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§ Q. INTRODUCTION

a) General remarks. The theory of varieties of algebraic systems, begin-
ning with the first classical works of Birkhoff [116], has in the last decade
become one of the central directions of contemporary algebra. It has a wealth
of problems and has developed dynamically and fruitfully. Researchvon varieties
of semigroups holds a prominent place 'in this ‘direction. The first papers in '
which the statement of problems and facts related to varities of semigroups
appeared in the 1950's, in particular, the papers of Green and Rees [128],
Mal'tsey [54], McLean [150], Kalickl and Scott [136], Kimura [141,%§21i°and
Yamada and Kimura [189]. 1In the 1960's the papers of Adyan [2], [12-
14], Naik [156], and Neumann and Taylor [157) appeared, in which the princéipal
theme was semigroup ldentities. By the end of this decade approximately thirty
papers were published which were particularly devoted to questions in the theory
of semigroup varieties. We can say that the second half of the 1960's marked
the beginning of a systematlc investigation of varieties of semigroups which up
to the present has not decreased in intensity. '

The interest 1n the theory of varieties of semigroups i1s two sided: on one
side, it can be considered as a natural and important part of the “universal"
theory of varietlies of algebralc systems and as one of the areas where various
general statements of problems are put to the test or where the bounds of appli-
cability of varlous statements are established. On the other side, the language
of varieties 1s a powerful means for the study and classification of semigroups,
which defines the important role of the theory of varieties of semigroups as an
interesting and useful branch of the algebraic theory of semigroups on the whole.
As a rule, the actual achlevements in the theory of varieties of/ semigroups show
one (and sometimes both) of these facets. Additional interest arises from the
comparison of those facts or separate questions on semigroup varieties which
are related to general problems, from situations for related types of algebraic
systems,- above all for groups and (associative) rings. As experience shows, the
spectrum of the possible situations here is maximally diverse: identically
sounding answers in some areas alternate with opposite answers in others; prob-
lems easily solved for some types of systems turn out to be very complicated -
for others; problems solved long ago for some types of systems continue to re-
main open for others. We mention that each variety of periodic groups is also
a variety in the semigroup signature; hence it follows that some problems on
varieties of semigroups can be included in the case of (periodic) groups. This
clrcumstance 1s one of the connections between the theory of varieties of semi-
groups and the theory of varieties of groups; other connections will be mentioned
later. But naturally, the principal features of the subject considered by us
are determined by semigroup-theoretical characteristics, which appear both in
the syntactic singularities of semigroup language and in the presence of an
entire serles of types of semigroups which were distingulshed in the course of
the preceding development and which play an essential role in the general theory.
Among such types are those distinguished by abstract conditions (inverse, Clif-
ford, completely simple, idempotent, finitely-defined semigroups, etc.) as well
as those which are of interest by virtue of their concrete nature (semigroups.
of transformations, semigroups of matrices). ‘

¥It is clear that both sides can be also related to the theory of vari-
eties of algebraic systems of any other concrete type (groups, rings, lattices,
and so on). Regarding the second of these, see the remark of Neumann in the
preface to the book [75] on the uses of the theory of groups and the induced
classification of groups with respect to properties of varieties. See also the
statement of Mal'tsev in the first chapter "Varieties" of the book [56] on the

wealth of the language of identities which allows many subtle properties of
systems and their classes to be expressed.




We particularly note that for two of the above-named types of semlgroups
there 1s a particularly natural and characteristic approach from the point of
view of the theory of varieties. We are referring to inverse and Clifford semi-
groups. In each such semigroup 1t is possible to consider the unary operation

X - x'l, which for inverse semlgroups takes an element to its 1nverse, and for
Clifford semigroups takes an element to the reciprocal element in the correspon-
ding maximal subgroup. The class J of all inverse semlgroups and the class K of
all Clifford semlgroups will be varieties in the signature consisting of the
binary operation of multiplication and the indicated unary operation. Each of
the varileties J and K contailn the variety ® of all groups as & subvarlety. An
analysis of the varieties of inverse and Clifford semigroups really began in

the 1970's. Thils was, naturally, very closely related with the analyses of
ordinary varieties of semigroups, not only from the point of viewof the formula-
tion of problems, but also partly from the point of view of techniques. However,
the specifics of each of these two cases stand out. We note, though, that since
each variety of periodic Clifford semigroups 1is also an ordinary semigroup vari-

ety (the identity x = "+l 45 satisfied in it for some n, whence o= xn-l),

in the periodic case the theory of varletiles of Clifford semigroups 1s simply a
section of the theory of ordinary semigroup varieties. But for inverse semi-
groups the imposition of a periodicity condition does not suppress the character-
istics of the extended signature. If € 1s an arbltrary variety of inverse or
Clifford semigroups, then 1ts properties to a specific degree can depend on
properties of the group variety <N6 (in the case of clifford semigroups each
semigroup in ¥ i1s, as a semilattice of rectangular bundles, made up of groups

lying in ¥0N0®). This determines another natural relation with varieties of
groups.

We note that varleties of inverse semigroups can be considered also in the
somewhat more general context of involuted semigroups, 1l.e., semigroups with an
additional unary operation x - x* such that (x*)* = x and (xy)* = y*x*. 1In ’

recent years varietles of involuted semigroups have been the subject of much
research.

At present there have been more than 400 papers and books published which
were devoted to various aspects of the theory of varieties of semigroups. A
wealth of very diverse material has been accumulated here. Naturally, the need
to review and systematize this material arises. In particular, such 1s the plan
of the first author, who began to compile a survey several years ago together
with collaborators. It was planned that in the survey four large parts be dis-
tinguished: 1).1ldentitles of semigroups, 2) semlgroup varieties and the structure
of semigroups, 3) free semigroup varietles, 4) lattices of semigroup varieties
(in the original outline, presented 1n the survey [102], part 2 had a different
name). In the course of the work, however, 1t became clear that the material
reviewed was impossible to place 1n the reasonable limits of one paper, and it
was decided that a separate paper would be dedicated to each part of the survey.
The reader's attention 1is directed to the first paper in the planned cycle.

In two surveys on varieties of semigroups previously published (Evans {12317,
Aizenshtat and Boguta [7]), the principal theme, which is evident in the titles,
was lattices of varietles. Separate questlons touching on semigroups of iden-
tities per se, were considered only 1n passing. Some information on identities
of semigroups 1s contained, naturally, in the survey of Taylor [181] (see also
his abridged version, Proposition 4 in {127]1), but this survey has a clearly
expressed universal algebralc direction, and semigroups appear only as one of
the numerous types of algebraic systems in which some or the other general prob-
. lems 1n equational loglc are 1llustrated. If we take into account that the
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majority of all essential. results on semigroup identities was. obtained 1in recent
years,¥® then it becomes especlally urgent that thils material be systematized.-

. Naturally, we note that among the above indicated four directions there are di-

verse relations. Therefore, the thematic bounds betweeh them are relative to
some degree. (For example, it 1s clear that identities are present, in any
case, in all considerations of varieties.) Nevertheless, for each of these "
directions we draw a .self-evident circle of.questions formlng a basis of the---
corresponding problems. - Problems, relating to the direction "Identitles" are
those which we can say have a syntactic character, first of all grouped around
the finite basis property (test for its presence or absence for varlous vari-

eties or systems of identities, the hereditary finite basls property, etc.), e

as well as questions of the description of bases of identities or (what is
usually easier) of systems of all identities of semigroups, are of principal
interest in some or the other relation, or, for example, simply questions on
the satisfiability of nontrivial identities for semigroups under consideration.
At the same time, statements of problems which are related to the influence of

identities on the structure and properties of semigroups are left to the second
direction. : : - -

Working over the papers, we strived for reasonable completeness, desiring
both to demonstrate the basic achievements in the analysis of ildentities of
semigroups as well as simultaneously to put the problems in order, paying at-
tention also to the classification of problem statements, and to a considera-
tion of the possible perspectives for further development (including concise
formulations for several unsolved problems and open guestions). In addition,
we found it appropriate to interlace information related to the corresponding
questions for varieties of inverse and Clifford semigroups with the text de-
voted to ordinary semigroup varleties. These places are marked by small type¥¥*,
Concerning information on varieties of involuted semigroups, restrictions on
the size of this survey prevent this here. At least one of the primery projects,
to place the cases of the proof in order (either for assertlons especlally im-
portant ideologically or demonstrating some important method) has also not yet
been done. In the formative stage of this paper we tried to include material
related to the algorithmic aspects of this theme; with the exception of several
open questions which seemed appropriate in the corresponding sections. We note,
however, that thls toplc perhaps deserves a separate survey. Concerning the
references, they contaln practically all the works on material surveyed in this
paper, plus other papers related to those referred to in the text of this paper.
In addition, as a rule announcements are not included in those cases for which
results are presented in later publications. We note that this paper also con-
tains a series of entirely fresh results which have not been published previously.

The table of contents gives a clear overview of the material covered in
this paper. We note that several sections are thematically divided into sub-
sections which for brevity have not been indicated in the table of contents.
Theorems, propositions, as well as examples, problems and questions are each
numbered sequentially in each section of the text by pairs of indices.

——r .
This 1s, however, not as true for other directions in the theory of vari-
etles of semigroups.

¥%¥We note that in the recent book of Petrich, Inverse Semigroups [164] in
fact more than two chapters are devoted to varieties and questions related to
the above directions 2-4 are treated quite completely. The theme "Identities,"
however, 1is not adequately elucidated. Other information on varietiss of in-
verse semigroups ‘(reflecting the early period) was presented in the mini-survey
of Reilly (178]. 1In Petrich [163] basic facts on lattices of varieties of
Clifford semigroups, obtained up to the beginning of the 1980's, are collected.




The manuscript of this paper has been reviewed by a series of colleagues,
and we thank them for their advice and many useful remarks. We especlally ac-
xnowledge the constructive contribution of several participants in the Sverdlovsk
seminar "Algebraic Systems" (and, in turn, M. V. Sapir and E. V. Sukhanov), as
well as D. Pollak.

b) Preliminary informatian, definitions and fundamental notation. The
more or less standard information from general algebra 1s sufficlent for under-
standing of this paper in many cases. As a rule, the needed definitions are
presented. The exceptions are certain information from the theory of varileties
of algebraic systems and from the theory of semigroups, which are assumed fami-
liar to the reader. . (Examples of the first exception are the notions of a free
system, completely lnvarlant congruence, axiomatlc rank, and the meaning of lat-
tice operations over varietles; examples of the second exception are the notions
of inverse, Clifford and completely simple semigroups, bundles of semigroups,
Rees semigroups of matrix type and so on.) References for information are tra-
ditional, in particular [56,42,37,50].*% We also recommend the corresponding
paper from the Mathematical Encyclopedia [61].

We shall chiefly use standard terminology. We agree on one term for the
identity u = v in which the sets of letters occurring in the words u and v co-
incide. In the literature such an ldentity is called homotypic, and also regu-
lar or normal. We will use only the first term, because 1) historically it
probably was the first (see the ploneering papers [141,142]; 2) 1t is suitably
mnemonic; 3) 1in contrast to the other two terms, which have many different mean-
ings in algebraic terminology, it does not have homonyms. An identity which 1s
not homotypic is called heterotypic. An identity u = v is called balanced if
each letter in the words u and v occurs the same number of times. It 1is easy
to seethat a variety defined by an arbitrary system of balanced equations will
be supercammutative, i.e., will contain the varlety % of all commutative semi-
groups, and conversely, each identity of an arbitrary supercommutative varilety
will be balanced. Suppose W 1s a word, x is a letter not in the 1list of w.
Obviously, the pair of identities wx = xw = w is satisfiled in some semigroup 3
if and only if S contains zero Q, and each value of the word w in S 1is equal to
0. We will therefore wrife the indicated pair of identities as one symbolic
identity w = Q. Identities of the form w = 0, as well as varletles defined by
identities of this form, will be called O-reduced. If & 1s some abstract prop-
erty of semigroups, we call any varlety conslsting of 8-semigroups a 8-variety.
The expressions "periodic variety," "nilpotent variety," "locally finilte vari-
ty," and so on will be understood in this sense. In this connection we note
that in contrast the term "Clifford variety'" means a semigroup (i.e., of signa-
ture (-)) variety consisting of Clifford semigroups, but the expression "variety
of Clifford semigroups" means a variety in the extended signature (-, ~'). An
analogous remark could be made for inverse semigroups, however in fact, we do
not have the term "inverse varlety," since 1t is easy to understand that 1if a
semigroup variety consists of inverse semigroups then 1t is a Clifford variety
of a special form: 1t conslsts of semilattices of groups. ) : :

If S is a semigroup, C 1is the class of semligroups, L is a system of iden-
tities, then var S, var C and var I wlll respectively denote the variety gener-
ated by S, C or defined by the identitles in L. If B i1s a varlety then eqB will
denote the set of all identities satisfiled in semigroups in B, If B=var§, B[ =
= varC, 8=varE, 1nstead of eqy we simply write eqS, eqC, eqL If the system of
‘ldentitles I, 1s such that eqZ,=eqS, then it 1s called a basis of identities

- *We note that in the modified American edition of [145] the latter has a
special chapter devoted to identities of semigroups. ) o St
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of the semigroup S. Analogously, a pasis of identities of the class of semi="" *
groups and systems of identities are defined. The mechanism for obtaining
identities consisting of eq I from the identities L 1is well-known (see for ex-
ample [45], Ch. 3, §7.2). In this connection we note that in a series of papers
on varieties of semigroups (including the- survey [7]] the paper 13] was a pri-
mary reference. Meanwhile this mechanism was described inthe fundamental work
of Birkhoff [166] (s€e Definition 5 and Theorem 9).

::‘L.A semigroup S, the class of Semigroups C (in particular, a variety), and
the system of identities L are called finitely based if they have a flnite basis

of identities; not finitely based semlgroups, and so on, will sometimes be called
infinitely based.

We adopt the following abbreviations for frequently encountered phrases:
f.b. — finitely based (variety), finitely based (semigroup), f.d. - finitely
defined (semigroup), 1.f. - locally finite  (variety), s.i. - semigroup ilden-
tity, r.s.m.t. - Rees semlgroup of matrix type. For r.s.m.t. over a semigroup
S withsandwich matrix P we will use the canonical notation M(S; I, A, P). For
r.s.m.t. with a zero over a group with adjointed zero G and sandwich matrix P
we will use the notation M°(G; I, A, P). The graphic congruence of words will

be denoted by=s, the join of the varieties B and B in the lattice of varietiles,
by the symbol Bv®B. T

CHAPTER I. THE FINITE BASIS PRQPERTY. FOR SYSTEMS OF IDENTITIES
1. SURVEY OF EXAMPLES OF INFINITELY BASED SYSTEMS OF IDENTITIES

/

The first examples of systems of s.1. which are not f.b. were presented by
Biryukov in [15] and Austin in [114]. These examples in Table 1.1 below are
denoted by A8 and Al respectively. Up to the present time there have been more
than 40 such examples published, and their number continues, to increase. It is
clear that the construction of new not f.b. systems has long ceased to be an
end in itself, and these systems are now used as aids in the solution of various
problems in the theory of varieties of semigroups. ‘The most intensive "con-
sumers" of not f.b. systems are papers in which the form of identities giving
hereditarily f.b. varieties is defined (to this end systems AL, A5, B3-B7, B9,
B10 and Bl6 have been used - for detalls see Chapter III), and papers in which
continuality of some or other fragments of the lattice of varieties of semi-
groups is proved (here the systems Al, Al10-Al3, Bl, B13, Cl, E2-E4, F2 are ap-
plied). 1In spite of the large number of known not f.b. systems, it is not dif-
ficult to note that a very restricted number of methods is used for thelr con-
struction. It is possible to distinguish five methods:

n " .
a) the use of "twisted" subwords of the form xlx2...xnyxn...x2xl,

o
b) the repetition of words of one type (usually of type x2 %r Xyx) over
different varilables;

¢) the use of subwords of the form yxny with increasing exponent n;

d) the use of subwords of the form xpyp where p runs through the set of
prime numbers;

e) the use of aperiodic sequences.

