to f  1 t s  own  l d empo ten t s .  Thе r е f o r e  t he  р r е v1ous  quе s t l on  с an  be  r e f o rmu l a t ed
1n  t h1 s  с a se  a s  f o l l ows :

Ques t i on  20 , 2 .  Doe s  a  f 1n l t e  с o rпp l e t e l y  0 . s 1mp l e  1dempo ten t  *ene r a t ed '  A2sеn1grouр ovеr  a  nont r1v1a l  g roцp have a  f ln l te  bas1s  o f  1d 'еnt1t1es?
g )  V a г l e t i e s  o f  n - t e s t aЬ l e  s е r n i g г oup s .  The  1dеn t l t y  u  =  v  1 s  c a l l e d  n -t e s t ab l е  1 f  t h е  1n1 t l a l  1n t e r va1 s  o f  l e ng th  n ,  t h е  f 1na l  l n t е r va l s  o f  l е ng th  nanс i  the  se ts  o f  a1 l  subwords  o f  1еngth  n  сo1nс1dе ln  the  word .s  ц  and v .  Foree ch  n  we  con s l dе r  t he  v a r l е t y  go ,  de f i n ed  by  a l 1  n - t e s t ab l e  1den t1 t 1е s .  Th l s1 s  с a l 1 еd  t he  v a r 1e t y  o f  n . t e s t ab l e  s еm1g roups .  Th l s  с 1a s s  o f  v a r 1е t 1e s  wasl n с r oducеd  1n  [ 190 , 118 , 15 r ]  1n  сonnec t l on  w1 th  s e ve r a1  p гob l ems  1n  t hе  t heo r yoГ fo rma l  languages . , i  

- -  у .v  
.  :

By  сompaг lng the  def1n1t1on o f  En and Proрos1t1on 20.3  wе see that  thevaг le ty  g '  fo r  n  > 2  1n a  known sense l s  re la tеd to  the  va
a  p r 1o r1  ana1ogy  t s  a1 so  ve г1 f 1ed  a  po s t е г1o r1 :  t hu s ,  , " " : i ; ; . : : " , : , ; " j : , "
out  that  eaсh sem1group 1n $"  ( l r )2)  1s  an ldea l  ex tеns lon o f  some semlgroup lnvaг  A2 by  mеans  o f  an  n .n1 lpotent  semlgroup t rв31.  The prob lem of  f1nd1ng abas1s  o f  ldent l t1es  fo r  thе  var1ety  go when n  2  2  was  posed by  the  f1 rs t  aцthorln  1976 ln  the  aцthor l s  leс tures  on реr tod . l c  semlgгoups  a t  Ura l  Un lvers1ty .The  s o l ц t t on  t o  t he  p r ob1em 1 s  a s  f o l l ows

. Theo г еп  
20 . g  ( T г a kh tman  t r s 311 .  A  b a s1 s  o f  1 den t l t 1 e s  f o r  t h е  v a r l e t y9n ' rhen n  > 2  1s  fo rmed by  the  1d 'ent l t1es , / , j , . . .  l t - tУJ t . . . . r ' - l а t r l  . . . х ' - . / , -d tх t . . . JЛ- t{ 'Е t . . .. . .  lл - tУХ, . . . хn- , | , ,  k r .Тх , ) '+ lх , . . . i , - (x , . . . x , ) .* ,х , . . .4 , "ьu . "  , с t l :  - . , .o l , ,o l . "  . i "  . " l . , " " ,and  p  1s  the  rema1ndеr  o f  n .1  upon o rv l s to l  by . r.

. . . ; . . - ' . In  сonс lus l on .  wе  no te  tha t  a  ьas1s  o f  1dеn t1 t1еs  f ; ;  t r r e  va i : . " . , . . . s . ; . . ; ; ;

, ^  j  4 9

Theo r em  20 . 8
ч Еo  t hе  s еm1gгoup



rou r i r  ea r l l e r  . l n  [191 i : 1 t  l j  f o гmеd  by  t hе  1den t l t l e s ] j . f - Х ,  х уЦ : х z у i ,

. ,  a )  The '  f r ee . sem ig гoup  p гob1em.  The  f l : ' s t  ques t1on  wh1ch

ana l y s l s  o f  f . d .  s em lg r oups  f r om  t he  po l n t  o f  v 1ew  o f  t he  t hеo г y

l s  t he  que s t l on  o f  1n  wha t  s еm1gгouрs  a r e  t he гe  ( non t r 1 v1a1 )  s . 1 .

f r om  r e su l t S  o f  Мa r kov  1577 ,  ! n  t he  gene r a }  с a sе  t h1 s  que s t l on  1 s

unso l v ab l е ,  1 . e . ,  1 t  1 s  lmpos s l b l e  t o  g1ve  an  an swe r  1n  t . ё r r r s  o f

? I F IN IтЕLY  DЕ t INЕD sЕ t ' l IGR0UPs

P гopo s  i  t i  o n  ? L . L  ( Shnee r s on  I r 0B ]  )

l s  de f lned by  m def1n1ng гe la t lons  and

f ree  subsemlgгo l . lp .

Suppose the  sеmlgroup S  l s  de f lnеd

Ц| - o |  ( i - 1 ,  . . . ,  m ) .  The  wo rd  w  1 s  с a l l e d

.  I f  t h е  s em lg r oup  S  w l t h  n  gеnе r a t o r s

n  -  m  2  2  t hen  S  с on t a1ns  a  nonсy c l 1 c

b y . s ome  sУ s t em  o f  o е f l n l n g  r e l a t 1 on s

пu l  t i  p . l e  w1 t h  r е s рe c t  t o  t h l s  s y s t еm  l f

a и j  q o e  l n  t t r a

o f  v a r l e t l e s

A s  f o l l ows

a lgor l thmlca l l y
' ' r е сogn l z ab}e  ' '

с omb l na t o r 1 c  p r ope r t l e s  o f  dе f l n l ng  r e l a t 1ons .  Mo re  u r gen t  l s  t h e  р r ob1еm o f

f l nd1ng  a l geb r a1 ca l l y  equ l v a l еn t s  t o  t he  р гope r t y  o f  ' ' h a v l ng  s . 1 . | t  To  da t е ,

perhaps  thе  on ly  сand ldatе  fo r  the  ro lе  fo r  suсh an equ1va lеnt '  1s  the  pгoper tу

' ' d oe s  no t  с on t a l n  noncy l c 1 ca l  f r e e  sub sem1g roups . ' |  Th1 s  р гope r t y  1 s  obv l ou s1y

neсe s sa rУ '  bu t  l t s  s u f f 1 c1ency  l s  a  v e r y  1n t г 1gu1ng  open  que s t l on .

Ques t i o i  21 .1 .  Does  eaсh  f . d .

a nonсyс l lca l  f rее subsem1group?

se rп lg roup  no t  sa t l s f y1ng  any  s .1 .  сon ta ln

I t  l s  }сзovrn  that  цnder  сer ta ln  res t r1с t1ons  on thе  def ln ing  re la t1ons  the

answe r  t o  t h1 s  que s t l on  J . s  po s1 t 1vе .  Bе l ow  we  p r е sеn t  r e su l t s  o f  t h1 s  t ype ,

and we then es tab l l sh  cond l t1ons  wh1сh guarantee the  presence o f  noncyе11сa1

f r ee  sub sеm . l g r oups ,  and  con sequen t l y  t he  ab sence  o f  S . 1 . ,  f o r  a  g1vеn  f . d .  s em1 .

groцp.

l t  a рpеa r s  a s  a  s ubwo rd  1n  a  de f t n l ng  wo rd  a t  l e a s t  two  t 1mes ,  1 . e . ,  l f  wo rd s

u , o с |u1  ,Ф t , . . . , ц , й ' |  ( po s s l b l y  ц  =  v )  c an  be  f ound  sц ch  t i n a t '  ц=u ,@I t , , ' l J - g , g ) d ,  whe r e

d#d  o r  f  #d .

P г opo s . l t i o n  2 L , 2  ( A l e k s and r o v  t B ] ) .  I f  t h e  s y s t em  o f  d е f 1n1ng  г е l a t l o n s

o f  a  noncy c l l c  f . d .  s em1g roup  S  1 s  s u сh  t ha t  no  de f l n l ng  wo rd  l s  a  р r oduc t  o f

two  mu l t 1p l e  (w t t h  r e spе c t  t o  t h1 s  s y s t еm)  wo rd s ,  t h en  S  с on t a l n s  a  noncy с l l с

f ree  subsem1groцp

A  pa r t l c u l a r  с a s е  o f  P r opo s l t 1 on  21 . 1  1 s  t h e  e a r l 1 е r  r e s u l Е  o f  | 2 51 .

In  сonс1us1on wе note  that '  fo r  f ln1teIy  generated semJ.groups  the  answer

t o  t he  quе s t 1on  ana l ogous  t o  Qцes t l on  2 l . 1  l s  n ega t 1vе .  The  co r r e spond l ng  e x .

amp l e  1 s  f ound  1n  [ f 11 ] .

b)  F .d .  s em ig гoups  w . i t h  non t г . i v l : a . l  i den t i t . i e s .  I n  t h l s  po l n t  we  p re sen t
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a  de s с г1р t 1on  o f  f . d .  s e r п l g r oups  w l t h  non t г l v i a l  l d en t i t 1 е s  l n  c е r t a1n  lmрo r t an t