In correspondence with the method of construction we will classify not f.b.
systems of ildentities as of the form A, B, C, D, E. They are enumerated in
Tables 1.1-1.5. 1Inside the tables the systems are subdivided into those con-

%
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Table 1.1
Systems of Type A

*":n—ﬂzn—‘zn—u c rn- wom «"m-—u—‘m‘-’zn-u “‘:chi‘\‘r‘l

_". <
.," _7 »
N

Type Symbol s " Form 'R':u“"
Balanced Al (@ny)? = ya,.ya,', , Rw=2, 3_. e {114]
A2 ya,.ya; —-yasyas, a=1,2, ... (159)
A3 y’a,.a; -— a,,a;y’. ne==1,2 .. f131]
Ad Y28,2GZYE = zyzapza zy, n=2, 3, .. B2)
AS QnyaLy = yazyan, A=1, 2, ... (170}
A6 BaYt e y,.a;y,, e Yy - a:‘y‘ e Yn@nYa e Yo B=20 3y e (34}
A7 Y2058, = Gndpyiany, B=1, 2. 112
Homotyeic - A8 YBnZYa, YT = YanZa Yz, R 1, 2 e {19]
not Df{u_\c.d
Heterotypic AS X3 wa xyc? wm x3yX == XYXLX == 0, a”a; — a;a,, . n=+, 5 . (134)
A0 | anyziany =yanyay, a=2 3 61
All (m), y’“—‘zanytaﬂza tyme Oy, Bemle 2y ces ™ [46]
m>1 where v Is an arpitrary word contalning the subword w™
Al2 y2anzat =0, nem1, 2 o (9]
< Al3 $anyay =0y B=2y 3y e [50]
Here d, denotes the word X, X; . .. X, ap the word X . .. XXy,
" Table 1.2
Systems Qf Type B
Type symbol . . Form l :{"a::r-
Balancea B1 | ztybayt m yibayiz?, n=1, 2, .. o1
82 ffhmqﬁ—y%%m_m,n—l.z.n (181]
83 yony = yb,'.y- A=23 . (170)
Bs . Yeay = YCnys B =2, 3, [170]
85 YEYOyy = yzyb,,._,x?z,,xzzn__l  n=1,2 .. 1170]
B6 yizn = )"Cza-r‘m—-|—‘mxu-|xm—axm-:~\'m-: yA=1,2 . [170]
87 Y1215 1CaY1538 Y ™ Y:‘xhﬁcnhz:‘d: » =2, 3, (170]
88 - Yhaye=ybuyl =12, .. [171]
89 | ybanm PbisaXaiiia_ge A=1, 2 [172)
810 tyztbyp == tyzthyy sXaXas_ts B=1, 2, o (173]
811 XK 42 XaK  LgKe s Lo X3X3 Ly voe * XX e X4 1n ™ (112]
_— XKy KX T3 K LTy h e e "X p X KXy A= L2 . .
" Homotyplc | 812 yxiy e yx8y, yTYbaaty == yizhaly, A =1, 2, .. e .92
unbaianced 813" “ZEZYy ver Y2z = Z8TY, vos Ypibaz, A= 12, .. [93}
814 M gt d, yxl el xly o yx! L xbely, (171]
mcld<m+d, m>1, davides !, n=2, 3, ...
‘B13(p) | gxt e SxPT, XPYP wm yPaP, X3 e xP T3, {79
p — oad primel SxPlyP—lcyzt e s2xPTlyPixyt,
T s T e 2 s
TR s 'y{" Loyt e 38N yE 2 yes, A= 1, 2,
816 | ytbuym Yebaz, n=1,2, o (172].
817 - | ahmxdy (J’bn)‘)' )"bn)'- n= 1 2, {66]
Here b . denotes the. word 'xf.rg .xf, .- b tho wom “x pao) x,xz €, the word
. -"r‘-'exlxr"v‘:




,,"\

) “Table 1.3 ‘
Systems of- Type c .
_Type | symool Form ' l.-‘t:::r
Balanced Bl - xyzt w= x2yt, yx"y—x).'x""‘yx. A2, 3 e . 159]
: 82 XyxPy me yxiyx, n==2, 3y b {51 "
63 xyzt = x2yb, K3y = Y3, a2yt yizet, yxPy wmPxP, (185]
p runs through the sst of ail primes o .
84 - xlx’,x‘x?xfx’;x‘ - x.xgxfx,x,.t"?x‘ ,n=2, 3, ... : - [112]
* Table 1.4
Systems of Type D
. Tw—n .‘.Symbol' . e * Form” T e e .Rn:::": )
Balanced l D1 (xPyP) = (yPxF)?, p runs through the set of all primes [131)
Table 1.5
Systems of Type E
. Refer-
Type Symbol Form encs
Homotyplc El XYL X ySx? - XY XU, XY3xE, A=, 2, e {711
unbaianced ' Here the wora u Is obtained from the initiai interval of length n
of the Arshon sequsncs (9] constructed trom the digits 1,2,3re
placing 1y xy* ¥ 3,
83 (o1, | x2= 23, yripaxly = yBipmxty, (m, n)€s : (119}
gn":- . (.?n)ne N 13 an arpitrary sequence of words of x, ¥, Z such that
. -3 IP,. | e Ip,“ | tor n ¥ m and Zp,x does not contaln subwords of
- form u’.
E3 PH0p X = PO = POt A=1, 2, . {90}
Yo is n=th word of Morse-Hedlund seq. [155], constructed of let-
ters x, Y.
Heterotypl- E4 (a), X% um 0, XZYXZXYZXIYXYZYXIXYXZyWpyXEX = {132
cal arb. 80 | ma xZyXZXyZXZYXYZyTIXYXZyWmyXIX, (m, n)ee. .
on N 1tv, isasin E3 and Up #4134 ... 3 s where [ T TR
ay €(x. y), astine by == Gy, bpay ® Glet o 1 8Ly = a
and biy  =Zy it @y, ®ap Thendy getinition
w, = biby ... by
Table 1.6
Not f.b. Identities of Inverse Semigroups
Refer-
Symbol Form ence
€1 (M), M — Infinite subset | (X{X2... x,,xl—‘x;" xn"l)’ - XX s x,,xi"x{l xn" , 31
in N n runs througn M
K3, Py, a=l 2 . (33)

itp=p 4, is the (n+2)-th prime, T is the remainaer of m mod p,

p,,-(a. T . p—L 6,2 ....2(p—1)
ainqku—Jym.Ep—L-m(r—Uw—UL

then by definition r, is obtalned from p. by replacing | by LIV
I=0,1, ... . p—1

P Lottt Cabadsinad



sisting of balanced identities, homotyplc identitles not containing balanced
identities, homotypic identitiles not containingbalanced identities, and finally
heterotyplc identitiles.

Not f.b. systems of identitieséof signature (., -, defining nongroup varietiles
of inverse semigroups are collectediin Table 1.6. .

I
§2. TEST FOR THE FINITE BASIS PROPERTY

Suppose L 1s an infinite systeﬁ of s.i1.. How can it be determined whether
it is f.b.? There are many tests which answer this question in a series of
speclal cases. The 1dea for a greak number of these tests consists in the
followling. In I there 1s a finite Lubsystem EO with the property that any sys-
‘tem I, contalning 20 is finitely based. The system ZO (and the variety defined
by it) 1s called hereditarily f.b.. Results dealing with heredltarily f.b.
systems and varileties are enumerated and analyzed in Chapter III. We now as-
sume that the system I is such that each of 1ts finite subsystems can be in-
cluded in some non f.b. system. If in the above-mentloned situation the finite
basis property is induced by reasons of a "local" nature, then it must be en-
sured by some "global" properties of all identities of the system I on the
whole. We present examples of such properties.

We call the level of the word w the difference between its length and the
number of different letters appearing in w.” The level of the identity u = v is
the maximum of the levels of the words u and V.

Theorem 2.1 (Volkov [187]). Suppose the system of s.i. L 1s such that the
levels of all ldentities appearing in it are uniformly bounded. Then I 1is
finitely based. : /

We note a Very important special case of Theorem 2.1. An identity of the
form x,X,..X,=X%,..X,,, where T is a permutation of the set {1, 2, ..., n}, is
called a permutation identity. Clearly, the level of a permutation identity is
equal to zero. We therefore obtain
| Corollary (Pollak [167]). Each system of permdtapidn identities 1s fi-
nitely based. R R ; ' L ' '

The following test for thé fihiﬁé”basis'proééfty appearé-here for the first
time. We shall say that a letter x 1s repeated in the word w 1f 1t appears no
.less than two times in the list of w. - - ' '

e 1s such.that

in each of the words Uy, vy no -more than one letter 1s repeated. Then Z'is
finitely based. |

. °  Theorem 2.2 (Volkov). ‘Suppose the system of s.l. E={u=1,)

+=:o... An examination of'syStems of'Type C .shows that Theorem .2.2 cannot be ex-




tenoed to systems consisting of identities;in whicn not more than two letters

are- repeated. . . ..o . T R
§3.. TESTS FOR ThE IuFIVITE BASIS PROPERTY

The proof of the fact that some or the other explicitly described infinite
system of s.i. L does not hidve a finite basis is as a rule not very difficult.
In the majority .of cases it is carried out syntactically by means of the analysis
of the hypothetical derivation of an arbitrary identlity in I from a fixed finite
subsystem, more succinctly, semantically by constructing examples of semigroups
» satisfying any previously defined finite set of identities in I, but not lying
"in var L. ‘The situation becomes immeasurably more complicated if the system L
is not explicitly given. A typical and very important example of such non-
explicitly given systems is the system eq S of all identities of some semigroup
SJL The first test for the infinite basis property applicable to this case was
found in the key work of Perkins [159], in which the most important applications
of the test were indicated (see §7 below). In order to formulate this test, we
give two definitions. A system of s.i. I 1s called closed with respect to can-
cellation if any identity in I is homotypic and the cancellation of all occur-
rences of some letter in an arbitrary .ldentity in eq I leads to either the "empty"
identity or an identity in eq L. The word w 1s called an isatherm with respect

to £ if eq I does not contain nontrivial identitites, one of the parts of which
is w. )

Theorem 3.1 (Perkins [159]). Suppose the system of s.i. I 1s such that:
1) I is closed with respect to cancellations;

2) the words xyzyx and xzyxy are isotherms with respect to L;

3) the system of identities A2 is a consequence of the system L;

4) the identities x?y =y (xy)!=xyx are not consequences of I.

Then I 1s not finitely based.

In the course of 15 years Theorem 3.1 remained unique in 1its kind. Only
recently were two new effective tests for the infinite basls property found.
The first of these appears here for the first time. We denote the semigroup
| (a, blaba =a, bab=b, a*=a. b =0) by A2. The semigroup A2 consists of 5 elements
0, a, b, ab, ba; 1t can be thought of as an r.s.m.t. over the one element group E =
?l{e}lﬁithothe :3ndwich matrix(gi), or as a semlgroup of 2 x 2 matrices K;z),
(oo) 1J, &1).(0J} with respect to the usual matrix multiplication.

Theorem 3.2 (Volkov). Suppose .S is a semigroup, T is a subsemigroup in 3.

Further, suppose there exist a natural number d and a group G with the identity

xd = e such that
10




1) <E€T for all x€S;
2) GEvarS\varT,

. 3) the semlgroup A, lies in the variety var S.
Then the system of identities eq S 1s not finitely based.

Somewhat later the following test was discovered. -In 1ts formulaticn the
sequence of words {Zn} are used which was introduced by Zimin (29]%*:Z,=x,, Z, =

= x‘fo, b see s zn ol zn—lxnzll—l . Py
Theorem 3.3 (Sapir [81]). Suppose the s.i. L is such that:

1) the varilety varifjvar{x*=0} is locally finite;

2) each of the words Zl’ A . isan isotherm with respect to I.

Then Z is not finitely based.

n’

Numerous applications of Theorems 3.2 and 3.3 are collected in §5, as well
as 1n Chapters II and IV below.

Formally speaking, Theorems 3.1-3.3 are comparable in force, i.e., for any
i =1, 2, 3 there exist no f.b. system to which Theorem 3.1 but not the two
others 1s applicable. Nevertheless, we distinguish Theorem 3.3, wnich is also
a test for the essential infinite basis property (see §9 below).

A very efficient test for the infinite basis property of systems of inverse
identities was found by Kleiman in [31]. We denote the semigroup (s ’lata=a, bab=
b, c3mp=0). DY 52. The semigroup 82 consists of § elements 0,4 b, ab % and is isc-
morphic to the semigroup of 2 x 2 matri { °) (01 0 Co (°° ith re

P group rices (;0, (OJ, GO), 01), 00» W respect
to the usual matrix multiplication. '

Theorem 3.4. Suppose the system of identities L (of signature (.79 1
such that:

1) each 1dentity in I is satisfled in the semigroup B%;

2) for some infinite set of natural numbers M the system E1(M) is a conse-

quence of L. e .
Then I 1s not fiﬁifelf besedl

, In (31] many interesting applications of this theorem were presented of
1which we speak in Chapters II and IV.

Tav o
PO

“- #WJe note that 1in the ploneering paper of Mal'tsev the sequence of words
{X,} arose (under an entirely different pretext, see Theorem 19.2 below), from

"thh the sequence (Z } is obtained by the identification of two letters.
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4. THE IRRfDUCIBLE BASIS PROPERTY .

A system of s.i. L 1s called 1rreduc1b1e if no 1dentity aéb 1s a conse-
quence of the system I\ [¢}. A system equivalent to some irreducible system is
called irreducibly based. Clearly, any finlte system is irreducibly based,
and therefore.the.irreducible;basis_property is_a_natural.generalization of the ..
~ finite basls property. In this connection, the irreducible basis property can
be comparatively easily proved under- fairly broad assumptions

arbon

To date, the most general test for the irreducible basis property is the
following proposition. It 1s obtained by a simple combination of results of
Alzenshtat [4] and Martynova (58].

Propos1t1on 4.1, Each system consisting of balanced and O-reduced iden-
titles is irreducibly based. S

There exlst systems not hsving an irreducible basis. The first such ex-
ample was the system B12. We note that in Bl2 all identitiles except one are
pbalanced. Therefore in combination with Proposition 4.1 thils example shows tnat
an intersection of f.b. and irreducibly based varieties may not be irreducibly
based (while the intersection of two f.b. varieties is always f.b.). In this
connection we note the following

Question 4.1 (Sapir). Is each variety of semigroups the intersection of a
finite number of irreducibly based varieties?

Other examples of systems without an irreducible basls are Bl4 and B1l5(p).

In [17] it waé shown that the system B8, considered as a system of identi-
ties of monolds, is not irreducibly based. It 1s interesting to compare this
with Proposition 4.1. The first example of a system of inverse ldentities (of
signature (-, =%) without an irreducible basis was presented in [32], where it
was established that for any infinite set of natural numbers M E1(M) is such a

system. We also note that recently in ([36] a system of group ldentities not
having an irreducible basis was constructed.

§5. THE FINITE BASIS PROPERTY AND OPERATIONS OVER VARIETIES

Since the finite basis property is important, and we can say a "positive"
property of varieties, the question of its stability with respect to operations
over varietles 1s natural. The presence of such stabllity turns out to be a
very Iinfrequent phenomenon, which in turn generates the questlion of finding
sufflcient conditions under which stability nevertheless holds. We separate

the statements of related results into two groups depending on the type of
operation.

12




a) The join of varieties. As already mentioned, the intersection of two :
f.b. varieties will obviously be f£.b.. For the join this 1s not so. In [159] '{
it was shown that a sultable example can easily be constructed using Theorem '
3.1, but this example was not published there The following example, con- i
structed in the 1970's by.Karnofski,. a%a% remained. unpublished for a long timiA& .*: B
(it appeared only in the survey (1811) Apoff b. variety var B2 1is the join of;< /L .h
£.b. varieties var|y’=y'land var l(eyz)? = 22y2%, £y%2% = y’x*2%°’). Theorems 3.2 and 3.3 ‘ Ig
as well as several other results lead to the dilscovery of a large number of |
pairs of f.b. varletles without an f.b. join, so that it became clear that |
similar examples are not exceptional, but on the contrary show some regularity. ;j
The attempt to reveal this regularity lead the second author of this survey to 1
the following result, published here for the first time. CH

Theorem 5.1. For any f.b. variety 3, different from the class of all semi- i
groups, there exists f.b. varieties ¥ and 9 such that the join 3,of ¥ and P 1s i

not finltely based.

Theorem 5.1 follows from Theorem 3.2. It 1ts formulation it is impossible, : w
generally speaking, to restrilct to one f.b. in place of two "additional" f.Db. B
varleties, since there exlst varieties 3, such that for any f.b. varlety € the 8
join of B and %:1s finitely based. We call the variety B with such a property j}
stably f.b.. It is known that the variety of all semllattices [68] and any -. i
nilpotent variety [188] are stably f.Db. On the other hand, by means of The- iq
orems 3.2 and 3.3 1t is possible to show that the following varieties cannot |
be stably f.b.: any variety, different from theclass of all semigroups, con-
taining the semigroup A2, any supercommutative variety such that the intersec-
tion with var{x*=0} is lbcally finite, any variety generated by a nontrivial i
group of finite exponent, any l.f. varlety containing a nonabelian group or i
the variety of all ldempotent semigroups. These facts are in part attributed
to Sapir and in part to the second author of thils survey.

We see that both the stable finite basis property as well as 1its negation
distinguish interesting classes of f.b. manifolds, which gives interest to the

following.
Problem 5.1. Describe all stably f.b. varleties of semigroups.