с l a s s e s  o f  г . d .  s em lg r ouрs .  Wе  p гe sen t  no t t on s  and  no t a t t on  neеded  l n  wha t

f o l l ows .  A  l e f t  ( r l g h t )  g r aрh  o f  a  s y s t em  o f  d е f l n l n g  r e l a t l o n s  и ' - ? 1 l  . . . ,  U . n : !^
ove r  t he  a l рh ' abе t  { a ' ,  . . . ,  с o }  t s  a  g r aph  w l t h  t he  s e t  o f  v е г t 1 cе s  t d t , . . . ,  dn }  ,  t n
wh1сh  t hе  ve r t l с е s  с ,  and  a ,  a r е  J o1nеd  by  an  edge  l f  and  on l y  l f  f o r . s ome  k

а , 1  and  с . ,  a r e  t he  f 1 r s t  l e t t e r з  on  t he  l е f Е  ( r l gh t )  o f  t h e  wo rd s  un  and  v k  r e .
д J

spe с t l v e l y .  r f  t h e  s еm lg r oup  S  с an  be  dе f l n еd  by  a  s y s t еm  o f  de f l n1ng  r е l a t l on s

suсh that  the  le fЕ  ( r lght  )  g raph has  no сyс les ,  we sha l l  say  i r ra t  S  has  no 1ef t
( r l gh t )  c y с l e s .  Th1 s  с l a s s  o f  f  . d .  s em1g rouрs  was  f l - r s t  l n t r odL t с еd  and  ana l y z ed
by  Ad ' y an  l n  [ l ] ,  s ee  a l s o  h1 s  book  [ 3 ] .  I f  w  l s  a  wo гd  ove r  t he  a l phabe t  ( с 1 , . . . ,/ {  \
. . . ,  а , | ,  t h en  w \ . /  dеno t е s  t he  wo гd  ob t a1nеd '  f г om  w  by  d ' е1е t 1ng  t he  l e t t e г s
\ - ,  d з+ t ,  . . .  |  ( I n

Theo гem 2 l , L .  Thе  f o l l ow tng  a r e  equ1va1en t :

( r )  the  5gm{gтouр S  сan be dеf lned by  n  generators  and m def1n1ng re la t lons ,
whe re  n  )  I t r r  and  s a t 1 s f 1е s  a  non t r 1 v l a1  s . 1 . ;

(2)  the  sеrп lgroup S  has  no le f t  oг  r1ght  сyс les  and sa t1s f1еs  a  nont r tv1a l
s . 1 . ;

(з )  the  seп1group s  l s  1somorph1c or  ant1-1somorрh1с to  a  sеrn1grouр o f  one
o f  t h e  f o l l ow l ng  t y pe s :  1 ) ( с ) ;  2 ) ( а ,  b |ф_bв ) з  3 )  ( с ,  b |ф ; ь1 ,  h - . | , 2 , . . . . ;  4 )  ( в ,  b . | в ba  :
- bв ) ;  5 ) | g '  b | вbв ,= ,b ) ; 6 )  ( с ,  b | в , - b ] l ;  7 )  @ ,  b | вbo ' - 6a1 i  B )  ( 4 ,  b '  c | в -Qф , . 6 с - . с }  9 )  ( o .  b ,  c | а ,  -
- . o '  b c  - r u ) ,  whe r е  v  =  с с  o г v  =с с с ,  and  w l s  ana rb l t r a r y  r т o r dove г  t hеa l phabe t  ( с ,  с } ;
10 )  ( с '  | . . . |  ( ' | l q - o , ' ,  . - ,  dn - l  . on - , ) .whe ге  

" 1 '+? )gd |+ l d t  
f o г  i  o 2 , . . . ,  / t - 1 .  фэа , , \  o r  ф=

= d.p ' |ц i  l t )  (с .  t  . . .  1 . ( In l  . ! t -o r ,  . . . t  с ' - '  -  oа- | ,  ao- |oo-?o- t ) ,  whегe  
"д- r1Ctqп. . ld .n  

ОР En. .LЭЦndп- . ,

the seвlgroup (с,,  . . . ,  d*rlс\-d{|, . . . . ,  с ' tР '-d!-z, Cn-|-4J rs 1somoгph1с to some sem1-
gгoцp o f  type l0  )  ,  and the  sys tem of  ге la t lons  l

q-ol,  - t  
-an-t-a'*2, 

(rn-a'n-1,

wheгe the  word v ' ,  l s  obta1ned f rom v ,  by  dе lе t lng  thе  le t tе r  an- l ,  has  a  сon.
neсted 1еf t  g raph .  z