We note that from results of [30] and [143] it follows that varieties of

: all groups, all ‘semilattices, as well as the variety var [2, are stably f.b.
varieties of inverse semigroups.- An example of two f.b. varieties of groups
without an f.b. join 1is known [35] ' 5 oo

b) Products of varieties. The product of varieties of semigroubs % and
P in the sense of Mal'tsev 1s denoted by ®.9. As mentioned in [55], the class

. 13
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éid%ys’é;vé}iéﬁy;?éhd therefore along with:the  multiplication o for:

e ‘D is not.
varieties of semigroups we also consider the multiplication *, where EEy@‘iéf'
the variéty‘generated by the class ¥¢9. .The first explicit example showing
the instability-of the broperty "f.b." with respect to the multiplication * was
preseﬁted byASukhanov_in_[881;-where.by-means-of-Theorem:3.lmit is:-shown that---
the variety %46 1is nét finitely based QB is the variety of all semilattices).
If.Theorem'é.3 1s used 1t 1s possible to obtalin an essentlially more general.
result, namely thgg‘the following 1s infinitely based: any product B, where

B contains a nontrivial semigroup with zero multiplication the variety, all
periodic semigroups of which are locally finite, but W is an 1.f. variety con-
taining = &.. From this theorem 1t follows that if B contains €& and the periodic
semigroubs in 38 are locally finite, but B 1sllocally-fin1te and contains a non-
btrivial group, then the product. 8+B 1is also not f.b.. These results were ob-
itained by Sapir'and are communicated here with his kind permission. Finally,

Theorem 3.2 implles the following analog of Theorem 5.1.

Theorem 5.2. For any f.b. variety B, different from the class of all semi-
groups, there exist f.b. varietles ¥ and 9 such that the product (B«%E)»Y is not
finitely based.

Theorem 5.2 1s attributed to the second author of the present paper and is
published here for the first time.

The abundance of examples of f.b. varieties without an f.b. product lead
us to hope that the following problem is solvable.

Frob]em 5.2. Describe all pairs (¥ 9)of f.b. varieties such that the
variety E*9 is finitely based.

We nowturn to the multiplication o . At present the answer to the follow-
ing question is unknown.

Question 5.1. Do there exist f.b. varieties of semigroups ¥ and 9, such
that the class %9 1is not an f.b. variety?*

We note that 1n the majority of presently known cases, when the Mal'tsev
product 1s a variety, the finite basis property of factors implies the finite

¥In order to prevent misunderstanding, we polnt out that known examples of
f.b. varietiles of groups x and 9 the Mal'tsev group product of which we denote
¥, 1s not f.b., do not answer Question 5.1, since the class 2.9 will not be
a varlety 1n this case. We note, however, that although f9+%+9, the absence
of a finite basis for £9 implies the absence of such a basis for I»9 also.
Thls gives another series’ of examples of f.b. varieties of sexigroups without
an f.b. product (in the sense of the multiplication *).

14
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basis property of the product. The following result is in this sense typical.
It is obtained by a simple modification of a more particular result of Martynova

(s8l.
Proposition 5.1. If B is an f.b. and ® is an f.b. O-reduced varlety, then
the class BB is an f.b. varlety.

J.s—-‘

Another similar result can be extracted from [177], where 1t 1s shown that
if § is an f.b. group variety and 3 1s anidempotent variety, then the class 9°3
is an f.b. variety (for the special case §=G this was noted earlier in [691]).

For inverse semigroups the analogous questions are touched upon in [115].
However, the assertion made there, that for any f.b. variety of groups 9 and
for any f.b. varlety of 1nverse semigroups B the Mal'tsev product $°8 (in the
class of inverse semigroups) 1s finitely based, is erroneous. Indeed, 1t is
easy to see that the product of two varieties of groups in the class of inverse
semigroups coincides with their product in the class of groups, and therefore
the assertion in [115] contradicts known examples of f.b. varieties of groups
without anf.b. product. We also note a result of (311, that for any nontrivial
variety of Abelian groups 9 the product ©&#9 (in the class of inverse semigroups)
is not finitely based.

§6. NUMERICAL CHARACTERISTICS OF BASES OF IDENTITIES

In the literature various numerical parameters of bases of identiltles of
varieties have been considered, and attempts have been made to :classify vari-
eties on this basls. As a rule, in relation to such parameters all varieties
of groups and rings are too "good," while as "poor" as desired are found without
difficulty among varieties of groupoids It is not ruled out that for the in-
termediate case of semigroups the analysis of numerical characteristics of sys-
tems of identities can turn out to be more fruitful, however at present little
has been done in tnis direction that would allow a judgement on this perspective.

a) The n-basis property. Suppose n is a natural number., A varlety 1s
‘n-based if it has a basls consisting of not more than n ldentities. It 1s well-
~ known that each f.b. variet& of groups or rings is l-based. .For varieties of

semligroups this is not soj moreover for each n it is‘not difficult to construct
an f.b.variety of semigroups which is not n-based. In connection with this the
following announcement 1s very interesting ' S

Theorem 6. 1 (Gerhard and Padmanabhan [126]) Anf b variety of semigroups
satisfying the identity x =X for some r z 2 is 2—based :

'A" Theorem 6 l simultaneously covers the following known results

.o - ,.T Lo TeC L.
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.Y Carollary 1. (Biryukov [16], Gerhard’ [125] and. Fennemore (124]) & Any’ 1dem-
potent variety 1s 2-based. ' ' S

~
\‘

Corol]ary 2 (Tarskil [179]) Any group f.b. variety is 2-based, -

We call a manifold- baundedly. -based. 1f. there exlsts .an.n. such that all 1its
£.b. subvarieties are n-hased. Theorem 6.1 shows that each Clifford variety
of semigroups is boundedly based.- On the other hand, each variety with a fi-

.,nite number of subvarieties will obviously“be boundedly based. Varieties of

both the first and second type are varietles of finite index, i.e., the indices
of nilpotency of their nilpotent semigroups are uniformly bounded. The followlng
is therefore natural.

Quest10n 6.1. Is any variety of finite index boundedly based?

b) The Tarski interval. Following [179], we denote the set of cardinali-
ties of all possible irreducible bases of 1dent1ties of the variety 38 by v(3).
Clearly, if 8 is not f.b., then either V() =@, or y(B)={N} . Therefore 1t 1s of
interest to examine this set for f.b. varieties. From the Tarskil interpolation
theorem ([179], see also [180]) it follows that for an f.b. variety 3 the set
v(®) is an interval of the set of natural humbers N (with the usual order). It
is not difficult to see that for any f.b. variety ﬁ of groups or rings v(@)=N
On the other hand, HrNg (see [179]) shows that forany interval /N a varlety of
groupoids 3B,can be found such that v(B)=.L

Question 6.2. Is every interval of the set N representable as v(3) for
some suitable varilety of semigroups 3 °? '

Results of McNulty [152] and Theorem 6.1 imply that if B is an f.b. varlety
satisfying the identity x¥ = x for some r > 2, then either v =N, or v =~N/|l}.
On the other hand, from [152] it follows that for any supercommutative varlety
Bthe set y(8) is finite. We note by results of Bairamov and Makhmudov f1o1l,
Bis a l-based supercommutative variety of semigroups, then v(8)={l}. Therefore

not every finite interval of the set N is representable as v(8) for some super-
commutative variety 8.

Question 6.3. What finite intervals of the set N are representable as v(%)
for a suitable supercommutative variety of semlgroups 3 7?

c¢) Axiomatic rank. Finiteness of the axiomatic rank does not in general
imply finiteness of a basis of identities. For example, the varietiles var C2
and var D1 have axiomatic rank 2 (we note that varieties of axiomatic rank 1 are
obviocusly finitely based). However, for 1.f. varietles, in particular for vari-

eties generated by a finite semigroup, these properties are equivalent. The
following 1s discussed in [122].
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Question 6.4 (Edmunds). What i1s the maximum axiomatic rank of f.b. vari-
etles generated by a semligroup of n elements? !

It 1s khown that this maximum is greater than or equal to n and that for
n =2, 3, 4 is equal to n [122]. . f

For the variety 8 we denote the variety defined by all identities of not T
N : 1
more than n letters in eq®8 by 3™ . Clearly, 3™ 1s the least variety of axio- I
matic rank not more than n containing B.

Question 6.5. Does there exist an f.b. variety of semigroups 8 such that
for some n the variety 3" is not finitely based?

The chain ZW28®..2.28"o.. 1s called a descending chain of the variety a
B. In a serles of papers the distribution of strict inclusions in descending ﬁ
chains -of varieties of algebras of various signatures was studied. It is in- ) i
terestiﬁg that for the case of semigroups 1t 1s possible to actually alternate ,5“
strict inclusions and 1dentities in such chains. :f

Theorem 6.2 (Jonsson, McNulty and Quackenbush [134]). Forany set M of
natural numbers greater than 2 there exists a variety of semigroups 8 such that
g g+ 1f and only if n€M.

The system of ldentities A9 plays a key role in the construction of the
required variety.

CHAPTER II. FINITELY AND INFINITELY BASED FINITE SEMIGROUPS
§7. FIRST EXAMPLES

‘The flrst two examples of not f.b. finite semigroups were published by
~ Perkins in [159]. They are of significant interest both then and now.

Example 7.1. The six-element semlgroup Bé 1s not finitely based.-

In [159] this fact is derived from Theorem 3.1. A "semantic" proof (in

the terminology of §3) was given in [34]. It also follows easily from Theorem
3.3. '

" The value of Example 7.1 is above all the large role which the ‘semigroup
B2 plays in the structural theory of semlgroups. Its presence or absence amang
factors of a gilven semigroup S essentlally influences the structure of S (Shevrin
(101]1). It can be explained a posteriori that Example ‘7.1 also holds a singular i
place from the point of view of the theory of varietles, since first it has a .- Bl

minimal number of elements (see §10), and second, the semigroup B% is essentially
infinitely based (see §9). = = T r-~1» Tl "_7‘ TosrIenl

_We describe the“secona exampié ffme[lS9] Suppose F is a free semigroup

17
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ovef tﬁe aibhabég(fi:fj, Z} I is an ideal in F consisting‘of all words wpigh :
are not subwords of the words Xyzyx, XZyXY¥, (xy)z, x2z, Q 1s the Rees factor
group F /I o R

Example 7.2. The 25-element semigroup G is not finitely based.

.Thié;éxampie also follows 1mmédiately from Theorem 3.1l. The methods needed
for its construction are 6f independent interest. It 1s unknown how general
this method is.. Suppose in general W is a finite set of words in some ffee
semigroup F and I(W) is an ideal in F consisting of all words which are not
subwords of W, Q(W) i1s the Rees factor group F /I(W)

Question 7.1 (Sapir). For what finilte collections of words W is the sub-
group Q(W) not finitely based? Is any set with this property recursive?

The semlgroup B% is.inverse, and therefore the question of the finite.basis
property for its inverse identitiles naturally arises. By means of Theorem 3.4
in [31] it ‘was shown that B% is not finitely based as an inverse semigroup either.

§8. FUNDAMENTAL STATEMENTS OF PROBLEMS. FURTHER EXAMPLES
/.

Exambles 7.1 and 7.2 were published in 1969 and in the course of 12 years
they remalned the only examples of not f.b. finlte semigroups. In [153] McNulty
showed how these examples can be "reproduced" to construct a countable series
of not f. b. finite semigroups Sl’ 32, ey Sn’ ... such that .§«<varS,, for
all 1 = 1, 2, ... (a simple proof of this result is given in f20]). But then
a series of principally new examples was presented by Sapir in [79], where it
was shown that the not f.b. variety var Bl5(p) 1s generated by a finite semi-
group. In later years a great number of new examples has appeared, the most
important of which are analyzed below. In addition, several general approaches
(Theorems 3.2 and 3.3) were found for the construction of not f.b. finite semi-
groups. Because of this it 1s now possible to pose the following fundamental

Problem 8.1. Describe all f.b. finite semigroups.

The gquestion of determining necessary conditions for the finite basis prop-
erty of finite semigroups 1s closely related to the examination of the essential
infinite basis property; we leave this discussion to the following section. 3ut
here we consider sufficient conditions. The problem of seeklng such conditions
is equivalent to the problem of finding those classes of semigroups in which
each finite semigroup 1is finitely based. A shining example of such a class,
by virtue of the well-known result of Oates and Powell [158], is the class of
all groups. It 1s therefore natural that the attention of investigators be
focused first on the classes of semigroups which are in some sense close to
groups, 1n particular, the class of Clifford semigroups. Over a long period,

.
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the question of whether an arbitrary finite Clifford semigroup was f.b., posed

in [82] by the first author, remained an open question. Very recently Mashevitski
[148] gave a negative answer to this question. The corresponding Example 8.1
uses a finite group with an 1solated element constructed in [117] without a
finite basls of ildentitles in the class of all groups with an isolated element.

Example 8.1 Suppose G 1s a finlte group with an isolated element g of
[117]. The r.s.m.t. R over G with sandwich matrix (:2 does not have a finite
basis of identities. '

Nevertheless, the finite basils property of a finite Clifford semigroup can .t
be'guaranteed under sufficiently broad conditions. We recall that a semigroup ﬁgi
is called orthodox 1f the set of all its idempotents 1s a semigroup. RN

Theorem 8.1 (Rasin [78]). A finite orthodox Clifford semigroup is finitely !
based. |

Another important class of Clifford semlgroups in which all finite semi-
groups are finitely based 1s the class of central completely simple semigroups
(a Clifford semigroup is called central if the product of any two of its idem-
potents lies in the center of the maximal subgroup to which it belongs). This
fact, evlidently not put in explicit form, follows easily from results of Jones
[133]. More details on bases of identlties for central completely simple semi- i
groups appear in §520. The central property 1s a natural generalization of the f@
orthodox property, and therefore it 1s possible to try to extend the result of ;é?
" Theorem 8.1 to the, class of finlte central Clifford semigroups. However, tne ‘fﬁ
answer toeven the followlng special case is as yet unknown. f}

Question 8.1 (Rasin).r Suppose C is a cyclic group of prime order, M is an

r.s.m.t. over C with sandwich matrix (‘“), where a 1is a non-identity element in
€ ¢ . .

C.- Is the semigroup Ml £f.b.?

Another class of semigroups related to groups is the class of inverse semi-
groups. In this class Problem 9.1 has been completely solved ‘We have

- -Theaorem 8.2 (Volkov [21]) ‘A finite 1nverse semigroup S has a finite basis
of identities if and only 1f the variety var S does not contain the semigroup B%.
We note that the statement (but not the proof!) of Theorem 8.2 remains true

in the case when the inverse semigroups are considered as algebras of signature
(~=% . Sufficiency in this case follows from {1431, and necessity, by develop— ‘ ??
ing an 1dea of [31], was recently proved by Sapir [81]. Thus, for finite in> _
verse semigroups_the finiteness of a basis of s.i. and finiteness of a basis of , :

inverse identities turn out to beiequivalent properties.,,lt 1s important -to §

- e e amee - P PR
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note that for arbitrary inverseisemigroups these properties are by no means
equivalent; the corresponding examples can be already found among groups (see
§19 below).- . ... - C -L‘; : a

In connection with Theorems 8.1 and. 8.2 we. note: ‘the. following

Questlon 8.2. Is it true that a finite regular orthodox semigroup S has
a finite baslis of identities if and only if Bﬂiqu”

If the answer is positive,\we obtain a simultaneous generalization of The-
orems 8. 1 and 8 2 ) We note, as{was recently shown by the second author, that
a finite orthodox completely Q- simple semigroup is finitely based. At the same
time’ there exist not f.b. finite completely O-simple semigroups. The first '
example of this type was found b& Mashevitski in [148]: it is an r.s.m.t. with

0 over a two-element group with sandwich matrix (; :) See also §20.

We mention several other more speclal results related with Problem 8.1.
In [188] the finite basis property was proved for each finite unipotent semi-
group. We note that in the semigroup Q of Example 7.2 there are exactly two
idempotents, therefore to strengthen this result by weakening the restriction
on the number of idempotents is impossible. We note Theorem 3.3 easily implies
that the semigroup A% is not finitely based. This is the first example of a
not f.b. finite idempotent generated semigroup; it 1is also interesting that in

A% all elements except one are idempotents.

‘We proceed now to the examination of other basic statements of problems
related to f.b. finite semigroups. We first note

Question 8.3. Does there exist an algorithm determining for each finite
semigroup whether it is finitely based or not?