ТЪe . l  пn . l  {  't ] f g  Ц rР . L . J . с a t t on s  ( 2 )  *  ( з )  aлd  ( 3 ) . }  ( 1 )  we r е  p гoved  l n  [ r o7 ]  ( t r r e  c a sе
of  sеп lgгoцps  w l th  one def ln lng  гe la t lon  was  ana lyzed eaг11еr  ln  t105]  and.1n
t 8631 .  Thе  p гoo f  o f  t h е  lmp l 1 сa t l on  ( 1 )  *  ( 2 )  1 s  t he  sub Je с t  o f  [ r 10 ] .  F r oш
ге sц l t s  o f  [ 106 , 1o7 , 11o ]  l t  f o l l ows  t ha t  1n  add ' l t l o n  c ond l t 1on  ( 3 )  o f  Theo гem
2l .1  can be veг1f led  e f fec t l ve ly ,  and.  сonseqцеnt1y  there  ex1s ts  an a lgor l thm
dеteгmln1ng w1th геspесt  to  a  g1ven semtgгouр.o f  n  genеrators  and '  в  de f ln lng
r e l a t l on s ,  whе r е  n  >  m ,  whe the r  a  non t r 1 v1a l  s . 1 .  l s  s a t 1 s f l e d '  1n  t h1 s  s еm1 .
groцp.  I t  was  ment1oned ear l1er  that  an  a lgoг l thm deс ld '1ng the  samе quеЗt1on
f o r  an  a r b l t r a r y  f . d .  s em1g roup  doе s  no t  e х1 s t :  I n  с onnec t l on  w1 th  Ques t l on

.  . : . . .  . .  .  -  , _ :  : . , . . . .
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g roupsv . l t t hanцпbe ro fgenе ra to г s* ' : . : : " t han thenumbеro fdeГ1n1ng re l a t l ons

the absenсe oГ nontr lv lar  rЬ.nt ' t !es lmр'1es t .he pгesenсe of  f rеe nonсУе' lc  sub-

sem1groups l n thёп .

Ano the r  t ypе  o f  r es t r i c t l on  on  thе  d ,e f l n lng  re l a t l ons  was  сons1dеrеd . l n

t2 ]  ( see  a l so  t 3 ] ) .  A  (no t  neсes sa r l l y . f l n l t e )  sеm lg roup  w1 th  t  l s  сa l l еd

. sрeс i a l  l f  ' n  so rnе  (no t  necessa r l l y  f ' n l t e )  a ' phabе t  l t  сan  bе  de f l nеd  bУ  dе .  
' n . ' .

f ln lng re lat lons of  the form w -  I

тheoгem z l . z  (Adyan  [ z ,3 ] ) .  A  spec1a1  semlg roup  wh l сh  1s  no t  a  g roup

sat1sfles a nontr1vlat ldеnt1ty lf and' only lf lt 1s lsomorphlс to an l.nflnlte

сyс l1с  seш1group  o r  thе  b l cyс t l c  sеn lg roup  ( с ,0 l с0 -1 ) .  . . .  
,  f  6ф{^Й 

1  . .

' Fo г . t hеpa r t l сu l a r сa se .o f sев l g roцpsw1 thonedе f l n l ng ге l a t1on l twas

shovm1n[106 ] t r r a t a speс l a l s eш1gгoup l r 1 thone re l a t l onwh1сh l sag roцp

sat ls f les  an s .1.  l f  and '  on ly l f  1t  ts  t lomoгph1c e1thеr to a сyс l1с group or

the group (o '  b|вb|в-|\ .

Weгeсa ] . l t hepape r so fOganesyan [?6 ]andKo tеsn l kova [ц} ]wheзe f . d .

seш lg roupsw1 thсe r t a l no the г гes t r l с t l onson thede f1n1ng rе l a t1onsa res tuo1eс i
f r omthepo ln to f v1ewo f thep rеsenсеo fnon t r1v1a ] . s . 1 .

с )1den t l t i e so fпonсyс1 . l с sеm. i g гouPsw i thonede f i n i ng ге ]a t j on .BУ

Theoгem 21. l  a  noncyc11с sеm1group w1th one def ln1ng re}at lon adп{tс lng an

s .1 . l s l s omorph l co ran t l - l s oпo rph1о tooneo f thesem1groups

51 - (с' i|* -Dс), S,.1 - (в, b|ab j ф, h - 1' 2, ... ,

&-(с,  u l i lo-bа\ ,  s . . -1с,  b|obа-D),  & -(ц b|сt-0) ,
s6 - (в, b|а,bв| - bo).

Thе quest lon  o f  bases  o f  ld 'еnt l t l es  o f  thеse  sеmlgroups  l s  answerеd by  thе

fo l low lng.