In other words, Question 8.3 can be stated as: 1s the set of all f.b. fi-
nite semigroups recursive? It is even unknown whether this set is recursively
enumerable. Question 8.3 1s a speclalization of a well-known problem of Tarski
for the case of semigroups (see (179,191]): is the set of all f.b. finite alge-
bras of some fixed signature recursive? Recently McKenzie reduced the general
problem of Tarski to the case of groupv,’uhich gives Question 8.3 particular
interest. It is not difficult to understand that for any two finite semigroups
S and T the condition T€varS can be algorithmically verified. Therefore an

algorithm for recognition of f.b. finite inverse semigroups is obtained from
Theorem 8.2,

However, from the "inverse" analog of Theorem 8.2 it follows that this

algorlithm also recognizes finite inverse semigroups which are finitely based
as algebras of singature (. -1 .
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In Question 8.3 we are interested 1in the recognizion of f.b. semigroups
among finite semigroupé The dual question, of the pcessibility of an a‘gorithmic
recognition of finite semigroups among f.b. semigroups, is no less natural and

was also posed by Tarski in [179] (again for algebras of an arbitrary signature).

It can be formulated as qulows

Questian 8.4. Does there exist an algorithm determining for each finite
system of s.i. I whether the variety var I 1s generated by a finite semigroup?

It 1is known that the question analogous to Question 8.4 for groupoids has
a negative answer (Murskii [72]1). Very recently Dvoskina (see [192]) answered
Question 8.4 positively for the class of commutative semigroups.

The“following question has also inspired problems and results in universal
algebra. In [73] Murskii established that for any fixed signature "almost all"
Pinite algebras of thls signature are finitely based, l.e., the ratio of the
number of f.b. algebras of order n—to the number of all algebras of order n
tends to 1 as n tends to infinity. For the case of groupoids thils result was
essentially refined in [74], where it was found that the fraction of all n-ele-
ment not f.b. groupoids among all n-element groupoids 1s asymptotlcally equal

to n'6. In connection with thisthe following 1s appropriate.

Question 8.5. What is the limit of the ratio of the number of f.b. semi-
groups of order n to the number of all semigroups of order n as n tends to in-
finity? What 1s the (asymptotic) fractilon of all n-element not f.b. semigroups
among all n-element semigroups?

The following question was mentioned in (82], Problem 2.5la.

Question 8.6. Does there exist a finite semigroup with an infinite irre-
ducible baslis of identities? " ’

Finite semigroups without an irreducible basis of identities are known,
for example the finite semigroup of [79] generating the variety var B15(p).
However, for the majority of not f.b. finite semigroups encountered in the -
literature (in particular, for the semigroup B2) the question of the presence
‘of an irreducible basis remains open. .

§9. INHERENTLY INFINITELY BASED SEMIGROUPS

" An l.f. vaniety is called inherently 1nf1n1tely based if each 1. f variety
containing it has no finite basis of identitles. A finlte semigroup 1s called
inherently 1nf1n1tely based if such a variety 1s generated by it. The notion
of an inherently infinite basis property appeared in the papers of Murskii [(74)

© and Perkins [160] (see also [161] and {1541]) for the case of groupoids, where
the first examples of essentially infinitely based groupoids were presented
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’ééééﬁtly Sapir'sucoeeded in describing'innerently infinitely based semi—.
Igroups ‘ The following theorem which contains this description is originally
’ published here T & et

“

Theorem 9.1. A) If a finite semigroup is inherently infinitely based then
an inherently infinitely based subsemigroup with identity can be found 1in it.

B) Suppose S is a finite semigroup with ‘identity, d is the period of S.
The semigroup S is inherently infinitely based 1f and only if for some element
‘a€Sand some idempotent e€SaS the elements eae and ea%™le do not lie in one
residue class of the maximal subgroup h with identity e with respect to its

last hypercenter RO .”n' S T SR

From Theorem §.1 a series of very interesting corollaries follows. First
of all, we 'shall indicate a concrete inherently infinitely based finite semi-
group - . - . . .

Corollary 1. The semigroup'B% is inherently infinitely based.

Thus, each finlte semigroup S such that BéEvan& does not have a finifte
basis of identities; in particular, for any finite semigroup S the semigroup
Sx B 1s not finitely based. We!obtain the following result which character-
izes the "relative distribution" of;the classes f.b. and not f.b. finite semi-
groups. ‘

Corollary 2. Each finite semigroup is imbedded 1in a not f.b. finite semi-
group*., Not every finite semigroup is imbedded in an f.b. flnite semigroup.

By combining Corollary 1 with results of [101], we obtain the followilng
necessary condition for the finlte basils property of a finite semigroup.

Corollary 3. Suppose S is an f.b. finite semigroup. Then for any ldem-
potent e of S the semigroup eSe is a semilattice of Archimedean semlgroups.

In connectlion with Question 8.3 we note, finally, that Theorem 9.1 obviously
implies

Corollary 4. There exists an algorithm which for each finite semigroup
determines if it 1s inherently infinitely based or not.

Theorem 9.1 reveals the intrinsic structure of inherently infinitely based

semigroups. Saplr recently obtained a characterlzation of such semigroups in
the language of 1ldentitiles.

*This result was proved earlier by the second author; it follows immediately
from Proposition 11.2 or from Theorem 22.1.
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Theorem 9.2. A finite semigroup S 1is inherently infinitely based 1if and

only 1f each of the words

Zy=mxy, Zy=X 000y, ey Za=Zpo Knlpis o

is an isotherm relative to eq S.

Sufficiency of the condition of Theorem 9.2 follows lmmediately from The-
orem 3.3. In this cennection, only the fact that the variety var S 1s locally
finite is essential, i.e., the condition of Theorem 9.2 will be a sufficlent
condition for the inherently infinite basls property for any l.f. variety. How-
ever, in the proof of necessity the fact that the class $ of all groups in var S
is an f.b. varilety is used (this follows from results of [139] and [158]).
Thanks to this, from the system of i1dentitles eq S it 1s possible to extract.

a finite subsystem I such that the class of all groups in var I colncides with
9. If new Zn = w is a nontrivial identity satisfied in S, then the variety

var E(}var {Z, = m}
is finitely based, contains S and by a result of [81] is Z.f.

It is not difficult to understand that in the argument presented it 1s
essential only that local finiteness of the variety $ can be guaranteed by im-
posing a finite number of identitles. Thus, the question of whether each in-
herently infinitely based variety of senigroups satisfies the condition of The-
orem9.2 isiequiyalent to question, well-known in the theory of varieties of
groups, of whether each 1.f. variety of groups is contailned in an f.b.l.f. vari-
ety of groups. This latter question can also be formulated as follows.

Question 9.1. Do there exist inherently infinitely based varieties of

groups?

From results of Kostrikin [43] it follows that the class R, of all ..f.
groups of prime exponent p form a variety. ,The.questidn of its finite basis
property, mentiloned in [75], Problem 4, is open up to the present. It is not .
difficult to verify that 1f R does not have a finite basis of l1ldentities then
1t necessarily will be an inherently infinitely based variety

" From Zorn's lemma it easlily follows that there exist minimal inherently
Infinltely based varietles and that each inherently infinitely based variety
contains a minimal such varlety. . We shall indicate one such varietyl'rSuppose
Z =X x5 X ... 1s an infinite sequence with initial-interval being the words
Ziv 2y, eees Zny ... The set of all elements of a free semigroup of countable ‘rank
‘Fd ‘which are not subwords of the sequence Z forms an 1ideal I(Z) in F ﬂ”_The ’

variety 3 generated by the Rees factor group F /I(Z) will also be a minimal
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1nherently infinitely based variety. Moreover, as it is not difficult to see,
1t will be the smallest varilety satisfying the condition of Theorem 9.2. There-
fore the question of whether there is a varlety 3 which is the- smallest among
all inherently infinitely based varieties of semigroups is equivalent to Ques-
tion 9.1. The variety 8 is not generated by a finite semigroup. It 1s natural
to try to find minimal inherently infinitely based. varieties generated by a fi-
nite semlgroup.' An example of ‘'such a varilety 1is the variety var B2 Moreover,
in a very broad class of varieties this variety 1s the smallest, as the follow-
1ng result of Sapir, published originally here, shows.

Theorem 9 3.. Suppose S is a finite semigroup such that all its subgroups
are nilpotent._ Then S is inherently infinitely based if and only if By€var S.

However; there also exist essentially 1nfinitely'based semigroups of S such
that BigvarS. The corresponding example was found by Sapir; it 1s quite com-
plicated, and we will not reproduce it here. The following naturally arises.

Problem 9.1. Describe all inherently infinitely based varieties which are
minimal among those generated by finite semigroups.

§10. SEMIGROUPS WITH A SHALL ﬂUMBER OF ELEMENTS
The small number of elements in the not f.b. semigroup B% focuses attention

on the finite basis problem for semigroups of order <5. Thils problem was men-
tioned, in particular, in [44] (Problem 2.14 d) and in [82] (Problem 1.63). Its

complete solution occupied around fifteen years and required significant efforts:

we note that (to within isomorphism or antiisomorphism) there are 18 three-
element, 126 four-element and 1160 five-element semigroups (see for example
[135]). The result of these efforts is

Theorem 10.1. Each semigroup of order not exceeding 5 is finitely based.

The history of the proof of Theorem 10.1 1s the following. The case~of
two-element semigroups is trivial and furthermore 1s covered by the generél
result of Lyndon [147) on the finite basis property of any two-element algebra.
The finite basis property of three-element semigroups was proved by Perkins in
[159]. Here the following semigroup characteristic is used: there exist a not
f.b. three-element groupoid (Murskii {70]). The finite basis property of four-
element semigroups was announced by Bol'bot [17], Karnofsky [137] and Plemmons
[166], and the first proof was published in [18].%* There is another proof in

¥In [137] there is an outline of a proof, but as correctly noted in [122],
the argument in [137] does not go through for all four-elenent semigroups.
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[122]; we note that in [122] bases of identitiles are explicitly described for
all semigroups of order <4. Bases of identities of all four-element noncomﬁu—
tative nonidempotent - semigroups were presented (without proof) in [85]. "Sturm"
five-element semigroups were introduced by Edmunds in [121], where the finite
basis property.was proved for five-element semigroups wilth zero and identity.
Tishchenko [182] analyzed the case of five-element monolds. The five-element
semigroups A2 and.Bé,“wbich play an especially important role both in the struc-
" tural theory of semigroups as well as in the theory of semlgroup varieties, had
been often encountered earlier. Finiteness of. a basis of identities of these
semigroups was established by Trakhtman in [94] and [95] respectively (for de-
talls see §20 below). These results opened the way to the prcof of the finite
basis property for an arbitrary five-element semigroup, which was announced in
'[96] (see also [184]). The complete text of this proof has not yet been pub-
lished.

The difficulties arising in the proof of Thecrem 10.1 are not only tech-
nical but also of a fundamental nature. In particular, there do not exist any
general conditions for the filnite basis property which would allow us to replace
"manual” with "automatic" arguments. This circumstance 1s sharply demonstrated
by the followling.

Theorem 10.2.  For each n > 5 the variety §,, generated by all n-element
semligroups does not have a finite basis of i1dentitles.

Theorem 10.2 was obtained by the second author and is originally published
here. It follows from Theorem 3.2 (fqr n > 5 Theorem 3.3 can be applied). By
comparing Theorem 10.1 and Theorem 10.2 (for n = 5), we see that while identi-
ties of each separately taken flve-element semigroup have a finite basls, the
set of all identitiles for all these semigroups 1is not finitely based. It 1is
possible to prove that also for n > 5 the varilety generated by all f.b. n-element
semlgroups is not finitely based. We also note that the varieties §, and §, are
finitely based (for the first thils 1s obvious, and for the second this was re-
cently shown by Dvoskina). -We formulate

Question 10.1. Does the variety §, have a finite basis of identities?

11. THE CLASS OF FINITE FINITELY BASED SEMIGROQUPS
AND SEMIGROUP-THEOQORETICAL CONSTRUCTIONS
_ We denote the class of all finlte f.b. semigroups by FFB. The behavior of
the class FFB 1n relation to various operations over semigroups and semigroup-
theoretic constructions i1s naturally interesting. It turns out that the class

FFB in this sense is highly irregular. The corresponding results are summarized
as follows. ’
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Theoren 11.1. The class FFB 1s not closed with respect to subsemigroups
and factor semigroups, direct ppoducts, ideal extensions, left, right and commu-
tative bundles. - ' ' ' ’

We present examples proving Theorem 11.1, but first we describe a construc-
tion used for these -examples. -~ == - o ot

a)‘ The construction. Suppose S is an arbitrary semigroup, a and 0 are -
symbols not lying in S. We consider the set

T(S) = SU{a} X S'US' X {a} Ula} X ' X {a} U 10}

and on it we define an operation by the following rules (below SES', t€S): in S
the operation e coincides with the original multiplication,

(@, s)ot={(a, sf), tols, a)=(ts, a), (a, 8)e (¢, a) = la, st, a),
- ' _ (@, e (s, a)=(a, ts, a)
and all remaining products are equal to 0. It is easy to verify that the opera-
tion o is associative. Further, suppose W is an arbltrary set of words, W(S) is
the set of all values of words in S under substitution of elements of S for
letters. We denote the Rees factor group by T(S)/I, where

I={a} X W(S) X {a} U{0}.

The construction of the semigroup T(S, W) was presented by‘Sapir. The following
states a fundamental property of T(S, W), published originally here.

Propasition 11.1. Suppose F is a free semigroup of countable rank in the
variety var S, W is a set of words such that W(F) # V(F) for any finite set of
words V. Then the semigroup T(S, W) does not have a finite basis of identities.

By varying S and W in the described construction, it 1s possible to obtain
examples of not f.b. semigroups (including finite) with interesting properties

for the theory of varieties. Other applications of this construction appear in
§18.

b) Subsemigroups and factor semigroups. The first example of a finite
f.b. semigroup having a not f.b. subsemigroup and a not f.b. factor semigroup
was found by Sapir. We present this example. Suppose p and q are distinc odd
primes, K and L are nonabelian groups of orders p3 and q3 respectively. TFurther,
suppose wp is the set of all words of the form
(xf, yil. bt viL

and wq is the set of all words of the form
(<1, yil - [x2, v,
A
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where [& yl=x""""y*""lxy. Ve consider the semigroups T(KX L, Wp) and T(KXL, W). From
Proposition 11.1 it follows that both these semigroups are not finitely based,

but it 1is possible to.verify that their Q-direct Join has a finite basis of
identities. Clearly, however, the O-direct Join of the two semigroups S and T

has an ideal 1isomorphic to S-such that the Rees factor semigroup with respect - - -
to 1t 1s 1somorphic to T. Thus, we obtain that the class FFB 1s not even closed

with respect to takiog ideals and Rees factor semigroups.

c) Direct products. 1Ideal extensions. The first example of a not f.b.
finite semigroup which is a direct product of f.b. semigroups was constructed
byISapir by means of the construction 11l.la. Another example follows from The-
orem 10.2: the direct product of all five-element semigroups is not finitely
based. By using Theorem 3.2 it is not complicated to deduce the following more
general assertion, obtained by the second author and originally published here.

Proposition 11.2. For any f.b. semigroup S there exist f.b. finite senmi- ﬁ‘
groups T and U such that the direct product S x T x U is not finitely based. ‘

As T we can take the semigroup AZ’ and as U an arbitrary finite group not
lying in var S. Hence it follows that for any nontrivial finite group G the
semigroup A2 X G 1s not finitely based. It is easy to see that the 0-direct o
Join of the semigroups A2 and G0 is equationally equivalent to A2 X G, and there- gffﬁ
fore also does not have a finite basis of 1dentit1es. Thus, this example shows
that the class FFB 1s also not closed with respect to ldeal extensions.

d) Bundles. Example 7.2 shows that there exists a finite f.b. semigroup I
S such that the semigroup Sl is not finitely based. Thus the class FFB is not :fﬁ
closed with respect to commutative bundles, and moreover with respect to ordinal .;}
sums. For comparison we note that for any f.b. semigroup S the semigroup ob-

tained by adjoining zero to S is also f.b. This follows from results of Mel'nik st
[68]. The following remains open. o SR

Question 11.1. Is there an f b. finite semigroup which 1is a commutative
bundle of a commutative semigroup? )

If the answer turns out to be positive, it wouid'be possible to signifi-
cantly shorten the proof of Theorem 10.1.

Since there exists a not f.b. finite completely simple semigroup (see Ex- "Lﬁi
ample 8.1) which can be considered either as a left bundle of right groups or :

as a right bundle of left groups, the class of FFB is also not closed with re-
spect to formation of left and right bundles. "

- Theorem ll.l shows that the class FFB is not closed with respect to the.
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.operators.H 6f:taking homoﬁorphic.images, S of taking subsemlgroups, Pf of ]
taking finite direct préducts,:_Bf of taking finite bundles and so on.- The fol-
lowing naturally arises. - : :

o Problem ;},},__Despp;pq_tne_qlgsuresyqf;theAclass_EFB withbrespect to the
operators H, S, Pf; B, and thelr combinations. :

In particular we note the following concrete'question.‘

Question 11.2 (Sapir). Does the HSPf-closure of the class FFB coincide
with the class of finite semigroups which are not essentially finitely based?

LT From results of §9 1t follows that the latter class 1s HSPf—closed.