Тheoгem 2 ] . . 3  (Shnеeг son  I t t z ] ) . r The ldеnt1t1es

yly'-'(.rY)t'

foгrц a bas ls  of  1dеnt l t1еs

Sз ,  S4 ,  55 ,  55  do  no t  have

"i" "q,t.t lonallY 
equlvalent

уlzу -|ху.еу, ухz-{у з ЕlLtll уz.rtу - хуzхtу

of the sеn1gгoup s2 u foг any k. Thе sеm1gгor.ips
Ь , . .

f ln l te  bases of  ldent l t lеs ,  and пoгeover Sц and,  55

Anana l o goц sque s t 1on l s s o l v еd ' 1 n [ t t z ] f o г non c y l с 1 cmono l d sw l t h onе

dе f 1n1ng  r e l a t l on .  I f  s u сh  a  п }ono l d  s a t l s f l e s  a  non t г 1v1a l  s . 1 .  l t  i s  l s o -

morph lс  or  ant l - l somorph lс  to .one o f  the  mono lds

*Theo r 1g1na t r е рo r t on t h t s r e s u l t l n t r o 9 ] eon t a l n edan l n a с cu r a c y .
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Тheoгen  21 .4
' l

S , ,  and  S i .  S -  andЧ  ч .  )
ЕlхrE}.rlJ{х?х5хl : х',rl.Е].El.Е{.r?Е5.Еl

f o rms  a  ba s l s . o f  1den t1 t 1e s  f o r  t he  s em1g roun  s l  .  Thе  Sеm1g r . о t l n s . s -  яn r il p  D3 .  . 1 . nе  Sеm-O .  - . r -  - 7  * . . *  56  do .

no t  have  a  f l n 1 t e  ba s l s  o f  l d en t l t 1 e s ,  and  mo rеove r  Sg  1 s  a  g r ouр  equa t l ona l l y

equ l v a l en t  t o  t he  s em lg r oups  Sц  and  S ' .

Wе seе 1n par t1сu laг  that  a  b1сyc l1с  sem1group doеs  not  have a  f ln1te  bas1s

o f  1den t l t 1 e s .  I n  v t еw  o f  t he  l a r ge  r o l e  wh1сh  t h1 s  s еm lg r oup  p l a y s  1n  t he

s t rцс tura1 thеory ,  thе  fo l low1ng 1s  o f  1nteres t

Que s t i o n  27 . 2  ( P e t r l с h ) .  I s  t h е r e  a  t l g 66q t l '  b a s 1 s  o f  l d еn t 1 t 1 e s  f o r  a  b 1 .
сyc l1с  semlgroup? In  paг t l cu la r ,  1s  thе  aх1опrat1c  rank  o f  the  var lе ty  gеnerated
} r r г  . l t  f { n . l f о ?ч J

Wе no t e  t ha t  b y  P r opo s1 t 1on  4 . 1  a  b1 сy c l 1 с  s em1g roup  ha s  an  l r r educ l b l е

ba s l s  o f  l d en t l t l e s .

)  I с еn t l t . l е s  o f  с y с l i с  s em i g г ouP s .  F o r  t h e  s a k e  o f  е omp l e t ene s s  we  t oц ch
on  l d en t 1 t 1e s  o f  c ye11с  s em1g roups .  Obv1ous l y ,  a  ba s1 s  o f  1den t l t 1 t e s  f o r  an
ln f ln l te  сyс l1 .с  sern lgтoup 1s  the  1dent1ty  xy  = yx

. ! ,  .  P г opo s J  t i o n  21 . з .  S uppo se  C t , а -@|ёLa*+d )  1 s  a  f l n l t e  c y c l 1 с  s em l g r ouр  o f
1ndex h  and pеr lod  d .  A  bas1s  o f  ldеnt l t l еs  o f  the  sеmlgrouP C, .  ^ l s  fo rmеd '

l  
-  

l l ' ц

by the  ldеnt1t1es  . ry :ух ,  {х1 . . .Xo:J t . . . l r ,  f  - f  ,  t t  h  s  d  and '

4 - У\ /", ...Хд : ft ,.. х^, !t'+dх, ...хn-u*" - l+dу,х, ... х^-u-o,

r -0 ,  l , . . . '  Г . LgrL  i r - J '  '

l i
l l
I
I

s l ,  s i . r ,  s J ,  s l ,  s l ,  s l ,  E  - (a ,  b lab: t ) ,  s r - (a ,  b lab la - l )
and  t he  r еma r k  f o l l ow l ng  t t  ) .

( Shneрт . snn  Г r  r  э . l  )  .  The  s cm i  q r oups  S1  and  s } ,  s .  ' .  a no  s l\ v t д . . 9  L д д с J . / .  g Ч l t l + o - - - г -  - l  
д  C э L  . , k '

' * ,  ' u  ana  s}  a re '  еquaL lona l l y  equ l va l en t .  Thе  i сen t l t y .  . .

l f d<h .
' t  . :  

P ropos l t lon  21 .3  was  obta1ned '  by  the  second aцtЬor  and.  l s  o r lg lna l l y  рub.
l 1 shеd  he r e .  I t s  p r oo f  1 s  ba sed '  on  t he  dе s с r l p t 1on  o f  a  s y s t em  o f  a1 l  l d en t l .
t l e s  o f  t h e  s еш1g roup  Cь , 6 ,  f o l l ow l ng  r e sц l t s  o f  L yap1n  t 53 ] . .  