_ CHAPTER III. HEREDITARILY FINITELY BASED VARIETIES
§12. TECHNIQUES.

. Any nontrivial syntactic proof of the hereditary finite basis property for
some or other variety is based in the end on one of two circumstances: first,

on the exiftence of some standard list for elements of a free semigroup in it,
and second, on the possibility of suitably completely preordering these standard
lists.*® It.yas recgntly noticed that these arguments can be used in a form
suitable for the application of a scheme. We present one of the possible vari-
ants of such a scheme. '

Suppoée B is a variety of semigroups, B8 is a completely invariant congruence
ona free semigroup of countable rank Fm corresponding to 3. We shall say that
B admits a fine §tandard form if there exist a subset MCcF., a relation < on

M and a relation & on the set

M? = (1, D)€ MX M|u <
such that:
a) the intersection of M with any B-class 1s nonempty;
b) (M, <)is a completely ordered set;
c) (M® <) is a completely preordered set;

d) if (u, v), (2, HEM* and (u, 0¥z #), then there exists wEM such that w < z
and the pair (z, w) lies in the completely invariant congruence on Fw generated
by the pair (u, v) and B.

*We recall that a preordered set is called completely preordered if in it
each strictly decreasing chain and each antichain are finite. Thils notion goes
pack to Higman [130], and starting with Cohen [120] was successfully used in
the theory of varieties for the proof of the hereditary finite basis property.
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Proposition 12.1. If the variety B admits a fine standard form, then all
its subvarieties are finitely based inside B.; 1in particular, if B is itself
finitely based, then B is an hereditarily f.b. variety.

Various modifications of Propesition 12.1 appear in [169] and [174]. One
type of reform was contalned 1in [159] (we have in mind the so-called (p, q)-
block argument applied thefe). We note, however, that only the selection "in
pure form" of assértions similar to Proposition 12.1 gave the possibility of

proving a more labor-consuming results on hereditarily f£.b. varieties. 1In order

to demonstrate the methods of application of Proposition 12.1, we shall show
‘how 1t -is used to prove the following well-known result.

Propogsition 12.2. The variety of all commutative semigroups % is heredi-
tarily f.b.

Suppose A 1s the set of all words of the form u=xp...xm where a, .., o, are
nonnegative integers, at least one of which is postii#e. Clearly, the inter-
sectlon of A with each class of the completely invariant congruence a corre-
sponding to A 1s nonempty, 1l.e., condition a) 1s satisfied. With each word u -
of the indicated form we assoclated the vector expu=(z, .., a,), and we set v < u
if exp v £ exp u inthe lexicographic sense. The relation £ 1s a total order
on A, thus condition b) 1is satisfled.” If (4 9), (z, )€ A* where expu=(a,, .., a,),
exp z=(8,, ..., B,)., then we set (4, v)d(z ¢), 1f there exists a monotone injection
¢ of the set N into itself such that, «<f,, for all 1 =1, ..., n. By [130]
(A®, <) 1is a completely preordered seb, consequently condition ¢) is satisfied.

Suppose (4, v)<d(z, f) and ¢ 1is the corresponding injection. We consider the word
y=xj..xm,

“where T;=f,—a, 1f /=¢(i) for some 1, and Yy = By otherwise, and the endomor-
phism 5 of the semigroup F  defined by the rule QCn%=xknfor all %€EN. Then
1t 1s easy to verify that as the word W in condition d) we can take a word in
;A lying in the Same a- -class as the woprd 9&0y

Proposition 12.2 was the first result on the hereditary finite basis prop-
erty for varieties of semigroups. It was proved by Perkins [159], and indepen-
dently by the first author (published in 1966). This result served as a start-
ing point for all investigations in this direction.

8§13. VARIETIES DEFINED BY ONE IDERTITY ... . . .2

""All investigation on heredibarily f.b. varieties of semigroups 1is aimed
in the end on the solution of the following general problem.’

Prob]em 13 1. Describe all hereditarily f. b varieties.
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A "stricter" form of Problem 13.1 is the following.

Question 13.1. Does there exist an algorithm which for each finite system
of>s.i. L determinés whether the variety var L is hereditarily f.b;? . '

We note that for varietiésvdf groupolds the answer to the analogous ques-

‘tion 1is negative (Murskii [72]).

The greatest progress toward the $&lution of Problem 13.1 has been achieved

"for varleties defined by one identity. A fundamental overview of hereditarily
f.b. varieties in this class was first glven by Lyapin [52]. Namely, in [52]
it was proved that over a given finite alphabet there exists only a finite num-
pber of balanced identitles such that each of them glves an hereditarily. f.b.
variety. This result was made concrete by Pollak in [168], where 12 series of
identities were found which contained all identities defining hereditarily f.b.
varieties. Further progress was achieved by Pollak in [170]. In order to com-

" pactly state this result, we introduce the relation = on the free semigroup Fw’

setting u = v if and only 1f u is obtained from v by some (one-to=-one) renum-

bering of letters.

Theorem 13.1 (Pollak [170]1). If the identity u = v defines an heredi- /
tarily f.b. variety of semlgroups, then one of the following conditions is

satisfied:

1) umxyzx, o=« or vice versa (i.e., o=xyzx, u=x);

2)  Lm X v Xy YKL K1 o X s TR XK e L, By e e, €11, 2}, or vice versa;

3) u T Xyx or v I X¥yX;

4) u = .o = .
) Xy X, or v XyeooX

n
In a certain sense Theorem 13.1 1s unimprovable, since each of the classes
of,identities_named in it contains identities actually defining hereditarily
£.b. varieties and not lying in the remaining classes. For its proof the not
f.b. systems of s.i. A5 and B3-B7-are used. If the identlty u = v defines a
hereditarily f.b. variety, 1t must be applicable to some identity of each of
the systems, since otherwise one of the varleties var|u=v|[)varAj3, ..., var [u =} var
would be not f.b. Hence the conclusilon 1s derived from the structure of the
words u and v. A further analysis of identities satisfying the conditions of
Theorem 13.1 appears in Pollak [169,172,173]. These results are summarized
in Table 13.1. From this table 1t 1s evident that the identities satisfying
conditions 1) or 2) of Theorem 13.1 and defining hereditarily f.b. varieties
admit a complete descriptilon. For identities satisfying 3) such a description
is obtained only under the additional homotypilc assumption. The most difficult
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Table ;3.1

Form ot identity

when var {4 == p).is nereaitarily 1.n.

When var (& == 7} is not hersditarily 1.b.

B~ xyzx, g = x?

Always

Never

LK (eee KR | YXRY X ey oee X,
L] 1]
2 T x,

§1s eees 85E(1, 2)

(a) u = visa balancea identity and
sither the first or last Istters of the
WOrds u and v are distinct

{b) u-visan unbalanced Identity,
ang It

Udwmx ..., xk_,yxkyxkﬁ e Xm,
then

Ll
v, .. R 5 T Xm

(3) U = v I3 3 balanced |dentity, the
WwOords U and v start with the same let-
ter and end with the same letter

(D) u=yisan Idantity of the form
XY ves K| VX R Y X ey oee Xy -

2 2
bl TR xk_,y-xkx,gﬂ e Xm

orisdual, m > 1

2= xyx

(a) u = v isa homotypic ldontl;y and

oty k1<

(b} u = visa heterotypic Identity
not satisfisd In nontrivial group and
03 uw, v wy for any w

{a) umsvisa homotypic Identity ang
nat

vty k1KY

(b) v ™ uw or v ® wu

B Xy Xy

U =visa heterotypic identity not
satisfled In nontrivial groups

case to describe are identities with condition 4).

difficult to visualize,
general pattern.
answer to Question 8.1.

Since a complete description of identities defining hereditarily f.b.

etles does not yet exist,

certain important classes of ldentilties.

ldentities with this property were described.

Theorem 13.2 (Pollak and Volkov [174]).
hereditarily f.b. variety 1f and only if its

wlth different letters,

Xy

where o 1s a permutation of the set {1, 2,

The outline of the proof of Theorem 13.2 is the following.

Known separate exampies

This case 1is at

/
it is of interest to obtain such descriptions for
In particular, in [174] balanced

. A balanced ldentlty defines a

.right and left parts start or end
and 1t has either the form Ky oo Ly = X,

2
cor x‘_lyx,yx‘,“ ...x,. =‘x1, "o ([—l):y x,. TS /tm.

“eee, ml.

present
since the accumulated examples have not yet revealed a
The possibility for further progress here depends on the -

Lgy oo Xy O the form

We call a word

. simple 1f each letter appears in it not more than one time, and quasisimple if
some letter appears two times and the remaining Lettér not more than one tine.
In identities satisfying one of the conditions 1)-4) of Theorem 13.1, one of
: the sides 1s elther a simple word or a quasisimple word. -We call an identity
simple (quasisimple) if both sldes have simple (qﬁasisimble) words. It is
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comparatively simple to describe simple ldentities defining hereditarily f.b.-
varieties; this was done py Aizenshtat in {5]. In [174] an analogous problem
was solved for quasisimplé'idéhtities.“ If a balancedfidéﬁfﬁﬁ& satisfies one
of 'the conditions 1)=4) of Theorem,13.l,,theh it 1is simple or quasisimple. '
Therefore Theorem 13.2 follows from the results mentioned. -~

Anotﬁér 1mpéf£ant class for which 1t might be hoped that the problem of
desEfibing identities defining hereditarily f.Db. varieties in it can be more
easily solved than the general case is the class of s.1. not satisfied in non-

tprivial groups. We formulate

Question 13.2. What hereditarily f.Db. vérieties defined by one identity

are not satisfied in nontrivial groups?

It is now unknown whether, for example, the variety varlxy=xy} 1s heredi-
tarily f.b. ' ‘ ‘

§14. PERMUTATION AND QUASIPERMUTATION VARIETIES

An identity of the form x, ...x,,_lyx,yx,“...xm=xl,...x(,_1)‘y1x,,...xm, is called a
quasipermutation. A quasipermutation (permutation) variety is a variety satis~
fylng a quasipermuation (nontrivial perﬁutation) identity. The basic role of
permutation and quasipermutation varieties in questions of the hereditary fi-
nite basis property 1is evident from Theorém 13.2. Permutation identities have
long been studied (see [5,167,175]1). However the notion of quasipermutation
identity 1is recent, but it has proven to be a fruitful generalization of permu-
taton ildentity. Many important results on permuation varieties have recently
peen successfully extended to sultable classes of quasipermutation varieties,

and one can expect that work in this direction will continue.

- The first result on the hereditary finite basis property of permutation
varieties was obtained in [159], where 1t was proved that a periodic permuta-
tion variety is hereditarily f.b. In [(19] an analogous fact was proved for
permutation varietles satisfying the identity Py =fyx?V¥ In order to formu-
late the "quasipermutation" generalization of these results, we consider the
identitles

-
- 2
Ky oes KoY Kyt o Ky Z\Zigpp oos Ky == Ky oon KoY K con KaZarFarg e Xars (1)

2 2
Xy oes KY 22X, L cee Kgp == X ees XY Ky oneKare (2)

We note that as is well-known (see for example [159]), each nontrivial permu-

*In [(19] a formally stronger identity xryz = xrzy was imposed, but as

mentioned in [185], in permutation varieties the identilty xp+qy = xpqu implies
an identity of this form. ‘
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tation identity implies an identity of the form Ty wes YZX, | o Ky == Ky e XZY Xy e Ky

Therefore in each permutation variety (1) and (2) are satisfied for suitable r.
Theorem 14.1 (Pollak and Volkov {174]). If a quasipermutation variety

satlsfies at least one of the 1ldentities (1) and (2) and at least one of the

identities X =x"*? and X" =x’yx? then it is hereditarily finitely based.

Even though the iaéhtities (1) and (2) appear specialized, they are used
very often 1n quasipermutation varieties. Thus, if in the identity

2
Xy eoe Bp YRV K voe Kig == Ky eee Ky_1jey Ko ooe X ing

the permutation ¢ 1s nontrivial, then it implies an identity of the form (1)

or the dual to (1), and 1if o is trivial, but k # I, then it implies an identity
of the form (2) from [174]. On the other hand, as examples show, it is impos-
sible to remove the additional conditions in Theorem 14.1. Theorem 14.1 is
proved by means of Proposition 12.1.

§15. Q-REDUCED VARIETIES. O-HEREDITARILY F.B. VARIETIES

A fundamental role of O-reduced varieties among all varieties of semigroups
i1s explained by the fact that the completely invariant congruences of a free
semlgroup corresponding to them are Rees congruences. Because of this, O-re-
duced varieties have many "pleaéant" properties typical of congruence-modular
varietles and not in general true for varieties of semigroups. We present one
such property related to the hereditary finite basis property and not mentioned
earlier ‘in the literature. This example was discovered by the seccond author.

Proposition 15.1. Suppose B and % are hereditarily f.b. varieties, and @

1s a Q-reduced varlety. Then the join of the varieties B and 9 1is hereditarily
f.b. 1f and only if it is f.b.

That the analog of Proposition 15.1 for arbitrary hereditarily f.b. vari-
eties 1s false 1s well-known: the join of varieties of all commutative semi-
groups andall rectangular bundles is equal‘to vmﬂxyd:-xqﬂ}and is not heredi-
tarily f.b. Propdsition 15.1 shows_that each advance 1n the analysis of O-re-
duced hereditarily f.b. varieties essentlally extends the class of known here- .

ditarily f.b. varieties. In particular, by applying this to the simplest case,
when ' o C

m-m,,- var (£, ... x, = 0},

we obtain with regard to the results of [188] that for any hereditarily f.b.
- variety 1ts join with Sh is also hereditarily f.b. -Since no proper variety
contains all varieties ®,, we have the following fundamentally important result.

L o A O S RN,
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' Propos1 t1on 15 2 There c—ioes: not exist a maiimal‘vari_ety among h_eredi:;"'
tarily f£.b. varieties '

-

. An extensive class of hereditarily f. b O-reduced varieties 1is indicated
in [187]... For any k. £ denotes the varlety defined by all possible identities
of the form w = 0, where the level (see §2) of the word w is not less than k.

It is clear that g, plays the same role in. relation to the level as . 92, plays
“in relation to the length, and that 1 el LI '
Theorem 15.1 (Volkov [187]) The variety Q,is hereditarily f.b.

We note that in [186] 1t was shown that if sm is an f.b. variety contain-
ing var{x’ %, xy=yx}, then the join of I and £, will also be f.b. Hence by

L Proposition 15.1 it follows that if Tt is ‘a hereditarily f.b. variety contain—

ing var{x?=2, xyayxl. then the join of o and £ will also be hereditarily f.b.

For O-reduced varieties, along with hereditarily f.b. varieties it is
natural to consider O-hereditarily f.b. varieties, i.e.b, varieties such that
all O-reduced subvarieties are f.b. This generalization of the hereditary
finite basis property was introduced (in different terms) in [168], where all
O-hereditarily f.b. varieties defined by one or two identitiles were described.

+  Theorem 15.2 (Pollak [168]). The identities u = v = 0 define a O-heredi-

1
tarily f.b. variety of semigroups if and only if one of the following conditions,

or their duals, 1s satisfied:
1) u = XpeeoXp OF V 2 Xqo0uXp)
2) U 2 XYyX Or Vv = XyX;

3) umyX Xy VXY EZ - 25Y% or vice versa, l.e., amxyXZ.eZx,y.x,, v=
= YX| . XY

4) u=xyzx, v 1is a subword of w=ux%,..y2, or vice versa;

5) 4=xyzx, D= XY, ..)2z Or w=~ x'ztz, or vice versa;

6) um Xy Xy \YXYKppy e Xy DR XNXP X 6, ., g, €[1, 2) OF vice versa;
T) U= yx Xy Xy, D ZX LMY, 6, i, E€{L, 2} or vice versa;
8) U= xyxz, vayxp.x)ly, e, g€ (1,2 ug=1 for some k, or vice versa.

From the description of Q-hereditarily f.b. varleties defined by one iden-
tity (see conditions 1) and 2) of Theorem 15.2), it follows that these varietles
are in fact hereditary f.b. For varleties defined by two identities this 1s
not so: there eixsts a variety with a basis of identities satisfying condition

4) and which is O-hereditarily f.b. but not hereditarily f.b. (Pollak, 1985
letter to the authors).
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§16. CLIFFORD VARIETIES

For a Clifford varlety 3 we denote its largest group subvariety, i.e., the
subvariety consisting of all groups of the variety % by ®(3). Properties of
B in many (but far from all) cases are determined by properties of 0(3), and it
is natural to study them "modulo groups." Such an approach 1s one of the de-
velopments mentioned in the introduction of connections between the theories
of varieties of semigroups and groups. The best variant for this approach is
the complete reduction to groups. Such a reduction was successfully carried
out in [78] for the problem of describing hereditarily f.b. Clifford varieties
in the important special case of orthodox semigroups (see §8).