. - : . . , . : . -

.  Idеnt l t l .es  o f  monogеn1с lnveг .sе  sem1groups  werе  s tud1еd 1n i rц3]  and [31] .
Iv lonogen1с lnverse  sem1grouрs  were  f1 rs t  desсг tbed by  G1usk1n ln  [2ц] ,  us1ng thе

. lmp roved  с l a s s1 f 1 ca t 1оn  o f  Е r shova  [ 28 ]  b y  wh1сh  an . a r b1 t r a r y  monogеn l с  l n ve r s e
seп lgroup be longs  to  onе o f  the  fo l low1ng four  types:

tll
I

i i l
I

l i '

Itr
i.li
ilii

,: ' ' : . ,"" 
.- |^?-') '  

3) (а|аn - a-taп+l); 4) (a)

I  t : :

t . .. a '



( t t r e  f r e е  monogen1 с  1n vе r s e  s em l g r oup ) .  . . -  .  ;  . i l '  . : : а .  - .  : . : . . . . ' . ,  ' . ; '  ' , : . l  1 .

P г apo s i t . i o n  ? L . 4  ( K l e lman  [ 1Ц3 , з 1 ] ) .  An  1n vе r s е  s em l g r , o up  o f  t y p е  1 ) .  h a s

a bas1в of ldentlt1es ху-ух|,1. '-+',  хх-r-уy- '  Гor. n = I and n; ' i -1i . .1х.t,-tхуf . , i tу-|ху,3z-az^,,

х fх - | (х fх - l ) . l - r ,д - l (хyх; - r  foг  n  = 2 .  An lnverse  semlgrouр o f  tyрe 2)  has  a  bas l s  o f

ldenс l t l es  :у -ух ,  хх- . - ,w-|  fo r  n  ;  1  and,' ,
(х- lу-t ' ,у -  х-|у-|ху| хfх-| (хfх- l )- l  -  хyJ_з (ху4-t

f o rn=2 .

3 )  and  Ц)  do

l

Inve r se  
" "* tg "oups  

o f  t ypes  r )  and  2 )  fo r  n  >  2 '  a s  we1 l  a s  t ypеs

no t  have  a  f1n l t e  bas l s  o f  1den t l t 1es .

Т tnnm Pт . nno s1 t 1on  21 .ц  1 t  f o l l ows  1n  pa r t 1 cц}a r  t ha t  t hede s с r l p t 1on  o f  ba se s-  4 4 9 ц .  { . v r

of  1dent1t1es  o f  monogen lс  lnverse  semlgroups  g lven 1n [27]  l s  fa l se

е )  I d еn t l t i e s  o f  s em i 9 г ouр s  f . d .  i n  v a г i e t i е s .  S uppo se  E  l s  a  v a r 1 e t y  o f

sem1groups ,  S  1s  a  sеm1group def lned 1ns1de 8  by  a  f1n1tе  numbеr  o f  gеnеrators

and def ln lng  re la t lons .  I t  l s  poss lb le  to  pose  a  quest lon  o f  under  what  cond l -

t1ons  does  S  have a  nont r l v1a l  1dеnt1ty  1n E .  Such a  рrob lеm was so lved foг

semlgrouрs  def lned by  onе def ln lng  rе la t1on ln  the  var1et les  vаг( . l f  :хy . r :0} ,

; v a r ( l  - Х ,  XУZ : х z у |  and  va r ( л , . . . . r o : 91  (Ko l e sn1kova  i з 8 -ц0 ] ) .

52? .  sЕиIGR0UPs  0F  тRA l i sF0Rr . lAт I0Ns

Semlgroups  o f  t rans format lons  are  a  с lass l ca l  and a t  the  same t lme ln  a

еer ta1n sense thе  un1versa l  example  o f  sem1groups .  In  .v lew o f  th1-s  the  ana lys1s

of  the1r  abs t raс t  p roper t les  ho lds  an lmрor tant  р}aсе ln  the  genеra l  theory  o f

s еm lg гoups .  I t  l s  n a t u r a l  t o  c on s1de r  t he se  s em1g roups  a l s o  f r om  t he  po1n t  o f
v l ew  o f  t hе  t heo r y  o f  v a r l е t l е s .  Up  t o  t hе  mos t  r e cеn t  t l r n e ,  howeve r ,  s u сh
сons l de r a t 1on  was  no t  с a r r l e d  ou t  l n  р r a c t 1 cе ; *  l n  рa r t l c u l a r ,  on l y  r е cen t l y
was  an  an swe r  t o  t he  que s t l on  o f  f 1n1 t enе s s  o f  a  ba s l s  o f  1den t1 t l e s  f o r  с om .
p le te  sеm1groups  o f  t rans format1ons  g1ven.

Suppose  n  1 s  a  na tц r a l  numbe r .  We  1n t r oduсe  t he  f o l I ow1ng  no t a t 1on :  T , . l s
the  semlgroup o f  a l l  t rans forтnat lons  o f  an  n-е lemеnt  se t ,  l .1Т , '  l s  thd  semlgroup
of  a l l  mц l t1va luеd t rans format lons  o f  an  n-е lеment  sе t ,  PT, '  1s  the  sem1group o f
a l l  par t la ] .  t гans format1ons  o f  an  n-e lement  se t  '  B , '  1s  the  sеmlgroup o f  a l l
par t la l  mц l t l va lued '  t rans format lons  (= b lnary  re la t1ons)  o f  an  n .е lemеnt  se t ,
г -  1s  the  sem1grouр o f  a l l  onе- to .one par t la l  t rans format lons  o f  an  n-еIеmentrl

* In  [ 8З ]  an  a t t emр t  was  made  t o  cha r a с t e r l z е  t he  s e t  o f  a l l  1 den t1 t 1e s  o f
the  semlgroup Т , ' .  However ,  thе  fundamenta l  theorem of  th1s  papeг  1s  fa l se .  The
ldent  l t  y

х'х7уzt't1 - х {ztytll

s a t 1 s f 1е s  a l l  l t s  с ond1 t ' 1on s  bu t  1 s  no t  s a t 1 s f 1ed  1n  Т . '  f o r  n  >  l .
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s e t '  L тn ( s )  l s  t h е  s em lg r oup  o f  a l l  } l n ea r . t r an s f o rma t i on s  o f  an  n - с i l . п r en s1ona ]
v e с t o r  s p a с е  o v е r  a  f l е l d  o f  q  e l emen t s .

Тheo гem 2? .T  (Vo1kov  t z z }1 .  The  s em1g rouр  Т , '  f o r  n  ) .  З  and  t he  s em1g . t^о r r n
I | t r ro ,  ЕГ .o ,  Bn '  I :Гn(g)  foг  n  z  2  do not  havе a  f ln l tе  bas1s  o f  1dеnt l t1еs .

-  For  tne  rema1n1ng n  1n Theorem 22.1  the  semlgгoups  havе f1n1tе  bases  o f
l d en t t t t е s :  t he  s em1g rouрs ,Т i  and  i ' l T ,  a r e  s l ng l e t on s ,  t h e  s em1g roups  B . ,  and
PT ,  a r e  two -e l emen t ,  t h е  s еm lg r oup  г i . { o )  r s  c ommuta t 1vе  and  f l n 1 t e l y  Ёa " " с
by  P гopos l t l o n  ! 2 . 2 '  t h e  s em1g rou г  T , 1 s  f oц r - е l emen t  and  f 1n1 t e1y  ba sed  by
Theo r еm  10 .  l .  *

The foL low1ng resu l t  1s or1g1nal ly  рub11shеd'  herе.

Theoгem 22 .2  (Sap1 r ) .  . The  
seш lg roup  In  f o r  n  >  1  does  no t  have  a  f 1n1 te

bas1s of  1dеnt1t lеs as a semlgroup (1n the s lgnaturu э )  nor as an 1nvеrse sem1-
g roцp  (1n  the  s1gna tu re  ( . '  - . ) ) .

obv l ous l y ,  f o r  n  =  1 the  f l n l t e  bas1s  p ropе r t y  ho l d s :  t he  sem1grouр  I . , . 1 s
b.Jo-е lement.

F1nal ly ,  we note that  1nf1n1te sem1groups of  a l1 tгansformat lon of  any of
the above 1nd1сated types e1ther do not  have nontг lv1a l  s .1.  or  are сommцtat lve.
Thus, l.n an exhaцstlve manner Theorems 22.I and' 22.2 solve the f ln1te bas1s
quеst1on for  thе sеm1grouрs сons ldered.  ' .

Theo rem 22 .1  1s  ob ta lned  by  means  o f  T .heo rem ] .2 .  Wе  no tе  tha t  l t . f o1 lows
a1so  f rom Theorem 3 .3 .  Thеorem ?2 .2  1s  a  co i r seqц"n"e  o f  Thеoreш з .З .

In comf i lete semlgroups of  t ransfoгrцat1ons/ 1t  1s poss lbte to d '1st lngu1sh
the 1mрortant  subseп1gгoцps сons ls t lng of  a l l  t ransforшat lons formed by some
or other pгopeгty.  Foг example,  for  each п S n 1n the serп1gгoup тn 1 i  l - "  рo".
s1ble to d1st1ngu1sh the sцbseшlgroup. .T-  .  cons1st lng of  a l l  t ransforrrat1ons
o f  гank  <-тn .  Us1ng  Theorеm 3 . з  1 t  : . " , , o i , Ё l f f 1cц l t  t o  d ' еdцcе  tha t  f o r  ш  2 .3
the 1dent1t1еs of  the sem. l8roцP Т ' ,  ' , '  d 'o not  havе a f1n l tе bas1s.  On the other
hand,  for  any n the semlgrouP T. , . , , i ,  .  seшlgroup of  }еf t  ;" ; ; . ;  

" ; ;  
r . ,  p ." t r -r a r . t

сцlar  1s an f .b.  sem1grouр. .  The fo l lowlng quest lon natuгa l ly  ar lses. .  -
. .Ques t i on  22 . L .  Does  t he  sеm18roцр  Tn .  ,  o f  a l 1  t r ans fo rп , r a t l Ьns  o f  an  n .