Theorem 16.1 (Rasin [78]). The variety B of orthodox Clifford semigroups
is hereditarily f.b. if and only if the variety @(B[is hereditarily f.b.

The limiting special case of this theorem, when the variety &(B) is trivial,
is the long known assertion (see Corollary 1 of Theorem 6.1) that the variety
of all idempotent semigroups is hereditarily f.b.

The orthodox condition in Theorem 16.1 cannot be removed. Indeed, there
exlsts a finite completely simple semigroup R without a finite basis of ldenti-
ties (see Example 8.1). It is easily verified (see for example [139]) that
® (var R) = var H, where H is a maximal subgroup in R. By [158] var H is an
hereditarily f.b. variety.

A natural generalization of therorthodox property 1s centrality (see §8).
It 1s unknown whether Theorem 16.1 can be extended to varieties consisting of
central Clifford semigroups, i.e., the answer to the following question is un-
known.

Question 16.1. Are there hereditarily f.b. varieties of central Clifford
semlgroups such that all its group varietiles are f.b.?

We shall indicate the relation of this question to Question 8. 1, and also
that the results of Jones [133] (or Petrich and Reilly [165]) imply that for
varietles of completely simple semigroups the answer to this question is posi-
tive.

Theorem 16.2. The variety B of central completely simple semigroups is
hereditarily f.b. if and only 1f ®(8) is a hereditarily f.b. variety

Corollary ([62]). Each variety of completely simple semigroups with
Abelian maximal subsemigroups 1s hereditarily f.b. -

~ The proofs of Theorems 16 1 and 16 2 are based on the analysis of the;
structure of the lattice of varieties of orthodox Clifford and central com— ‘
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pletely simple semigroups respectively. S S 7 e T

If we consider Clifford semigroups as algebras of signature (.'”xthen
Theorem 16.2 remains true, while the truth of Theorem 16.1 is open to question
. in this situation. .

" Question 16.2. Are there hereditarily f.b. varieties of orthodox Clifford
' semigroups (of signature ¢, -%) such that all group subvarietiles are.f.b.?

We also note that hereditarily f b varieties of inverse semigroups are
described "modulo groups" in [31].

Theoren 16 3 The hereditarily f b varieties of inverse semigroups are
exhausted by varieties of the form 9 6v£>and vazvb.where 9-is a hereditarily
f.b. varlety of groups ) : ‘ o

§17. SINGULARITIES OF THE STRUCTURE OF SEMIGROUPS
IN HEREDITARILY FINITELY BASED VARIETIES

The hereditary finlte basis property has a syntactic character, it is clear
a prioril however that it must have some influence on the structure of semigroups

in the varieties satisfying it. Until very recently this aspect was completely
unanalyzed. Actually, the first example containing a property follewing from
the hereditary finite basls property from the point of view of the structural
-theory of semigroups was published recently in [23]. For an arbitrary semi-
group S E(S) denotes the set of all its idempotents, Reg(S) the set of all its
regular elements, Gr(S) the union of all its subgroups, M(S) the union of all
its submonoids. We note that

E(S)EGF(S)‘_:_Reg(S); Gr (S S M(9)

where in general all these inclusions can be strict and none of these sets 1s
necessarily a subsemigroup.

Thearem 17.1 (Volkov and Sapir [23]). Suppose B is a supercommutative
hereditarily f.b. variety, S 1s an arbitrary semlgroup in B. Then:

1) E(8), Reg(s), Gr(sS), M(S) are subsemigroups in S;

2) Reg(S) = Gr(S);

3) M(S) satisfiles either the identity x2y = xyx or the identity xyx = yx2.

By combining Theorem 17.1 with various results from the structural theory
of semigroups, it 1s possible to extract diverse consequences from it which
characterlize the structure of semigroups of some or other important types in
hereditarily f.b. supercommutative varieties. Thus, for example, by using
results of Shevrin [100] we obtain immediately that each quasiperiodic semi-
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group in such a variety 1is a semilattice of Archimedean semigroups, and from a
result of Rasin [177] we deduce that regular semigroups in supercommutative
hereditarily f.b. varietiles are either left regular or right regular bundles
of Abellan groups, etc. We note also that a rather unexpected fact follows
from the theorem: in a supercommutative hereditarily f.Db. variety all- groups
must be Abelian. We recall that a variety defined by one of the ldentities..:
X’y =xyx, xyx=yx*, 1s hereditarily f.b. (see §13). Therefore from Theorem 17.1
it is also possible to extract a necessary and sufficient condition for a non-
periodic monoid (nonperiodic regular semigroup, etc.)bto generate a heredl-
tarily f.b. variety.

Question 17.1. What are necessary and sufflcient conditions for a non-
periodic semigroup S = S2 to generate a hereditarily f.b. varlety?

It 1s possible to show that the presence of identitles of the form Xy = xyx
or xyx=yx* 1s not a necessary condition in this case.

Another semantlc property of the hereditary finite basis property is ori-
ginally published here.

Theorem 17.2 (Sapir). Suppose B 1s a hereditarily f.b. variety of semi-
groups. Then all null semigroups in 8 are locally finite. If furthermore
elther B is a supercommutative variety or each group in 8 is locally finite,
~then all perlodic semigroups in B are locally finite.

§18. LIMIT VARIETIES

A not f.b. variety 1s called a limit varilety if each of its proper sub-
varieties is finitely based. By Zorn's lemma each not f.b. variety contains
some 1limit subvariety. Hence itAfollows that a variety of semigroups 1s here-
ditarily f.b. 1if and only if it does not contain limit subvarieties. ' By de-
scribing the limit varieties we thus obtailn a descriptilion of hereditarily f.b.
varieties. This makes clear the lmportance (and difficulty) of the following
problem. o ' : ~

Problem 18.1. Describe all 1limit varieties of semigroups.
The first expllicit example of a limit variety was presented in [185].
Examplie 18.1. The variety var C3 is a .limit variety.

o Up to the pfeéént‘thié éxémple}femains'unique among the permutation and
even supercommutative varieties. In connection with this we pose the folldwing
question. ’ o : L eI L ) L

Question }8.1.' a)”Do thére'exiét‘péfmutdtiod limitﬁvarieties different -

P

3
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ffohrﬁar Cc3? b) Do there exist supercommutétive 1imit varieties which are

not permutation°
v A serles of limit varieties was constructed in [79]

., .- Example 18.2. For each simple odd-p the variety var Bl5(p) is a- limit-
varlety.
o At first giance, betﬁéen the varieties of Examples 18.1 and 18.2 there is
little in coﬁmon and the. constructlons follow from different arguments. The
remark of Sapir that they can all be obtained by means of the construction 1ll.la
is therefore unexpecﬂed."More precisely, each of these varieties 1s generated
by a semigroup T(S, W) from this construction for a suitable subgroup S and
éet of words W. Thus, in order to obtain the variety var C3, as S we take an
infinite cyclic semigroup and as W we take the set of words {xplp 1s a prime
number}. The variety Bl5(p) 1s obtained from S a nonabellan group of order p3
and W the set of all words of the form [%. ¥ [x, Y] [*m ¥al. where [x, y]=x"""y""lxy.
'The construction l1ll.la also leads to new examples of limit varietiles.

Example 18.3. Suppose J is a prime number, G is a group of order p, S is
an r.s.m.t. over G with sandwich matrix (:f) where g is a nonidentity element
in G, W is the set of all words of the form xidf.. .x5.. Then the variety varT(S, W)
is a 1limit variety.

Examples 18.2 and 18.3 show in particular that the set of nongroup limit
varietles of semigroups 1s infinite. Its cardinality is unknown.

Question 18.2. 1Is the set of limit varieties of semligroups countable?

For completeness we mentlon that no explicit eXamples of limit varieties
of groups nor the cardinality of the set of such varieties is now known. The
corresponding questions were noted in [447, Problem L4.46. But nongroup limit
varieties of inverse semigroups was completely described in [31].

Theorem 18.1. The only nongroup limit variety of inverse semigroups 1is

1
var BZ'

CHAPTER IV. IDENTITIES OF SEMIGROUPS QF SEVERAL TYPES

As follows from what was mentioned in the introduction, an important di-
rection 1s the analysis of ildentitiles of semlgroups of some or other concrete
types which play an essential role in the theory of semigroups. For a fixed
type © fundamental problems are formulated here:

1) explain under what conditions‘the type @ has nontrivial s.i.;

2) find a basis of identities for a given (arbitrary or distinguished by
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some reasonable test) semigroup of type O or characterize the system of all
1ts 1ldentilties;

3) describe those semigroups of type O which have a finite basis of iden-
tities

It 1s understood that in specific sltuations other additional questions
may arise; on the other hand, not all three indicated problems will be of
Interest for each type ©O. ~This chapter surveys results related to these prov-
lems in connection with the following types of semigroups: groups, r.s.m.t., f.d.
semlgroups, semigroups of transformations, and several others. It i1s natural
that open questions noted in this chapter are as a rule specializations of the
problems 1)-3) for the corresponding cases.

§19. GROUPS

In thls section we are concerned with s.i. of groups. We note that the
conslderation of such identities, which is a natural part of our program, is
also of essential interest from the point of view of the theory of varieties
of groups. Thus, our attention will focus on identities of signature (-) ,
while at the same time we will constantly encounter varieties of groups (in
the signature (-, 'W) which are not necessarily varieties of signature (.),
l.e., varletles of semigroups. 1In order to set off this circumstance we will
denote varleties of*groups in boldface type.

|
a) The existence of nontrivial s.i. In Mal'tsev (541, the first paper ff?
devoted to s.i. of/groups, it was discovered that while each nilpotent group f{p
has a (nontrivial) s. i., for a free metabelian group of rank 2 this did not -

occur. The following general question naturally arises.

Question 19.1. Whic groups (or, what 1s the same, which varieties of _ iy
groups) satisfy a nontrivial s.1.? ' |

An obvious example of a variety of graups with an s. i 1s the variety B
of all groups of exponent n # Q. Moreover, it 1s clear that if the variety
of groups VY satisfies an s.i. then this i1s true also for the variety VB . As
already mentloned, in [S4] 1t was shown that each nilpotent variety N has an
s.1l., consequently such an identity 1s also satisfied in any variety of the
form NBn' It turns out that in a broad class of varieties of groups there are
no other varietles with an s.i. The variety of groups 1s called an SC variety
CAf 1t is contalned in a product of some number of varieties of solvable _groups
.and varleties generated by a finite group. We denote the variety of all Abelilan
--groups by A and the variety of all Abelian groups of exponent n # 0 by A . The
— anwser1x>Question 19.1 in the class of SC—varieties 1s given by the following
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Theorem 18. 1 ~ For an SC- variety of groups V the following are equivalent
(1) V satisfies a nontrivial s. i., '

(2) venNB, for some nilpotent variety N; L .
FS) for no orime p 1s the variety ApA contained in V. ... . ...

: . Theorem 19.1 has not been published earlier but is obtained by a simple
combination of known’results; Thus, the implication (2) = (1) was argued above,
the implication (3) -+ (2) was proved in [129]. In order to establish (1) - (3)
we note that the variety A A contains an interlacing of a cyclic group of order
p with an infinite cyclic group Belyaev andSesekin [11] showed that this
"interlacing contains a free subsemigroup of rank 2, and consequently there are
no nontrivial s.i. in A A.

From Zorn's lemma it is easy to deduce that each variety of groups without
an s.1. contains a minimal subvariety with the same property. Theorem 19.1
shows that in particular the varietiles A A are such minimal varieties without
s.1., or as we will say, varileties a]most satisfying s.1. Other examples of
varieties almost satisfying s.i. are unknown. In this connection the follwoing
is fruitful.

Question 19.2. Are the varieties of groups almost satisfying an s.i. ex-
hausted by-the varleties A A for all possible prime p?

If the answer to gquestion 19.2 were positive, we would obtain, in particu-
lar, that each n-Eng\e\group satisfies a nontrivial s.i. This conjecture was

discussed by Shirshov [103], where it was given the following more concrete form.

/o

v Question 19.3 (Shirshov). Suppose U =XY, V=YX e} Uppy =UnUn, Vme1 = Vnlm . It
is true that for each natural number n an m can be found such that each n-Engel

group satisfies the identity u = va?

In [103] it was shown that 2-Engle groups satisfy the ildentity u, = v,, and
3-Engel groups satisfy the identity u3 = v3.

b) Semigroup bases of group identities.

Proposition 19.1. 1If a varlety of groups satisfies an s.1i. then 1t can
be defined by a basis of s.i.

Proposition 19.1 was first published in [144] as a corollary of Theorem 2
in that paper. However, as mentioned in [131], this theorem is false. The
truth of Proposition 19.1 was by the same token placed in doubt. Nevertheless,
a modification of the argument in [144] proves this proposition. 1In essence
Proposition 19.1 means that 1f V is a variety of groups such that the vafiety

Lo
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of semigroups B generated by it is different from the olass of all semigroups,
then the class of all groups in ¢ coincldes with V.

We shall now. indicate a concrete basls for some important varileties having
a hasis of s.i. Suppose

Xo;x' Yo=y; An+15Xn~n+ly YH"‘ Y,,Z,,HX,,,

Theorem 19.2 (Mal'tsev [54]). The identity Xn = Yn defines the variety Nn
of all n-degree nilpotent groups 1n the class of all groups.

An independent (but later) similar semlgroup basls for the variety Nn was
found in [157]. It consists of the identity X', = Y' , where

Ximxy, isyxi i XowmXaa,Ye, Yan= Vi Xoi .
This basls was rediscovered in [48], where 1t was also asserted that it has a
minimal number of letter among all semigroup bases of the variety Nn‘ The
latter assertion 1s true, however, only for n £ 2. Indeed, it i1s known (see
(751, 34.33) that for n > 2 the variety Nn can define a group 1ldentity over n
letters, but from the algorithm of the proof the Proposition 19.1 it 1s possible

to see that for the transition to a semlgroup basis of identities we do not
need to use additional letters.

In [103] it was shown that the variety of all 2-Engel groups 1s defined

by the identity xy2x = yx2y, and the varilety of all 3-Engel groups is defined

by the ildentities
. YRyl = ylyxyix, xylxyxysly = ytyieyic, !

]
In [104] Shirshov found a semigroup basis for the variety of all groups, which

he called nilpotent with respect to a fixed procession of real numbers In (47]

semigroup bases of ldentitles were described for each variety of 2-degree nil-
potent groups

c) The f1n1te basis property of s.i. of groups Suppose V is a variety of
groups, m is the variety of semigroups generated by it _ We shall say that s i.
of ¥ are finitely based 1if B1is an f.b. variety. The following naturally arises

Question 19.4. For which varieties of groups are their s.i. finitely based?

Clearly, Question 19.4 is meaningful only for varieties of groups satis-~
fying a nontrivial s.1. but not for those which are varieties of semigroups
The first example of an f.b. variety of groups such that the s.1. do not have
'j;a finite base was presented by Isbell in [lBl] the variety defined by the
-Aidentity x2 C. y2x2. However this example was rediscovered independently in

[1a9] (see also [112]), where the same varilety arose from entirely different .
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afguménf%i[haﬁel& s the varlety generated by‘thé'groub=‘w;b|awa;;]y1?A.serie§
of later analogous examples was found in [49] and [80]. However they all are
very particular cases of the following general reéult of Sapir,»or;ginally
published here.T

Theorem 19.3. Suppose the variety of groups V 1s contained either in the
variety Nri for some n or in the variepy AL for some 1.f. variety L{ gnd suppose
the s.1. of the variety ¥ are finitely based. Then ¥ is eilther Abelian or has
a finite exponenﬁ. I - ‘ e o

‘Obviously-each Aﬁelian variéty of groups generates an f.b. variety of
semigroups. Furthermore, each variety of groups'of finite exponent is a vari-
ety of semigroups, and therefore the question of the finite basis'property of
its s.i. 1s equivalent to the question of the finite basis property for 1@5
gfoup 1dentities._ Thus if wevconsider that:each subvariety of the varilety Nn
1s finitely based (see [751], 34.14), we see that Theorem 19.3 gives a complete
_ solution to Question 19.4 for nilpotent varieties of groups and answers this
gquestion "modulo groups™" for subvarietiés.of varieties of the form AL. It would
be very tempting to try to extend this theorem to subvarieties of vafieties of
the form Nan, since by Theorem 19.1 this woula give a solution to Question 19.4
in the'class‘ofsc-varieties "modulo_groups." Wézformulate this as the following

Question 19.5 (Sapir). Is it true that each subvariety of the varlety

Nan such that its s.i. are finitely based is either Abelian or -has finite expo-
nent? :

520: REES SEMIGROUPS OF MATRIX TYPE

a) R.s.m.t. over an arbitrary semigroub. .By construction r.s.m.t. are
described by completely simple and completely O-simple semigroups. Hence the
"problem of defining with respect to identities of the semigroup S and
matrix P identities of the semigroup M(S;I, A, P) acquires a speclal ur-
gency. Here we show a method found by Sukhanov in [88] for constructing the

set of all identities satisfyed in all possible r.s.m.t. over S with respect
to the set eq S.