е l emеnt  se t  o f  r ank  s2  have  a  f1n1 te  ьas r s ,Б r  t a " . , t 1 t1es?

Tor l opova  [B9]  gave  a  сha rac te r l za t l on  o f  thе  se t  o f  a l l
t he  sem1grouP  T . . , . . f o r  n  z  5 .  Beсaцse  o f  cuтnbеrsome dе ta l l s

*A  сonс r e t e  ba s1 s  o f  1dеn t1 t 1e s  f o г  T .  
" " '  

г .f oцnd  1n  [85] ;  t t

t rЕ

of a l l  ldent l t1es of  tьз.s  
"Ъ*з.Ё"" . l i :
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r t .he ie l -  We on}y  note  Еhat  rn  p i r t r " . . . i a r  l c  lmp l1es  that  th1s  se t  doеs-not .

d eрend . oПП , i . € . , . o , : ' r - ёЧ , u . : ' 1 : , . . . . . . .
'  

Among subsem1groups  oг  tЁЬ semlgroup LТ, , (о)  (wh1ch l t  1s  сonven lеnt  to

t h1nk  o f  a s  a ' s em lg r ou , p  o f  a t l  n  *  n - . a t r l c e s  o ve r  a  q - e l emen t  f 1 е }d )  ; he  g r еa t .

es t  ln tе res t  ev ldеnt}y  t1es  1n the  semlgгoup o f  a l i  upper  t r langu lar  mat r1ces .

A t  p r e sen t  a lmos t  no t h l ng  1 s  known  abou ' t  1 t s  1dеn t1 t 1ё s . .  I n  рa r t l c u l a r ,  t h е

f o l 1ow1ng  l s  an  oреn  que s t l on .

i i
I

i

I

Ques t i on  ? ? .2 ,  Does  t he  sem lg roup  o f  a l l  цppeг

a f ln l te f le ld have a f ln l te .bas ls  of  ldent l t l tes?

tт languIar  matr lces over

q23 .  t r l I s с Е L LANY  , : , .  ; ] ' . '  - . . : i , j
- . , . - : .

In  Sцkhanov [87] ,  fo r  each var te ty  o f  sem1groЦрs 8  thе  se t  o f  a t}  1dent1-
. . -

t1es  sa t1s f1ed '  1n  the  с lass  o f  a1 l  poss lbIе  bцnd les  o f  some oг  o theг  tуpе (aтb1.

t ra ry ,  conmuЕat1ve,  reс tangu lar ,  o rd lna l  sums)  w1th  components  1n E  werе  d 'e -

s c r 1bed .  I den t l t l e s  o f  o r d l na l  s uп s  we re  s t ud l еd  a l s o  b y  L уap1n  [ 53 ] ,  whe r e

a тnethod for  сonst ruc t lon  1s  found for  the  se t  o f  a l l  1dеnt l t l еs  o f  a  g iven

ord1na l  sum w1th respeсt  to  known sys teшs o f  ldеnt1t1es  fo r  1 ts  coшponеnts .  By

mea]: l s  o f  th1s  resu l t  the  se ts  o f  a I I  1dent l t1es  o f  serв1groups  suеh that  eaсh

subset  1s  a  subsemlgroup,  as  we l l  as  f1n1te  ho lo lda l  sem1groups  were  dеscr lbed.

In  t rц6]  Lуap1n сharac ter l zed those  1dent1t1es  .o f  semlgroups  wh1сh arе  1nher1teo

1n pass lng to  a  g loba l  subsemlgroup

The  pape r s  t 9 s ]  and  [ 97 ]  a r e  dеvo t ed  t o  l d en t l t i e s  o f  s em1g roups  o f  d l -

r e c t ed  and  s t r ong l y  d1 r eо t ed  t r an s f o rma t1ons  o f  o r dе гed  s e t s .  A  ba s1 s  o f  l d еn .

t1 t1 tеs  o f  one vеry  speс1a1 semlgroup o f  t rans format lons  o f  an  ordеred se t  was

enцmeratеd 1n t8u1.

A bas1s  o f  ldent1t1еs  fo r  an  arb l t ra ry  sem1group 1n wh1ch eaсh subsemlgroup

1s  a  one-s lded ldea l  was  foцnd '  by  Shutov  ln  [11з] .

Add , ed  l n  p r oo f :  A  ( nega t l v е )  an swe r  t o  Ques t I on  22 . 1  1 s  c on t a1ned  1n  t 193 ] .
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