Suppose L 1s an arbitrary s.i. By means of the following procedure we
construct the identities u(I) with respect to L.

Step 1. Remove from L all identities such that the first or last letters
of the right and left sides do not coincicde, and all identities such that the

length of at least one of the sides 1s even. The set of remaining identities
is denoted by El. .
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Step 2. Suppose u = v 1s an identity in I, and L, (L,) is the set of all
letters which are encountered in an odd (respectively even) number cof places
in u or v. We remove from Xl all identities u = v for which LiNL,% @, and we

denote the set of remaining ldentities by 22.

Step 3. Suppose u = v 1s an -ldentity in 22,=z 1s a letter not appearing
in the word uv. We remove from 22 all identitles u = v such that there exist
two occurrences of some letter x in the word uzv in an even number of places
which the neighbors on the right or left of the letter at the first occurrence
of x are different from the corresponding neighbors of the letter at its second
occurrence. The set of remaining identitiles is denoted by 23.

‘Step 4. For each identity u = v in 23, remove all occurrences of letters
which in u or v occur at even number of places. The set obtained is u(ZI).

Proposition 20.1 (Sukhanov [88]). The set of all identities satisfied in

all possible r.s.m.t. over a gilven semigroup S coincides with the set cf iden-
titles u(eq 3).

b) Completely simple semigroups. Each completely simple semigroup is iso-
morphic to some r.s.m.t. over a group. Thils shows a priori that the analysis
of identitiles of completely simple semigroups cannot bypass the consideration _
of ldentitles of groups (another exhibition of the often cited relation between
thé theories of varieties of semigroups and groups). As is known, for the
representation of a completely simple semigroup in the form of an r.s.m.t. the
sandwich matfix can be assumed to be normalized, i.e., containing in some column
and some row only elements equal to the 1dentity of the structural group.

/ Suppose u = v 1s an identity. The following two conditions are obviously
- necessary for it to be satisfied in the semigroup M(G;I, A, P).
(c1). TheAidentity uré'fﬁisvéatisfied ih'thé éroup G:‘

(C2). 1If the set I (respectively A) 1is not a singleton, then the first
(respectivcly last) letters of the words u and v coincide.

" Suppose t and w are words. 'We denote the number of occurrences of the
word t in the word w as a subword by Zt(w).'!For the case of a normalizcd matrix
P a simpler necessary condition for satlisfaction of the identity u = v in the
semigroup M(G;I, A, P) was found in [63]. The condition 1is the follcwing. '

(C3). 1If both the sets I and A are not singletons, then for each word t ‘

of length 2 and for each element a of the matrix P in G the identity .g"™ g4
holds. - . :

We note that if we do not require that P be normalized, then (C3) ceases -
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to be necessary in general. In the general case conditions (Cl);(c3)_are not;

' suffibienpf  Indeed, considerdthé r.s.m.t.'over‘thé alternating groubhof fourth
‘order with sandwigbjmatrix C(éﬁ(éﬂ)(e is the identity of the group). Then as
is easily verified, the 1ldentity Lﬂy%ﬂﬁ‘;(xn° satisfies condltlons (C1)-(C3) in
.relation to this,semigroup,,but_the”identity is not satisfied in the semlgroup
(for example, when o ' : .

' o x=(e; 2,1, 2=(3, 1), y=t=(es 1, 2)). '

~On thé.other hand, a direét computation shows that if conditions (Cl)-(C3) are

| satisfied for the identilty with respect to the semigroup M(G;I, A, P) such that
elements of the_(not necessarily normalized) sandwich matrix P lie in the center
df_Gh(not'necessarily a group!), then this identity is true in M(G;I, A, P).

" We therefore obtain the following

- Proposition 20.2 (Mashevitskii [63]). In order that the identity u = v
be true in the semigroup M(G;I, A, P), where P 1s a normalized matrix over the
-center of the group G, it 1s necessary and sufficient that conditions (C1)-(C3)
be satisfied.

We note that the semigroup M(G;I, A, P) such that the elements of P lie
in the center of G is a central Clifford semigroup in the sense of §8, and
conversely, if the central completely simple semigroup is isomorphic to the
r.s.m.t. over the group G with normalized sandwich matrix P, then the elemenets
of P will be central in G. From Proposition 20.2 it follows easily that if
the elements of the normalized sandwich matrix lie in the center C of the group
G then

var M(G; I, A, P)==varGvvar M(C; /, A, P).

This reduces the problem of analyzing identities of central completely simple
semigroups to the analogous problems for groups and for completely simple semi-
groups over Abelian groups. The latter problem was considered by Fortunatov
[99], Mashevitskil [62,63], Rasin [177,176], and Kim and Roush {140]. In order
to compactly describe the corresponding results, we introduce notation. We
denote the supremum of the orders of elements of the matrix P (of the group G)
by exp P (exp G) if such a number exlsts, and by zero otherwise.

The most complete description of bases of identities of completely simple
semigroups over Abelian groups exlists in the "Clifford" signature <. 7). For
convenience, for an arbltrary element x of the Clifford semigroup we set xo =
= xx~L.

Theorem 20.1 (Rasin [77,176]). Suppose G is an Abelian group, I and A are
nonsingleton sets, P 1s a normalized A x I-matrix over G, exp G = n, exp P = m,

4y




where'n and m are nonnegative integers. Then the ldentity uw“x-x,kyx_xwﬁ(xvgm_.

= (xy)" forms a basis of identities in the semigroup M(G;I, A, P).

If the number n is different from zero, then the indicated ldentities can
be considered as ordinary s.i. of the signature (). Theoren 20.1 remains true
also in this caﬁe, l.e., these ldentities form a basis for s.i. of the semi~
group M(G;I, A, P). However the case when exp G = Q needs a separate treatment
for this signature. If exp P = 0, then the answer 1s given by the following

Thearem 20.2 (Kim and Roush [140]). A basis of identities of the semi-
group M(G; I, A, P), where G 1is an Abelian group, P 1s a normalized matrix over
G and exp P = 0, 1is formed by the identities

*2\Y2X2,Y = x2,yz,%2, y, XZ)yxz,y = xz,yxz,y‘, x;’xyzzx}’ = Xyz,x2,y,
xayxy==xyxay,quqx==x;gzyn.€4x=-qu{

The case when €Xp G = 0 and exp P # 0 remains open except for the trivial

case when exp P = 1 (1.e., when the corresponding completely semigroup is a
square group).

We shall now show how 1t 1is possible to find bases of identities of cen-
tral completely simple semligroups. Suppose G is a group,expG=n+0 and h%=£eher
is a basis or ldentities of the group G. 'S.‘ane'xn'l = x"l for any X€G, 1t is
possible to assume that 1in the 1ist of the words wY there are only positive
powers of letters, i.e., 1in other words wY*are semigroup words. we fix an
arbitrary letter x and to each word w we assoclate the word w* obtained by
substituting the word xPzx for each Jettgr z*0of the word wy. Y

Theorem 20.3. Suppose {wr=e},er 1s a basis of identities of the group G,
I and A are nonsingleton sets, P 1s a normalized A x I-matrix over the center
of the group G, expl=n=0, expP=m. Then the identities

T =T TED), (1) x5, () = (ry), Py syt
form a basis of ldentities of the semigroup M(G;I, A, P).

Theorem 20.3 1s obtaineqd by a simple combination of results of Mashevitskii
“[67] and Jones [133] (or Petrich and Reilly [165]). S ;

c) Completely /Oj'-/simp]e semigrou'pé with'adjoi'néd zerg."

The simplest éype of completely O-simple semigrdubs 1s the Semigroup of
the form SO, where S 15 g completely simple semigroup. From results of Mel'nik
(681 1t rfollows that varS® =varSv G, where 6 1s the variety of all semllattices.

. In the language of identities this meahéithdf>eq'so consists precisely of all
'homotypic ldentities 1in €q S. ' In [68] 1t was shown how a basis of identities
of the variety BvG 1s constructed from a basis of identities of an arbitrary
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heterotypic variety m ' However in the particular case when i3 is a variety of
completely simple semigroaps, a more elegant construction given by Petrich in
[162] can be used. ' CasT

a) R s.m.t. with 0. The sem1groups A2 and B,. In what follows we will
consider completely 0- simple semigroups such that zero is not adjoined The
least possibie number of elements in a completely O-simple semigroup with this-
property is-five To within isomorphism there exist two five-element completely
0- simple semligroups with divisors of zero, 1in particular the semigroups A2 and
B2 (see §3). .Bases of identities of these semigroups are described by the
following ' : e

Theorem 20. 4 (Trakhtman [9“ 95]) A) The identities

X x’ xyx=xyxyx xyxzx=xzxyx

'

form a basis of identities of the semigroup A2 B) The ildentities

== 5, xyx = xyxyx, 2yt = ylst
form a basis of identitiles of the semigroup B2.
/
We note that earlier in [26] it was proved that the identities introduced
in B) form a basils in the set of all identitiles of not more than two letters
satisfied in 82.

The following characterizes the system of a2ll 1dentities of the semigroup
A2.
Proposition 20.3 (Mashevitskii [63]). The identity u = v is satisfied in

the semigroup A2 if and only if the words u and v have the same first letters,
the same last letters and satisfy the condition

(C4). The words u and v have the same set of subwords of length 2.

The description of all identities of the semigroup B2 can be extracted
from results of [64]; however it 1s cumbersome and will not be done here.

The semigroup B2 1s inverse. Bases of its inverse identities were found
by Kleiman in [143], where the following general result was proved.

Theorem 20.5. Suppose u; = U, 1s an identity satisfied in B2 but not
satisfied in B%, and vy =V, 1s an ldentity satisfied in B2 but not satilsfied
in any nontrivial group. Then the identities u. = Uss, Vq = V, form a basis

1
of inverse identities for the semigroup BZ'

From Theorem 20.5 1s follows in particular that the identities in assertion
B) of Theorem 20.4 will also be a basis for inverse identities of the semigroup
B2.\ Among others, this fact 1s very essential for the proof of Theorem 20.4.
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Another, evidently the simplest, basis found in [143] consists of the one
ldentity xylc—!am xyc—t,

It was very recently found that var 82 is a proper subvariety in var A2
(Karnofski [138]). This clearly follows from a comparison of assertions &)
and B) of Theorem 20.4.

e} Bz-semigroups. We call a completely O-simple semigroup a Bz-semigroup
if 1t contains divisors of "Zéro but does not contain subsemigroups isomorphic
to A2. (In [64] such semigroups were consldered under the name "semigroups of
type 7.") A A x I-matrix P over a group with zero is called cell-diagonal if
the sets A and I can be divided into nonempty subsets 4, .., A4, 4, .., /, respec-
tively so that for all A€A,, i€/, where m+n, p,=0. The submatrices of P formed
by intersection of rows with numbers in Am and columns with numbers in Im are
called cells of P. Clearly, the semigroup M'(G; /, &, P) will be a Bz—semigroup
if and only if P 1s a cell-diagonal matrix such that the cells do not contain
zeros. An r.s.m.t. over G with these cells'as sandwich matrices are completely
simple semigroups, and in those cases when a description of identities of com-
pletely simple semlgroups is known the identities of Bz-semigroups are described
in a similar form. For the case when nonzero elements of P lie in the center
of G such a description 1s given in [64].

The most important class of B2—semigrogps for the theory of semigroups
consists of Brandt semigroups, l.e., semigroups of the form M°(G, /, /, 4), where
A is the I x I identity matrix. From [26] or [143] it follows that the variety
generated by an arbitrary Brandt semigroup with divisors of zero over the group
G0 colncldes with varGvvarB,. We deal with the question of a basis of identities

for this variety.v By d) we need to consider only the case when the group G is
. nontrivial.

Brandt semlgroups are inverse semigroups, moreover they are completely
O-simple inverse semlgroups. A basls of inverse 1ldentities of an arbitrary

Brandt semigroup was found .in [1M3], where the following general result was
proved ' - v T D e e

Theorem 20.6. SuppoSe B is a Brandt‘semigroup with_divisors>of Zero over
the group G. If the identity Wy = W, is satisfied in B but not in B%,'and the

~collectian of identitiles ({ay=o)er 1s satisfied in B, and defines the variety
var G 1n the class of groups, then -

R, e “al-
. See e

i T f,ﬁvarB-var(w‘—m"at_vx(-rer)}. R T P

From Theorem 20Q.6 it follows 1in particular that if the s&sfem of identities
{m;=¢her forms a basis-of identities of the group G, then the following is a
basls of identitles for the semigroup B:
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* Using the idea of [143] it is possible to obtain a description of a basis
of s.1. of the variety varGvvarB8, in the case when exp G # 0. ' '

.‘Theo¥em 20.7 (Volkov [211]). " suppose B is a Brandt semigroup with divisors
of Zero over the group'G and exp G =n # 0, 1. If the set of identities {w,=élr,
where wY are semigroup words, forms a basis of identities of G, then the fol-
lowing is a basis of identities for the semigroup B:

‘ w=w (1E€T), & = Y=y xyx = ()"
Aubasis of s.1. of the variety varGvvarB, for exp G = 0 1is unkﬁown even 1in
the simplest special case, when G is an infinite cyclic group. We formulate
the corresponding question ‘

Question 20.1. What 1s a basls of identities of the Brandt semigroup with
divisors of zero over an infinite cyclic group?

f) Az—semigroups. A completely O-simple semigroup containing a subsemi-
group isomorphilc to A2 is called an A2—semigroup. Clearly, each identity u = Vv
satisfied in an A2-sem1groupﬁf(G{L A, P), satisfles the conditions (C1), (C2) and
(C4). However (C3) in the general case 1s not necessary even for a normalized
matrix P.. If the matrix P is locally standard, 1.e., if for any ig/, A€A such
that p,#0 there exist j€I and p€Asuch that PAy=p,=p,=¢ (e 1s the identity
in G), then condition (C3) is necessary. In this case the identities of r.s.m.t.
with 0 and with central sandwich matrices were described by Mashevitskil in
[65]: the i1dentity u = v is satisfied in the A2—semigroup M (G; I, A, P) with local-
1y standard matrix P over the center of G 1if and only if 1t satisfiles conditions
(C1)-(Cl). We note that not every completely O-simple Az-semigroup is isomor-
phic to an r.s.m.t. with 0 with a locally standard sandwich matrix. In [65]

a condition was presented which is a weakening of (C3) and which 1s necessary
for the identilty g = v to be satisfied in a glven A2-semigroup. However, as
shown in the same paper, this condition together with (c1), (C2) and (Ch4) 1is

not in general sufficient even for semigroups with Abelian maximal semigroups.
Thus the following remains unsolved.

Problem 20.1. Describe the set of all identities of an arbitrary completely
O-simple semigroup over a nontrivial Abelian group.

We proceed to an examination of bases of identities of A2—semigroups. Here
the following general result holds, originally published here.

Theorem 20.8 (Volkov). Suppose G is a group of finite exponent, S 1s an
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r.s.m.t. with 0 and with sandwich matrix P, H is a subgroup in G generated by
the nonzero elements of P. If A.€varS, and G¢varH, then the semigroup S does
not have a finite basis of identities.

Theorem 20.8 is obtained by an application of Theorem 3.2 to the semigroup

If (in the notation of Theorem 20.87 the matrix P is normalized and GE€varH
then the question of finiteness of a basis of ldentities for S still reﬁéins
open even under the asSumption that S 1s finite (with the exception of the case
when the group C is trivial: in this case S 1s equationally equivalent to A2
and is therefore finitely based). We distinguish the case when G = H, i.e.,
when the group G is generated by the nonzero elements of the matrix P. As is
known, for a completely O-simple semigroup S with normalized sandwich matrix
the given condition is equivalent to the fact that S is generated by the set
of 1ts own idempotents. Therefore the previous question can be reformulated
in this case as follows:

2

Question 20.2. Does é finite completely O-simple idempotent generated A
semigrqup over a nontrivial group have a finite basis of identities?

2

g) Varieties of n-testable semigroups. The identity u = v is called n-
testable if the initial intervals of length n, the final intervals of length n
and the sets of allhsubwords of length n coincide in the words u and v. For
each n we consider the variety 4,, defined by all n-testable ldentities. This
is called the variety of n-testable Semigroups. This class of varieties was

introduced in [190,118,151] 1in connection with several problems in the theory
of formal languages./

By combaring the definition of 49, and Proposition 20;3 we see ﬁhat the
varilety S,forkn 2 2 in a known sense 1is related to the variety var A2. ~This
a prlorl analogy is also verified a posteriori: thus, for example, it turns
out that each semigroup in 9, (#>2) 1s an ideal extension of some semigroup 1in
var A2 by means of an n~-nilpotent semigroup [183]. The problem of finding a
“basis of identities for the variety 9, when n > 2 was posed by the first authof

in 1976 in the author's lectures on periodic semigroups at Ural University.
The solution to the problem 1s as follows.

‘Theorem 20.9 (Trakhtman [183]). & basis of identities for the variety

3, when n > 2 is formed by the identities hx ot K YKL wor K 2y s X by b o Xy 12X, ..

. o ,,_,yx, e Kpyly, v('x, ...x,)m+lxl Xy ;.‘(;fl.,,,'x,)m-nxl .. X%, Where rg(1, .., n}.-m 1s the Quotient
and p 1s the remainder of n - 1 upon division by r. ' T L

co-...In conclusion we note that a basis of identities for the variety Q,was

i
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found earlier in [191]: it is formed by the identitles’ & =x, xyzx=xzyx '~ *°~

21 FINITELY DEFINED SEMIGROUPS

a) The free semigroup prQB]em. The first question which arises in the
'anéiysis of f.d.‘sémigroups ffom the point of view of the theory of varileties .
is the question of in what semigroups are there (nontrivial) s.i. As follows.
from results of Markov [57], in the general case this question 1s algorithmically
unsolvable,vi.e., it is impossible to give an answer in terms of "recognizable"
combinatoric properties of definiﬁg relations. More urgent 1s the problem of
finding algebréically equivalents tO‘the‘pfoperty of "having s.i." To date,
perhaps the only candidate for the role for such an equivalent is the property
_"does not contain noncylcical free subsemigroups.” This property 1is obviously
necessary, but its sufficiency is a very 1ntriguing open gquestion.

Quest1on 21 1. Does each f. d semigroup not satisfying any s. i contain
a noncyclical free subsemigroup° ' '

It is known that under certailn restrictions on the defining relations the
answer to this question is positive. Below we present results of this type,
and we then establish conditions which guarantee the presence of noncyclical

free subsemigroups, and consequently the absence of s.1., for a given f.d. semi-
group.

Proposition 21.1 (Shneerson [108]). If the semigroup S with n generators
is defined by m defining relations and n - m > 2 then S contains a noncyclic
free subsemigroup.

Suppose the semigroup S is defined by.some system of defining relations
yy=v; (i=1, .., m). The word w is called rnultiple with respect to this system if
it appears as a subword in a defining word at least two times, 1.e., 1f words

g, DE{U;, Ty, w-» Um» gl (POSsSibly u = v) can be found such that u=u'wu, v=owV", where
uWs#=v or ukv.

Proposition 21.2 (Aleksandrov [8]). If the system of defining relations
of a noncyclic f.d. semigroup S is such that no defining word is a product of

two multiple (with respect to this system) words, then S contains a noncyclic
free subsemigroup. )

A particular case of Proposition 21.1 1s the earlier result of [25].

In conclusion we note that for finitely generated semigroups the answer

to the question analogous to Question 21.1 1s negative. The corresponding ex-
ample is found in [111].

b) F.d. semigroups with nontrivial jdentities. In this point we present
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a desci‘iption of f.d. semigroups with nontrivial identities in certain 1mpo_rtant
classes of f.d. semlgroups. We present nctlons and notation needed in what
follows. A left (right) graph of a system of defining relations 4 =, ..., Uy =2
over the alpna:bet {a,, ..., a,} 1s a graph with the set of vertices {(a, .., g, in
-Wwhich the vertices a

m

1 and a‘j are Jolned by an edge if and only if for some k

ay and a‘j are the first letters on the left (right) of the words U and vy re-
spectively. If the semigroup S can be defined by a system of defining relations
such that the left (right) graph has no cycles, we shall say fhat S has no left
(right) cycles. This class of f.d. semigroups was filrst 1lntroduced and analyzed

by Adyan in [1], see also his book [3]. If w i1s a word over the alphabet (@,
(1)

sea y

.. G}, then w

Ty Qigys ooy By

denotes the word obtained from w by deleting the letters

Theorem 21.1. The following are equivalent:

(1) the semigroup S can be defined by n generators and m defining relations,
where n > m, and satlsfles a nontrivial s.i.;

(2) the semigroup S has no left or right cycles and satisfies a nontrivial

(3) the semigroup S 1s isomorphic or anti-isomorphic to a semigroup of one
of the following types: 1){(a); 2)(a, b|ab =ba); 3)(a, b|ab=t%, k=1, 2 i U) (a, blaba =
= ba); 5)(a, bl.abaA_s,b);S) (a, b|a*=5"; 7) (a, blaba® == ba); 8) (@, b, c|a=cab, bc=c%; 9) (@, b, ¢c|a
=.7, bc = w), where v = ca orv =Zcac, and wis anarbitrary wordover the alphabet {a, c};
10) (ay, wes G4lay =D/, ..., Guy=17,.,), where v!*P=ma, a, for i=2, .., n—1, P =a.a, or 0=

= a’ala"; 11) (a, s veey aulal -'U‘, ey an_.z—'U“_z, a,.f_‘an-'on_‘). where 'U._l gauan—lan or U“_zgana

n=21

the semigroup (a,, .., ap,]g, =0, ..., @, , =", a,_ =™ ) 1s isomorphic to some semi-
group of type 10), and the system of relations /

’

’
e e R S

’
a,,-vn__‘,

where the word v':L is obtained from vy by deleting the letter a,.1° has a con-
nected left graph. )

The implications (2) =+ (3) and (3) + (1) were proved in [107] (the case
of semlgroups with one defining relation was analyzed earlier in [105] and in
_ [86]), .The proof of the implication (1) + (2) 1s the subject of [110]. From
: results of [106,107,110] it foilows that in addition condition (3) of Theorem
2l.1 can be verified effectively, and consequently there exlsts an algorithm
determining with respect to a given semigroup-of n generators and m defining
“relations, where n > m, whether a nontrivial s.i. is satlsfied in this -semi-
group. It was mentioned earlier that an algorithm deciding the same question
for an arbitrary f.d. semigroup does not exist: In connection with Questilon

Cm e .
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groups with a number of generators greater than the number of defining relations

21,1 Qe also note thap fromAﬁhe “roof

the absence of nontrivial identities impliles the presence of free noncyclic sub-
semigroups in them. " '

Another type of restriction on the defining relations-was-considered-in
(21 (see also [(31). A (not necessarily finite) semlgroup with 1 1s called

. special if 1n some (not necessafily finite) alphabet 1t can be defined by de-

fining relations of the form w = L.

Théorem'21.2 (Adyan [2}3]). A specilal semilgroup which is not a group
satisfies a noﬁtrivial identity if and only if it 1s isomorphic to an infinite
cyclic semigroup or the bilcyclic semigroup (a, blab=1). : T

For the particular caSe-of'semigroups with one defining relation 1t was
shown 1n [106] that a special semigroup with one relation which 1s a Zroup
satisfies an s.1. if and only if it i1s isomorphic either to a cyclic group or
the group (a, blab’a=1).

We recall the papers of Oganesyan [76] and Kolesnikova [41] where f.d.

semigroups with certain other restrictions on he defining relations are studied
from the point of view of the presence of nontrivial s.i.

c) ldentities of noncyclic semigroups with one defining relation. By
Theorem 21.1 2 noncyclic semigroup with one defining relation admitting an
s.i. is isomorphic or anti-isomorphic to one of the semigroups

S, = {(a, b|ab = ba), Sy x=(a blab e bY), Bl 2, oes

S, = (a, b|aba = ba), Sy=(a, b|aba = b), Sg=(a, b|a? = b%),
‘ S,-(a.b]aba’=-ba).

The question of bases of identities of these semigroups 1is answered by the
following.

Theorem 21.3 (Shneerson [112]).* The ldentitles

gy’ (y)?, yxizy =lXyxzy, yXZEY == KyZXY, yXZXLY == XyZEly
form a basis of identitles of the semigroup 52 Kk for any k. The semlgro&ps
s .

83, Su, 35, 56 do not have finlte bases of identities, and moreover Su and 56
are equationally equivalent.

An analogous gquestion is solved in [112] feor noncylcic monolds with one
defining relation. If such a monoid satisfles a nontrivial s.i. it is 1so-
morphic or anti-isomorphic to one of the monoids

¥The original report on this result in (109] contained an inaccuracy.
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St S, xs S, S, S, oSS y=A(a, blab=1), S;=(a, b|ab*a =1)
(see Theorem 21.2 and the remark following 1t).

Theorem 21.4 (Shneerson [112]) The semigroups S, and Sl, S and Sl s
1 1 2,k 2,k

SU and Sﬁ, S5 and SS’ S6 and 56 are equationally equivalent. The identity.
XX Lq k| LXKy Xy == KX X0 K XXy X

forms a basis of identitlies for the semigroup S%. The semlgroups S7 and 88 do.
not have a finite basis of 1dentities, and moreover S8 1s a group equationally
equivalent to the semigroups SM and SS'

We see 1in particular that a blcyclic semigroup does not have a finite basis

of identities. In view of the large role which this semigroup plays in the
_ structural theory, the following is of interest.

Question 21.2 (Petrich). Is there a "good" basis of identities for a bi-

cyclic semigroup? In particular, i1s the axiomatic rank of the variety generated

by it finite?

We note that by Proposition 4.1 a bicyclic semigroup has an irreducible
basis of 1dentilties.

_ d) Identities of cyclic semigroups. For the sake of completeness we touch
on identitles of cyclic semigroups. Obviously, a basis of identitites for an
infinite cyclic semigroup is the identity xy = yx.

T

*Proposition 21.3. Suppose C,,=(a|a*=a"**) is a finite cyclic semigroup of
index h and perlod d. A basis of i1dentitles of the semigroup Ch d 1s formed
3
by the identities Xy = yx, x“xl SXy=m XXy, K=y, 1f h £ d and

XY ==y, XE Xy Xy, Xy = YR Ly,
- [h—d '
f‘z?, 1, weey [ 3 ],

Proposition 21.3 was obtaihed by the second author and'is'oriéinally pub-
lished here. Its proof 1s based on the description of a system of all identi—
ties of the semigroup Ch q’ following results of Lyapin [531].

- 1f d < h. ’ : .

Identities of monogenic inverse semlgroups were studied 1in [143] and [31].
Monogenic inverse semigroups were first described by Gluskin in [24], using the
improved classification of Ershova [28] by which an- arbitrary monogenic inverse

semigroup belongs to one of the following four types ' o

1) Gaf 8" = G T®) 2) (@]a 1% m a%Y); 3) (a0 m a—lartiy; 4) (a)

L N N - s e e . v . L. B T
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(the free'monogenic»inverse semigroup). . . .0 0 IR

Proposition 21.4 (Kleiman [143,31]). An inverse semigrpup of type 1) has

- a basls of identities xyeyx, xmxmt, xx—tmyy— for.n = 1 and__n--¢~}/fd3(&""y“—ry)‘-‘x"‘y“xy,x:..xm,_

P (xyx—)~ = xyx=' (xyx)=! for n = 2. An inverse semigroup of type 2) has a basis of

. 1dent1ties xywwyx, xx e yyt for n = 1 and

wol | (xty~ley)? me x=ly—lxy, xyte=! (xyix—h)=! —ixyx"’ (xyx»)“

for n = 2. Inverse semigroups of types 1) and 2) for n > 2, as well as types
3) and 4) do not have a finite basis of ldentities.

- From Propesition 21.4 it follews 1n particular that the description of bases
of identities of monogenic inverse semigroups given in [27] is false.

e) Identities of semigroups f.d. in varieties. Suppose 8 1is a variety of
semigroups, S 1s a semigroup defined inside B8 by a finite number of generators
and defining relations. It is possible to pose a question of under what condil-
tions does S have a nontrivial identity in 8. Such a problem was solved for
semigroups defined by one defining relation in the varieties var{x®=xyx =0},
'/"var{x’;-x, xyz=xzy} and var(x,..x, =0} (Kolesnikova [38-40]).

§22. SEMIGROUPS OF TRANSFORMATIONS

| Semlgroups of transformations are a classical and at the same time 1in a
certaln sense the universal example of semigroups. In-view of this the analysis
of thelr abstract properties holds an important place in the general theory of
semigroups. It 1s natural to consider these semigroups also from the point of
view of the theory of varietles. Up to the most recent time, however, such
consideration was not carried out in practice;* in particular, only recently
was an answer to the question of finiteness of a basis of identities for com-
plete semigroups of transformations given.

Suppose n is a natural number. We introduce the following notation: Tn is
the semigroup of all transformations of an n-element set, MTn is the semigroup
of all multivalued transformations of an n-element set, PTn 1s the semigroup of
all partial transformapions of an n-element set, Bn is the semigroup of all
partial multivalued transformations (= binary relations) of an n-element set,
In is the semigroup of all one-to-one partial transformations of an n-element

¥In [83] an attempt was made to characterize the set of all identities of
the semigroup T However, the fundamental theorem of this paper is false. The

ldentity n’

XXy yzt\t; == x5zt ts

satisfies all its conditions but is not satisfied in Tn for n > 1.
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set, LTn(q) is the semigroup of all linear transformations of an n-dimensional
vector space over a fileld of q elements.

Theorem 22.1 (Volkov [22]). The semigroup T, for n > 3 and the semigroup
MT,, PT,, B,, LT (¢ for n 2 2 do not have a finite basis of identities.

For the remaining n in Theerem 22.1 the semigroups have finite bases of
‘identities the semigroups Tl and MT are singletons, the semlgroups Bl and
PT are two-element, the semigroup PT (q) 1s commutative and finitely based
by Proposition 12.2, the semigroup T2 1s four-element and finitely based by
Theorem 10.1.*% '

The following result 1is originally published here.

Theorem 22.2 (Sapir). ' The semigroup I for n > 1 does not have a finite
basis of identitiles as a semlgroup (in the signature . ) nor as an inverse semi-
group (in the signature (-, ~Y).

Obviously, for n = 1 the finite basis property holds: the semigroup Il is
two-element.

Finally, we note that infinite semlgroups of all transformation of any of
the above indicated types either do not have nontrivial s.1. or are commutative.
Thus, 1n an exhaustive manner Theorems 22.1 and 22.2 solve the finite basis
question for the semigroups considered.

Theorem 22.1 is obtained by means of Tneorem 3.2. We note that it follows
also from Theorem 3.3. Theorem 22.2 is a consequence of Theorem 3. 3.

In complete semigroups of transformations/it 1s possible to distinguish

" the lmportant subsemigroups consisting of all transformations formed by some
or other property. - For example, for each m £ n in the semigroup T it is pos-~

. sible to distinguish the subsemigroup. Tm n consisting of all transformations
of rank <m, Using Theorem 3.3 1t 1is not difficult to deduce that for m > 3 .

.. the identities of the semigroup T do not have a finite basisr~40n‘the other

‘hand for any n the semigroup T ,1 is a semigroup of left zeros, and in parti-

cular 1is an f.b. semigroup. The following ‘question naturally arises.’

~Question 22.1. Does the semigroup T 2 of all transformations of an n-
. element set of rank <2 have a finite basis of identities°

- Torlopova [89] gave a characterization of the set of all identities of
~the semigroup T ,2 for n.z 5 . Because of cumbersome details we do not present

'
-"—- T s e
- - B - — - .. . e . PR O Lt

. v : .
*A concrete basis of identities for T was found in [85]; it consists of

the identities xm.o, Lwrx-xf In [83] there 1s a characterization of the system
of all identities of this semigroup. ’
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"1t here. We only note that in particular it implies that this set does not

'§23. HISCELLANY

* 2

depend on n, i.e. eqT,,—equ,

Among subsemigroups of the semigroup LT, (q) (which 1t is convenient to
think of as a semigroup of all n x n-matrices over a g- element field) the great-
est interest evidently lies in the semigroup of all upper triangular matrices.

At present almost ‘nothing 1is known about its identities In particular, the ~
following is an open question - : me ;mf““ o o ’ : '

Quest1on 22.2. Does the semigroup of all upper triangular matrices over
a finite field have a finite basls of identitites?

~'” In Sukhanov [87], for each variety of semigroups 2 the set of all identi-

Tties satisfied in the class of all possible bundles of some or other type (arbi-

trary, commutative, rectangular, ordinal sums) with components in B8 were de-
scribed. Identities of ordinal sums were studied also by Lyapin [53], where

a method for construction is found for the set of all identities of a given
ordinal sum with respect to known systems of ldentities for its components. By
means of this result the sets of all identities of semigroups such that each
subset is a subsemigroup, as well as finite holoidal semigroups were described.
In [146] Lyapin characterized those identities of semigroups which are inherited
in passing to a global subsemigroup.

The papers [98] and [97] are devoted to identities of semigroups of di-
rected and strongly directed transformations of ordered sets. A basls of iden-

titites of one very special semigroup of transformations of an ordered set was
enumerated in [84].

A basils of identities for an arbitrary semigroup in which each subsemigroup
is a one-sided ideal was found by Shutov in [113]. '

Added in proof: A (negative) answer to Question 22.1 is contained in [193].
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